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1. Introduction

Nonsmooth (nondifferentiable) optimization problems arise in very many fields of
applications, for example, in economics [Outrata et al., 1998], mechanics [Moreau
et al., 1988], engineering [Mistakidis and Stavroulakis, 1998] or in optimal control
[Mékeld and Neittaanméki, 1992]. On the other hand, instead of one criterion the
applications typically have several, often conflicting objectives [Miettinen, 1999].

The source of nonsmoothness may be the objective function itself, for example
economics piecewise linear tax models or the constraint functions like in optimal
control problems governed by partial differential systems. On the other hand
the solution procedures based on decomposition methods may also lead to the
nonsmooth problem. We may add that there also exist so called stiff problems
which are smooth analytically but nonsmooth numerically.

There are also several approaches to solve nonsmooth optimization problems.
The usage of smooth gradient-based methods for nonsmooth problems is a simple
approach but may lead to a failure in convergence, in optimality test or in gradient
approximation (see [Lemaréchal, 1989]). On the other hand, the direct methods,
for example, the method of Hooke and Jeeves (see, e.g., [Bazaraa and Shetty,
1979]) employing no derivative information, become inefficient when the size of
the problem is growing. Different kind of regularization techniques introduced, for
instance, in [Haslinger and Neittaanmiki, 1996] may give satisfactory results in
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some cases but are not, in general, as efficient as the direct nonsmooth approach,
as was noticed in [Méakeld and Neittaanmiki, 1992].

Caused by the facts listed above the need of efficient methods for nonsmooth
problems (possibly with several objectives) is evident and widely accepted (see
[Mékeld, 2002]). However, the commercial software for mathematical program-
ming, like subroutine libraries and most of other optimization packages, are capa-
ble to solve only smooth optimization problems. At the moment the pioneering
solvers M1FC1 and M2FC1 (see [Lemaréchal and Bancora Imbert, 1985]) derived
in [Lemaréchal, 1975], BT package (see [Outrata et al., 1991]) derived in [Schramm
and Zowe, 1992], optimization systems UFO derived in [Luksan et al., 2000] and
NOA described in [Kiwiel, 1991], and subroutine library NSOLIB including the
code MPBNGC (see [Mékeld, 1993]) are probably the only packages for nonsmooth
optimization.

In this work we consider a new implementation version 2.0 of MPBNGC For-
tran subroutine. The code MPBNGC combines the multiobjective linearization
technique (see [Wang, 1989]) and proximal bundle method (see [Kiwiel, 1990],
[Mikeld and Neittaanmaki, 1992]) for nonlinearly constrained nonconvex opti-
mization. MPBNGC has been used as a local optimizer in the WWW-NIMBUS
system (see [Miettinen and Mikeld, 2000]) realizing the interactive multiobjective
optimization method NIMBUS (see [Miettinen and Mékeld, 1995, 2002]). In the
new version of MPBNGC the quadratic subproblem is solved by PLQDF1 sub-
routine, which is an realization of the dual range space quadratic programming
method for minimax approximation with linear constraints [Luksan, 1984]. The
code PLQDF1 replaces QPDF4 subroutine realizing the dual active-set quadratic
programming algorithm [Kiwiel, 1986].

The paper is organized as follows. In Section 2 we give the problem formulation
and remain some basic results from nonsmooth anlysis. In Section 3 we shortly
describe the multiobjective proximal bundle method with some theoretical opti-
mality results. The sections 4 and 5 are devoted to the operation and the numerical
testing of MPBNGC, respectively; an example of the user-provided Fortran codes
including the parameter description is presented and one numerical example with
the well-known test problem from literature is reported. In Section 6 we give some
numerical evidence of the reliability of the new version of MPBNGC by comparing
it with the previous version in some large-scale single objective test problems.

2. Preliminaries

Let us consider a nonsmooth multiobjective optimization problem of the form

minimize  f(z) = (f1(x),..., fu(z))T
subject to  g(z) = (g1(x),...,gm(z))T <0,

(1)
where the objective functions f;: R™ — R and the constraint functions ¢;: R* — R
are supposed to be locally Lipschitz continuous (see, e.g., [Mékelda and Neit-
taanméaki, 1992]). The word “minimize” means that we want to minimize all
the objective functions simultaneously.



Optimality is here understood in the sense of Pareto. A feasible point x* € R" is
Pareto optimal if none of the components of f can be decreased without increasing
at least one of the other components, that is, there does not exist another feasible
point z such that f;(z) < fi(z*) for all i = 1,...,k, and f;(z) < f;(z*) for at
least one j € {1,...,k}. A criterion vector f(z*) is said to be Pareto optimal if
x* is Pareto optimal.

In addition to Pareto optimality, we also employ a more general concept, weak
Pareto optimality. A feasible point z* € R" is weakly Pareto optimal if there does
not exist any other feasible point where every component of f has a smaller value,
that is, there does not exist another feasible point x such that f;(z) < f;(z*) for
all i =1,...,k. A criterion vector f(z*) is said to be weakly Pareto optimal if z*
is weakly Pareto optimal. Every Pareto optimal solution is weakly Pareto optimal.

For a locally Lipschitz continuous function f;: R* — R, a subdifferential at a
point z is defined (see [Clarke, 1983]) as

Ofi(xr) = conv{€ € R | ¢ = lim Vf;(z?), 27 — x, Vfi(2?) exists},
j—oo

which is a nonempty, convex and compact subset of R (see, e.g., [Méakeld and
Neittaanmaki, 1992]).

Theorem 1. If the function f;: R® — R is locally Lipschitz continuous at r* € R"
and attains its local minimum at x*, then

0 € af;(z*).

If the function f; is convex, then the condition is also sufficient and the minimum
is global.

For this and other preliminary results of convex and nonsmooth analysis, we
refer to [Rockafellar, 1982], [Clarke, 1983] and [Mé&keld and Neittaanméiki, 1992].
Now we can present necessary conditions for weak Pareto optimality.

Theorem 2. Let the objective and the constraint functions of the problem (1) be
locally Lipschitz continuous at the feasible point r* € R™. A necessary condition
for x* to be a weakly Pareto optimal solution of the problem (1) is that there exist
multipliers 0 < A € R¥ and 0 < u € R™ for which (), i) # (0,0) such that

k m

(a) 0€> NOfi(z*)+ Y u;dg;(z”)
i=1 j=1

(b) wjgi(x*) =0 forall j=1,...,m.

For the proof we refer to [Miettinen and Mékela, 1995].

A feasible point x* € R™ is called a substationary point if it satisfies the necessary
optimality conditions of Theorem 2.

If some constraint qualification is valid, we can obtain the necessary optimality
conditions in a form where some of the components of X is strictly positive. If the
problem (1) is convex then it is said to satisfy the Slater constraint qualification
if there exists some z* with g;(z*) <0 forall j =1,...,m.
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Theorem 3. Let the problem (1) be convex (implying that all the objective and
the constraint functions are locally Lipschitz continuous). A sufficient condition
for a feasible point x* € R™ to be a weakly Pareto optimal solution of the problem
(1) is that there exist multipliers 0 < A € R¥ with A\ # 0 and 0 < p € R™ such
that

k m

(a) 0€d Ndfi(z*)+ ) n;dg;(z")
i=1 j=1

(b) w;jg;(x*) =0 forall j=1,...,m.

If the Slater constraint qualification is valid, then the above mentioned conditions
are also necessary for weak Pareto optimality.

The proof can be found in [Miettinen and Makel4, 1995].

3. Multiobjective Proximal Bundle Method

Next we briefly sketch the multiobjective proximal bundle method. The original
proximal bundle method of [Kiwiel, 1990] is the most advanced version of the bun-
dle family for nonsmooth single objective optimization. It has been generalized to
handle nonconvex and constrained problems in [Mékeld and Neittaanméaki, 1992].
The following multiobjective proximal bundle method is an extension into a mul-
tiobjective case. The strategy of handling several objective functions is based on
the linearization technique presented in [Kiwiel, 1985(a)] and [Wang, 1989].

Let us first consider an improvement function H: R™ x R* — R defined by

H(z,y) = max{fi(z) — fi(y), gj(z) |i=1,...,k, j=1,...,m}.

Now we obtain the following connection between the improvement function and
the problem (1).

Theorem 4. A necessary condition for the point z* € R™ to be a weakly Pareto
optimal solution of the problem (1) is that

(2) z* = argmin H (x, z").
rcR™

If the problem (1) is convex and the Slater constraint qualification is satisfied,
then the condition (2) is also sufficient.
For the proof we refer to [Miettinen and Mékela, 1995].

Let z" be the current approximation to the solution of (1) at the iteration h.
Then, by Theorem 4, we seek for the search direction d" as a solution of the
unconstrained optimization problem

minimize  H(z" + d, z")

subject to d € R".

(3)
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Since (3) is still a nonsmooth problem, we must approximate it somehow.

Let us assume for a moment that the problem is convex. We suppose that, at the
iteration h besides the current iteration point =", we have some auxiliary points
y) € R from the past iterations and subgradients §}i € 0f;(y?) for j € J" =
{1,...,h},i=1,...,k, and §gl € 9gi(y?) for j € J*, 1 =1,...,m. We linearize
the objective and the constraint functions at the point y’ by

fij(x) = fi(y?) + (§}Z)T(:c —y)) forall i=1,...,k, j€J" and
9,() =g+ (E)T(x—yI) forall I=1,...,m, jeJ"

Now we can define a convex piecewise linear approximation to the improvement
function by

H"(z) = max {fi j(x) — fi(z"), Gi;(x) |i=1,....k, I=1,...,m, j€J"}
and we get an approximation to (3) by

) minimize  H"(z" + d) + Lul|d||?
subject to d € R",
where u” > 0 is some weighting parameter. The penalty term Zu"||d||? is added to
guarantee that there exists a solution to (4) and to keep the approximation local
enough.
Notice that (4) is still a nonsmooth problem, but due to its min-max-nature it
is equivalent to the following (differentiable) quadratic problem

minimize v+ 1u"||d||?

(d,v)ER"+1
) subject to  —af, i+ (¢})Td<v, i=1,....k jeJ"
—agl,j—i-(fgl)ng v, l=1,...,m, jeJ",

where ~
O‘I}i,j = fi(z") — fi,j(a:h), i=1,....k, jeJ" and

O[Zl,j:_glvj(x)v l:l,...,m,je,]h

are so-called linearization errors. In nonconvex cases, we replace the linearization
errors by so-called subgradient locality measures

h h h (12
B.q = max [lagz ;1,5 2" =y [I]
h h h 1|2
9,5 — max [|agz,j| » Ygu “w - yJ“ ],
where 75, > 0for¢=1,...,k and 75 > 0 for [ = 1,...,m, are so-called distance
measure parameters (v, = 0 if f; is convex and v, = 0 if g; is convex).
Let (d",v") be a solution of (5). We perform the following two-point line search
strategy, which will detect discontinuities in the gradients of the objective func-
tions. We assume that my, € (0,1), mg € (mr,1) and ¢ € (0,1] are some fixed
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line search parameters. First, we search for the largest number t? € [0,1] such
that

max { fi(z" +thd") — fi(z") |i=1,...,k} < mptho", and

max {g;(z" +thd") |1=1,...,m} <0.
If t’i > t, we take a long serious step:

eh*tt = gh 4 ¢hdh  and o+ = M HT
if 0 < t’i < t, then we take a short serious step:
gh*t = gh 4 thgh  and o'+ =2l +thd"
and if t’i = 0, we take a null step:
gh*tt = gh and ¢+ =2l 4+ thdh,
where t’]”2 > t’i is such that
_5?:;“ + (§?i+1)Tdh > mpo”.

We use the line search algorithm of [Mékeld and Neittaanméki, 1992] to produce
the step-sizes " and t’]ﬁ-{. The iteration is terminated when —%vh < €4, Where
€s > 01s an accuracy parameter supplied by the user. The subgradient aggregation
strategy due to [Kiwiel, 1985(b)] is used to bound the storage requirements (i.e.,
the size of the index set J") and a modification of the weight updating algorithm
of [Kiwiel, 1990] is used to update the weight u".

Next we consider some optimality results concerning the solutions produced by

the multiobjective proximal bundle method.

Theorem 8. Let the multiobjective optimization problem (1) be convex and
Slater’s constraint qualification be satisfied. If the multiobjective proximal bundle
method stops with a finite number of iterations, then the solution is weakly Pareto
optimal. On the other hand, any accumulation point of an infinite sequence of so-
lutions generated by the multiobjective proximal bundle method is weakly Pareto
optimal.

For the proof we refer to [Kiwiel, 1985(a)] and [Wang, 1989].

If the convexity assumption is not satisfied, we obtain somewhat weaker results
about substationary points. In addition, we have to assume that the objective
and the constraint functions are weakly semismooth. A function f;: R® — R is
said to be weakly semismooth if the directional derivative f;(z,d) = lim;o(fi(z +
td) — fi(z))/t exists for all z and d, and f!(z,d) = limy o &(z + td)Td, where
£(z +td) € f;(x + td).

Theorem 9. Let the functions of the multiobjective optimization problem (1) be
weakly semismooth. If multiobjective proximal bundle method stops with a finite
number of iterations, then the solution is a substationary point. On the other
hand, any accumulation point of an infinite sequence of solutions generated by the
multiobjective proximal bundle method is a substationary point.

For the proof, see [Wang, 1989] and the references therein.
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4. Specification of MPBNGC 2.0

The code MPBNGC is an Fortran 77 implementation of the multiobjective proxi-
mal bundle method described in previous chapter for nonsmooth, nonconvex and
generally constrained optimization problem

minimize  fi(z),. .., fm(2)

subject to  fi(z) <0, j=m+1,...,m+m,
(6) Cx <b,

and b <z <b,,

where the functions f; : R® — R for j = 1,...m + my, are supposed to be locally
Lipschitz continuous, C' is m. X n constraint matrix, b is m.-vector of right-hand-
sides, and b;, b, are n-vectors of lower and upper bounds, respectively.

In the new version 2.0 of MPBNGC the dual of the quadratic subproblem (5)
is solved by PLQDF1 subroutine, which is an realization of the dual range space
quadratic programming method for minimax approximation with linear constraints
[Luksan, 1984]. The code PLQDF1 replaces QPDF4 subroutine used in previ-
ous versions of MPBNGC. QPDF4 is an implementation of the dual active-set
quadratic programming algorithm [Kiwiel, 1986].

The communication with MPNNGC has to be done under the following guide-
lines. The user has to provide the main program calling MPBNGC and the sub-
routine FASG for function and subgradient calculation. MPBNGC must be linked
together with PLQDF1. The heading of MPBNGC subroutine is the following.

Ck sk ok sk ok sk ok sk ok sk ok ok ok sk sk ok sk ok sk sk ok ok ok sk ok sk ok ok ok ok ok sk ok sk ok sk ok sk ok sk ok ok sk ok sk sk sk ok ok sk ok s ok sk ok sk ok ok ok sk ok k ok K
SUBROUTINE MPBNGC (N, X, MF, MG, F, FASG, MC, C, B, RL

& LMAX, GAM, EPS, FEAS, JMAX, NITER,
& NFASG, NOUT, IPRINT, IERR, BL, BU,
& IWORK, LIWORK, WORK, LWORK, IUSER, USER)
(C 3k 3k 3k 3k 3k sk 3k 5k 3k 3k ok 3k ok 3k 3k sk 3k ok 3k 3k sk ok sk 5k 3k 3k sk ok sk 3k 5k 3k 3k sk sk 3k 5k 3k 3k 3k ok ok 3k 5k 3k 3k sk ok 3k 5k 3k 3k 3k ok ok 3k 5k 3k 3k 5k ok >k >k k %k k
INTEGER N, MF, MG, MC, LMAX, JMAX, NITER,
& NFASG, NOUT, IPRINT, IERR, LIWORK,
& LWORK, IWORK(LIWORK), IUSER(x)
DOUBLE PRECISION RL, EPS, FEAS,
& X(N), F(MF+MG), C(MC+1,N),
& B(MC+1), GAM(MF+1), BL(N),
& BU(N), WORK(LWORK), USER(%)
EXTERNAL FASG

Parameter description of MPBNGC 2.0 is the following.

N — Integer Input
On entry: The number of variables.
Constraint: N > 1.

X(N) — Double precision array Input/Output



On entry: The initial approximation to the solution.
On exit: The best calculated approximation to the solution.
Constraint: X must be feasible with respect to constraints.

MF — Integer Input
On entry: The number of objective functions.
Constraint: MF > 1.

MG - Integer Input
On entry: The number of general constraint functions.
Constraint: MG > 0.

F(MF+MG) — Double precision array Output
On exit: The objective and general constraint function values at the solution.

FASG — Subroutine, supplied by the user Ezxternal Procedure
Must calculate the function values and single subgradients of the
objective and general constraint functions. FASG must be declared
as EXTERNAL in the mainprogram from which MPBNGC is called.
The specification of FASG is the following.

(C 2k >k ok ok ok 5k ok 2k >k ok 5k ok 5k ok 5k >k ok 5k ok 5k ok 5k ok k ok 5k >k 2k ok 3k >k ok 5k ok >k ok 5k ok 5k ok 5k ok k >k k >k ok >k k >k ok >k %k 5k *k

SUBROUTINE FASG (N, X, MM, F, G, IERR, IUSER, USER)
(C ke ok ke e ok sk ok e ok sk e ok ok ok e ok ok ok s ok ok sk ok K ok sk K e ok ok ok sk ok ok e ok ok 3 ke ok Kk ok ok K ok ok ok ok ok ok

INTEGER N, MM, IERR, IUSER(*)
DOUBLE PRECISION X(N), F(MM), G(N,MM), USER(x)

N — Integer Input
On entry: The number of variables.

X(N) — Double precision array Input
On entry: The current iteration point.

MM - Integer Input
On entry: The total number of objective and general constraint
functions, i.e. MM = MF + MG.

F(MM) - Double precision array Output
On exit: The objective and general constraint function values at
the current iteration point.

G(N,MM) - Double precision array Output
On exit: The matrix containing in its columns the subgradients
of the objective and general constraint functions at the

current iteration point.

IERR - Integer Output
On exit: The failure parameter. If there exist problems in func-
tion or subgradient calculations, set IERR = 8.

IUSER(*) — Integer array Workspace

USER(*) — Double precision array Workspace
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MC - Integer Input
On entry: The number of linear constraints.
Constraint: MC > 0.

C(MC+1,N) — Double precision array Input

On entry: The coefficient matrix of linear constraints. If MC = 0, then C is not
referenced.

B(MC+1) — Double precision array Input

On entry: The right hand side vector linear constraints. If MC = 0, then B is
not referenced.

RL — Double precision Input
On entry: The line search parameter my, .
Constraint: 0 < RL < 0.5.

LMAX — Integer Input
On entry: The upper bound for function and subgradient calculations per iter-
ation.
Constraint: LMAX > 1.
GAM(MP1) — Double precision array Input

On entry: The vector of distance measure parameters y. The dimension MP1

is defined by
MF +1, if MG > 0;

MP1 =
{ MF, if MG = 0.

The first M components are devoted to the corresponding objective
functions and the (possible) last component is common for all the
general constraint functions. Set GAM(:) = 0 if the corresponding
tth function is convex.

Constraint: GAM(i) >0,i=1,... MPL.

EPS — Double precision Input
On entry: The final accuracy tolerance.
Constraint: EPS > 0.

FEAS — Double precision Input
On entry: The tolerance for constraint feasibility.
Constraint: FEAS > 0.

JMAX — Integer Input
On entry: The upper bound for the size of the bundle, i.e. for stored subgradi-
ents.
Constraint: JMAX > 2.
NITER - Integer Input/Output

On entry: The upper bound for number of iterations.
On exit: The number of used iterations.
Constraint: NITER > 1.

NOUT - Integer Input
On entry: The output unit number.



NFASG - Integer Input/Output
On entry: The upper bound for the FASG calls.
On exit: The number of used function and subgradient calls.
Constraint: NFASG > 2.

IPRINT — Integer Input
On entry: The printout control parameter.

-1 : No printout.

0 : Only the error messages.
1 : The final values of the objective functions.
2 : The whole final solution.
3 : At each iteration the values of the objective functions.
4 : At each iteration the whole solution.

IERR — Integer Output
On exit: The failure parameter.
0 : Everything is OK.

1 : The number of calls of FASG = NFASG.

2 : The number of iterations = NITER.

3 : Invalid input parameters.

4 : Not enough working space.

5 : Failure in quadratic solver.

6 : The starting point is not feasible.

7 : Failure in attaining the demanded accuracy.

8 : Failure in function or subgradient calculations (assigned by the user).
BL(N) — Double precision array Input

On entry: The vector of lower bounds for X.
Constraint: BL(i) < BU(i),i=1,...,N.

BU(N) — Double precision array Input
On entry: The vector of upper bounds for X.
Constraint: BU(i) > BL(i),i=1,...,N.

IWORK (LIWORK) — Integer array Workspace

LIWORK - Integer Input
On entry: The dimension of the array IWORK.
Constraint: LIWORK > 2x(MP1x (JMAX+1)+MC+N).

WORK(LWORK) — Double precision array Workspace

LWORK - Integer Input
On entry: The dimension of the array WORK.
Constraint: LWORK > MP1x(6xJMAX+10)+JMAX+ 5xMC+MG+MF+18
+Nx (N+2xMP1xJMAX+2xMP1 +2xMC+2xMG+2xMF+31)/2.

IUSER(*) — Integer array Workspace
USER(*) — Double precision array Workspace
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5. Problem Example

5.1 Problem Formulation.
To demonstrate the solution process in details we shall solve by MPBNGC the
following test problem

(‘minimize  fi(z) = 100(zy — 22)% 4+ (1 — 1)?

fo(z) = max{z] + (zo — 1) + 22 — 1, —2] — (z2 — 1)* + 25 + 1}
subject to  (z1 — 1)+ (2o —1)2 =1 <0

r1+z2 <1
L 0<z,22 < 1.

Thus we want to solve a two dimensional bicriteria optimization problem subject
to one nonlinear and one linear constraint in the unit square. The first objective
function is the classical (smooth) Rosenbrock’s nonconvex banana function, which
attains its unconstrained minimum at (1,1) (nonfeasible in this example). The
second one is the nonsmooth and highly nonconvex test function Crescent, which
has the global minimum at (0,0) (nonfeasible). The starting point was chosen to
be (1,0), where both of the constraint functions and also the upper bound for x;
and lower bound for z, are active.

The used MPBNGC parameters were fixed as follows. The stopping criteria &g
(EPS) was set to be 107>, i.e. we demand approximately 5 right digits in the final
solution. The value 0.01 for the line search parameter mj; (RL) was noticed to
work well. The upper bound for the stored subgradients Jyax (JMAX) was chosen
to be 5. Due to the nonconvexity of the objective functions the values 0.3, 0.6 and
0.0 were used for the distance measure parameters v, (GAM(1)), v4, (GAM(2))
and vy, (GAM(3)), respectively. In order not to restrict the solution process via
limiting the function or subgradient evaluations each of the parameters LMAX,
NITER and NFASG was chosen to be 100.

5.2. Program Text.
In the following we present the Fortran main program calling MPBNGC and the
subroutine FASG calculating the function and subgradient values.
Gk ok ok ok ook ook ook o ok o Kok ok o oK o KoK o K ok ook o K Kok Kok o K ok ok KK ok o Kok o K ok o Kok o Kok o K
C
PROGRAM TEST

C Program example for MPBNGC. Copyright by M.M.Makel&d 2003.
Cok sk ko ko ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok sk sk sk sk sk sk sk ok ok sk ok ok ok ok ok ok sk ok ok sk ok ok sk ok ok ok sk sk sk sk sk sk sk ok ok ok ok

C

INTEGER N, MF, MG, MC, MP1, NIN, JMAX, LIWORK, LWORK
C
PARAMETER (N =2, MF = 2, MG = 1, MC = 1, MP1 = MF+1,
& NIN = 10, JMAX = 5,
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& LIWORK = 2% (MP1x(JMAX+1)+MC+N),

& LWORK = MP1*(6%JMAX+10)+JMAX+5*MC+MG+MF+18+

& N* (N+2*%MP1* JMAX+2*MP1+2%MC+2%MG+2%MF+31) /2)
c

INTEGER LMAX, NITER, NFASG, NOUT, IPRINT, IERR,

& IWORK (LIWORK) , IUSER(1)
c

DOUBLE PRECISION RL, EPS, FEAS,

& X(N), F(MF+MG), C(MC+1,N), B(MC+1), GAM(MP1),

& BL(N), BU(N), WORK(LWORK), USER(1)
c

EXTERNAL FASG
c

LMAX = 100

NITER = 100

NFASG = 100

C Skip the heading of the data file
READ (NIN,x*)
READ (NIN,*) (X(J), J=1,N)
READ (NIN,*) (BL(J), J=1,N)
READ (NIN,x) (BU(J), J=1,N)
READ (NIN,*) ((C(1,J), J=1,N), B(I), I=1,MC)
READ (NIN,x) (GAM(J), J=1,MP1)
READ (NIN,=*) RL, EPS, FEAS, IPRINT, NOUT

C __________________________________________________________________
CALL MPBNGC (N, X, MF, MG, F, FASG, MC, C, B, RL, LMAX,
& GAM, EPS, FEAS, JMAX, NITER, NFASG, NOUT,
& IPRINT, IERR, BL, BU, IWORK, LIWORK, WORK,
& LWORK, IUSER, USER)
C __________________________________________________________________
IF (IERR.GT.0) THEN
WRITE (NOUT,x*)
WRITE (NOUT, 9999) ’MPBNGC terminated with IERR =’, IERR
END IF
STOP
9999 FORMAT (1X,A,I3)
END
C

(C ke ok sk sk sk ok ke o ok sk sk ok ok sk o ok sk ok ok ks o ok sk ok ke o ok sk ok ke o ok sk ok o o sk Kk ks o ok ok ok k ks ok ok Kk k ok ok K K
C

SUBROUTINE FASG (N, X, MM, F, G, IERR, IUSER, USER)
C
(G ok sk sk sk ko sk o ok sk ok ok ok sk o o sk ok ok ks o ok sk ok ke o ok sk Kk ks o ok sk ok o o sk Kk ks o ok ok ok k ks ok ok Kk k s ok ok K K
C

INTEGER N, MM, IERR, IUSER(*)

DOUBLE PRECISION DIFF,
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& X(N), F(MM), G(N,MM), USER(x)

C
INTRINSIC DMAX1
C
C __________________
C Rosenbrock
C __________________
F(1) = 100*(X(2)-X(1)**2) x*2+ (1-X(1) ) **2
G(1,1) = -400*X(1)*(X(2)-X(1)*%2)-2x(1-X(1))
G(2,1) = 200%(X(2)-X(1)**2)
C __________________
C Crescent
C __________________
F(2) = DMAX1(X(1)**2+(X(2)-1)**2+X(2)-1,
& —(X(1)**2) = (X(2)-1) **2+X (2) +1)
DIFF = X(1)**2+(X(2)-1)**2+X(2) -1+ (X (1) **2)+(X(2)-1) **2-X(2)-1
IF (DIFF.GE.0.0D+00) THEN
G(1,2) = 2xX(1)
G(2,2) = 2%X(2)-1
ELSE
G(1,2) = -2xX(1)
G(2,2) = -2xX(2)+3
END IF
C __________________
C Constraint
C __________________
F(3) = (X(1)-1)*x2+(X(2)-1)**2-1
G(1,3) = 2*xX(1)-2
G(2,3) = 2xX(2)-2
RETURN
END
C

C ok ok 5k ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok 5k ok ok 3k ok ok 3k ok ok ok ok ok ok ok ok ok 3k ok ok 3k ok ok ok 3k ok ok k ok ok ok ok ok ok 3k ok ok %k ok ok ok ok ok k %k >k %k k

5.3. Program Data.
Program Data for MPBNGC Example

1.0D+00 0.0D+00

0.0D+00 0.0D+00

1.0D+00 1.0D+00

1.0D+00 1.0D+00 1.0D+00

0.3D+00 0.6D+00 0.0D+00

0.1D-01 1.0D-05 1.0D-09 4 6

5.4. Program Results.
The output of MPBNGC is the following.

Iter: O Nfun: 1 f1(x) = 100.0000 Eps = .4449887E-02
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Iter:

Iter:

Iter:

Iter:

Iter:

Iter:

Iter:

Iter:

Iter:

Iter:

Iter:

10

11

Nfun:

Nfun:

Nfun:

Nfun:

Nfun:

Nfun:

Nfun:

Nfun:

Nfun:

Nfun:

Nfun:

10

11

12

£2(x)
x(1)
x(2)
f1(x)
£2(x)
x(1)
x(2)
£1(x)
£2(x)
x(1)
x(2)
£1(x)
£2(x)
x(1)
x(2)
£1(x)
£2(x)
x(1)
x(2)
f1(x)
£2(x)
x(1)
x(2)
f1(x)
£2(x)
x(1)
x(2)
f1(x)
£2(x)
x(1)
x(2)
£1(x)
£2(x)
x(1)
x(2)
f1(x)
£2(x)
x(1)
x(2)
£1(x)
£2(x)
x(1)
x(2)
£1(x)
£2(x)
x(1)
x(2)

1.000000

= 1.000000

0.0000000E+00
97.35182
0.9866899
0.9955501
0.4449887E-02
93.57143
0.9674177
0.9884699
0.9750147E-02
70.62354
0.8432974
0.9458080
0.5419204E-01
70.62354
.8432974
.9458080
.5419204E-01
.432154
.3698702

. 7474285
.2545715
.9172208
.3308772
.5669369
.2359963
.9005946
.2393255
.5066403
.1756171
.8817410
.2117380
.48595687
.1575746
.8738081
.2027801
.4788525
.1516973
.8709535
.1998081
.4764441
.1497434
.8699735
.1988147
.4756331
.1490898

el el eolNeoleolNolNoNolNeolNeolNeolNeoNeolNolNolelNolNolNolelNolNolNolNelNolNoleollc e lNolNel

14

Eps

Eps

Eps

Eps

Eps

Eps

Eps

Eps

Eps

Eps

Eps

=0.1056127E-01

0.6191521E-01

0.4562671

0.3678280

0.1501864

= 0.7608890E-01

= 0.2598784E-01

= 0.8816035E-02

0.2961100E-02

0.9922325E-03

0.3326982E-03



Iter: 12 Nfun: 13 f1(x) = 0.8696422 Eps = 0.1115930E-03
f2(x) = 0.1984819
x(1) = 0.4753607
x(2) = 0.1488707

Iter: 13 Nfun: 14 fi1(x) = 0.8695307 Eps = 0.3743479E-04
f2(x) = 0.1983703
x(1) = 0.4752693
x(2) = 0.1487973

Iter: 14 Nfun: 15 f1(x) = 0.8694933 Eps = 0.1255835E-04
f2(x) = 0.1983329
x(1) = 0.4752386
x(2) = 0.1487726

Iter: 15 Nfun: 16 f1(x) = 0.8694808 Eps = 0.4213313E-05
f2(x) = 0.1983203
x(1) = 0.4752283
x(2) = 0.1487644

Note, that the previous version of MPBNGC utilizing QPDF4 as a quadratic
solver terminated after 25 iteration and 26 function evaluation with accuracy diffi-
culties (IERR = 7). The final solution was the point 225 = (0.4752386,0.1487726)
and the objective function values were f(22%) = (0.8694933,0.1983329) with the
accuracy parameter value Eps = 0.1522595E-04.

6. Numerical Experiments

In order to show the reliability of the new version of MPBNGC, some numer-
ical experiments with 10 nonsmooth unconstrained single criteria test problems
described in [Haarala et al., 2003] will now be reported. The test problems can
be formulated with any number of variables and they have constructed either by
chaining and extending standard nonsmooth small scale problems or by nons-
moothing large scale smooth problems.

We compared the performance of the new version 2.0 of MPBNGC using PLQDF1
with the previous version 1.34 utilizing QPDF4 as a quadratic solver. The experi-
ments were performed in the SGI Origin 2000/128 supercomputer (MIPS R12000,
600 Mflop/s/processor) of CSC.

The parameters had the following standard values: RL= 0.05, LMAX= 200,
JMAX= 100 and EPS= 10~°. In order not to restrict the solution process via lim-
iting the function or subgradient evaluations the parameters NITER and NFASG
were chosen to be large enough. For five convex problems the standard value 0.0
for GAM was used, while for nonconvex problems the value was 0.5.

The used dimensions of the problems were 10, 100 and 1 000. For the largest
problems n = 1 000 the CPU time used were restricted to be less than half an
hour. Our numerical results are summarized in Tables 1-3.
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The following abbreviations will be used:

Ndif
Niter
Nfun
Nfail
Nlim
CPU

number of problems with different results
the average number of iterations

the average number of function calls

the number of failures

the number of time limits

the average CPU time in seconds.

The average results with 10 variables are presented in Table 1. The methods
performed in quite a similar way; there where only two problems, where they
differed. The version 2.0 used a little bit less iterations and function calls, but the
older version 1.34 was a little bit faster.

Version Ndif Niter Nfun Nfail NIlim CPU
MPB 1.34 2 50.0 57.5 0 0 8.39E-03
MPB 2.00 2 48.1 50.8 0 0 8.71E-03

Table 1. Average results for n = 10.

The results obtained with 100 variables can be seen in Table 2. Now there were
more differences in the performances, namely six. The new version was better in
all the criteria measured: it used less iterations, function calls and CPU time than
the old version. The differences were also clearer, especially in terms of CPU time.

Version Ndif Niter Nfun Nfail NIlim CPU
MPB 1.34 6 676.6 704.3 1 0 7.87
MPB 2.00 6 572.3 592.7 0 0 4.91

Table 2. Average results for n = 100.

Finally, the results with the large scale problems (1 000 variables) can be found
in Table 3. The same trends as before seem to continue. There were differences in
the performances in eight cases from ten. Again, the new version was better in all
the criteria measured and the differences were now remarkable. One explanation
for this is a test example, where the old version needed about ten times more
iterations and function calls and 30 times more CPU time than the new one.
Note, that the methods were terminated to the limit (half an hour) of CPU time
by four times. These results are not included in the average numbers. However,
in every case, the new version reached better solution and was faster to calculate
more iterations in this time limit.

Version Ndif Niter Nfun Nfail Nlim CPU
MPB 1.34 8 219.5 291.1 1 4 33.43
MPB 2.00 8 45.2 48.4 0 4 1.26

Table 3. Average results for n = 1000.
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7. Concluding Remarks

We have considered a new implementation version 2.0 of MPBNGC Fortran sub-
routine for nonlinearly constrained nonconvex multiobjective optimization. In the
new version of MPBNGC the quadratic programming subproblem is solved by
PLQDF1 subroutine, which is an realization of the dual range space quadratic
programming method for minimax approximation with linear constraints imple-
mented by Luksan. The code PLQDF1 replaces QPDF4 subroutine realizing the
dual active-set quadratic programming algorithm implemented by Kiwiel.

The numerical experiments show the reliability of the new version. We can
conclude that it is more efficient and give more accurate results than the previous
version. In the forthcoming versions of MPBNGC the main attention is devoted to
numerically problematic equality constraints, both in linear and nonlinear cases.
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