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1. Introdu tion
Nonsmooth (nondi erentiable) optimization problems arise in very many elds of
appli ations, for example, in e onomi s [Outrata et al., 1998℄, me hani s [Moreau
et al., 1988℄, engineering [Mistakidis and Stavroulakis, 1998℄ or in optimal ontrol
[Makela and Neittaanmaki, 1992℄. On the other hand, instead of one riterion the
appli ations typi ally have several, often on i ting obje tives [Miettinen, 1999℄.
The sour e of nonsmoothness may be the obje tive fun tion itself, for example
e onomi s pie ewise linear tax models or the onstraint fun tions like in optimal
ontrol problems governed by partial di erential systems. On the other hand
the solution pro edures based on de omposition methods may also lead to the
nonsmooth problem. We may add that there also exist so alled sti problems
whi h are smooth analyti ally but nonsmooth numeri ally.
There are also several approa hes to solve nonsmooth optimization problems.
The usage of smooth gradient-based methods for nonsmooth problems is a simple
approa h but may lead to a failure in onvergen e, in optimality test or in gradient
approximation (see [Lemare hal, 1989℄). On the other hand, the dire t methods,
for example, the method of Hooke and Jeeves (see, e.g., [Bazaraa and Shetty,
1979℄) employing no derivative information, be ome ineÆ ient when the size of
the problem is growing. Di erent kind of regularization te hniques introdu ed, for
instan e, in [Haslinger and Neittaanmaki, 1996℄ may give satisfa tory results in
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some ases but are not, in general, as eÆ ient as the dire t nonsmooth approa h,
as was noti ed in [Makela and Neittaanmaki, 1992℄.
Caused by the fa ts listed above the need of eÆ ient methods for nonsmooth
problems (possibly with several obje tives) is evident and widely a epted (see
[Makela, 2002℄). However, the ommer ial software for mathemati al programming, like subroutine libraries and most of other optimization pa kages, are apable to solve only smooth optimization problems. At the moment the pioneering
solvers M1FC1 and M2FC1 (see [Lemare hal and Ban ora Imbert, 1985℄) derived
in [Lemare hal, 1975℄, BT pa kage (see [Outrata et al., 1991℄) derived in [S hramm
and Zowe, 1992℄, optimization systems UFO derived in [Luksan et al., 2000℄ and
NOA des ribed in [Kiwiel, 1991℄, and subroutine library NSOLIB in luding the
ode MPBNGC (see [Makela, 1993℄) are probably the only pa kages for nonsmooth
optimization.
In this work we onsider a new implementation version 2.0 of MPBNGC Fortran subroutine. The ode MPBNGC ombines the multiobje tive linearization
te hnique (see [Wang, 1989℄) and proximal bundle method (see [Kiwiel, 1990℄,
[Makela and Neittaanmaki, 1992℄) for nonlinearly onstrained non onvex optimization. MPBNGC has been used as a lo al optimizer in the WWW-NIMBUS
system (see [Miettinen and Makela, 2000℄) realizing the intera tive multiobje tive
optimization method NIMBUS (see [Miettinen and Makela, 1995, 2002℄). In the
new version of MPBNGC the quadrati subproblem is solved by PLQDF1 subroutine, whi h is an realization of the dual range spa e quadrati programming
method for minimax approximation with linear onstraints [Luksan, 1984℄. The
ode PLQDF1 repla es QPDF4 subroutine realizing the dual a tive-set quadrati
programming algorithm [Kiwiel, 1986℄.
The paper is organized as follows. In Se tion 2 we give the problem formulation
and remain some basi results from nonsmooth anlysis. In Se tion 3 we shortly
des ribe the multiobje tive proximal bundle method with some theoreti al optimality results. The se tions 4 and 5 are devoted to the operation and the numeri al
testing of MPBNGC, respe tively; an example of the user-provided Fortran odes
in luding the parameter des ription is presented and one numeri al example with
the well-known test problem from literature is reported. In Se tion 6 we give some
numeri al eviden e of the reliability of the new version of MPBNGC by omparing
it with the previous version in some large-s ale single obje tive test problems.

2. Preliminaries
Let us onsider a nonsmooth multiobje tive optimization problem of the form
(1)

minimize f (x) = (f1 (x); : : : ; fk (x))T
subje t to g (x) = (g1 (x); : : : ; gm (x))T  0;

where the obje tive fun tions fi : R n ! R and the onstraint fun tions gi : R n ! R
are supposed to be lo ally Lips hitz ontinuous (see, e.g., [Makela and Neittaanmaki, 1992℄). The word \minimize" means that we want to minimize all
the obje tive fun tions simultaneously.
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Optimality is here understood in the sense of Pareto. A feasible point x 2 R n is
Pareto optimal if none of the omponents of f an be de reased without in reasing
at least one of the other omponents, that is, there does not exist another feasible
point x su h that fi (x)  fi (x ) for all i = 1; : : : ; k, and fj (x) < fj (x ) for at
least one j 2 f1; : : : ; kg. A riterion ve tor f (x ) is said to be Pareto optimal if
x is Pareto optimal.
In addition to Pareto optimality, we also employ a more general on ept, weak
Pareto optimality. A feasible point x 2 R n is weakly Pareto optimal if there does
not exist any other feasible point where every omponent of f has a smaller value,
that is, there does not exist another feasible point x su h that fi (x) < fi (x ) for
all i = 1; : : : ; k. A riterion ve tor f (x ) is said to be weakly Pareto optimal if x
is weakly Pareto optimal. Every Pareto optimal solution is weakly Pareto optimal.
For a lo ally Lips hitz ontinuous fun tion fi : R n ! R , a subdi erential at a
point x is de ned (see [Clarke, 1983℄) as

f (x) = onv f 2 R
i

n

j  = lim
!1 rf (x ); x ! x; rf (x ) existsg;
i

j

j

j

i

j

whi h is a nonempty, onvex and ompa t subset of R n (see, e.g., [Makela and
Neittaanmaki, 1992℄).

Theorem 1. If the fun tion f : R

! R is lo

n

and attains its lo al minimum at x , then
i

ally Lips hitz ontinuous at x 2 R n

0 2 fi (x ):

If the fun tion fi is onvex, then the ondition is also suÆ ient and the minimum
is global.

For this and other preliminary results of onvex and nonsmooth analysis, we
refer to [Ro kafellar, 1982℄, [Clarke, 1983℄ and [Makela and Neittaanmaki, 1992℄.
Now we an present ne essary onditions for weak Pareto optimality.

Theorem 2. Let the obje tive and the onstraint fun tions of the problem (1) be
lo ally Lips hitz ontinuous at the feasible point x 2 R . A ne essary ondition
for x to be a weakly Pareto optimal solution of the problem (1) is that there exist
multipliers 0   2 R and 0   2 R for whi h (; ) 6= (0; 0) su h that
n

k

(a) 0 2

m

X
k

X
 f (x ) +  g (x )
m

i

i

j

i=1

j

j =1

(b) j gj (x ) = 0 for all j = 1; : : : ; m:

For the proof we refer to [Miettinen and Makela, 1995℄.
A feasible point x 2 R n is alled a substationary point if it satis es the ne essary
optimality onditions of Theorem 2.
If some onstraint quali ation is valid, we an obtain the ne essary optimality
onditions in a form where some of the omponents of  is stri tly positive. If the
problem (1) is onvex then it is said to satisfy the Slater onstraint quali ation
if there exists some x with gj (x ) < 0 for all j = 1; : : : ; m.
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Theorem 3. Let the problem (1) be onvex (implying that all the obje tive and
the onstraint fun tions are lo ally Lips hitz ontinuous). A suÆ ient ondition
for a feasible point x 2 R n to be a weakly Pareto optimal solution of the problem
(1) is that there exist multipliers 0   2 R k with  6= 0 and 0   2 R m su h
that
(a) 0 2

X
k

X
 f (x ) +  g (x )
m

i

j

i

j

j =1

i=1

(b) j gj (x ) = 0 for all j = 1; : : : ; m:
If the Slater onstraint quali ation is valid, then the above mentioned onditions
are also ne essary for weak Pareto optimality.

The proof an be found in [Miettinen and Makela, 1995℄.

3. Multiobje tive Proximal Bundle Method
Next we brie y sket h the multiobje tive proximal bundle method. The original
proximal bundle method of [Kiwiel, 1990℄ is the most advan ed version of the bundle family for nonsmooth single obje tive optimization. It has been generalized to
handle non onvex and onstrained problems in [Makela and Neittaanmaki, 1992℄.
The following multiobje tive proximal bundle method is an extension into a multiobje tive ase. The strategy of handling several obje tive fun tions is based on
the linearization te hnique presented in [Kiwiel, 1985(a)℄ and [Wang, 1989℄.
Let us rst onsider an improvement fun tion H : R n  R n ! R de ned by

H (x; y ) = max ff (x) f (y ); g (x) j i = 1; : : : ; k; j = 1; : : : ; mg:
i

i

j

Now we obtain the following onne tion between the improvement fun tion and
the problem (1).

Theorem 4. A ne essary ondition for the point x 2 R to be a weakly Pareto
n

optimal solution of the problem (1) is that

(2)

x = argmin H (x; x ):
2Rn
x

If the problem (1) is onvex and the Slater onstraint quali ation is satis ed,
then the ondition (2) is also suÆ ient.

For the proof we refer to [Miettinen and Makela, 1995℄.
Let xh be the urrent approximation to the solution of (1) at the iteration h.
Then, by Theorem 4, we seek for the sear h dire tion dh as a solution of the
un onstrained optimization problem
(3)

minimize H (xh + d; xh )
subje t to d 2 R n :
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Sin e (3) is still a nonsmooth problem, we must approximate it somehow.
Let us assume for a moment that the problem is onvex. We suppose that, at the
iteration h besides the urrent iteration point xh , we have some auxiliary points
y j 2 R n from the past iterations and subgradients fji 2 fi (y j ) for j 2 J h =
f1; : : : ; hg, i = 1; : : : ; k, and gjl 2 gl (yj ) for j 2 J h , l = 1; : : : ; m. We linearize
the obje tive and the onstraint fun tions at the point y j by

f (x) = f (y ) + ( i )T (x y ) for all i = 1; : : : ; k; j 2 J ; and
g (x) = g (y ) + ( l )T (x y ) for all l = 1; : : : ; m; j 2 J :
i;j

i

l;j

l

j

j

j

h

f

j

j
g

j

h

Now we an de ne a onvex pie ewise linear approximation to the improvement
fun tion by

H^ (x) = max ff (x) f (x ); g (x) j i = 1; : : : ; k; l = 1; : : : ; m; j 2 J
h

i;j

i

h

l;j

h

g

and we get an approximation to (3) by
minimize H^ h (xh + d) + 21 uh kdk2
subje t to d 2 R n ;

(4)

where uh > 0 is some weighting parameter. The penalty term 12 uh kdk2 is added to
guarantee that there exists a solution to (4) and to keep the approximation lo al
enough.
Noti e that (4) is still a nonsmooth problem, but due to its min-max-nature it
is equivalent to the following (di erentiable) quadrati problem
minimize
n+1

(5)
where

2R

(d;v )

v + 21 u kdk2
h

+ (fji )T d  v; i = 1; : : : ; k; j 2 J h
h
+ (gjl )T d  v; l = 1; : : : ; m; j 2 J h ;
gl ;j

subje t to

h
fi ;j
h
gl ;j

h
fi ;j

= fi (xh ) fi;j (xh ); i = 1; : : : ; k; j 2 J h ;
= gl;j (x); l = 1; : : : ; m; j 2 J h

and

are so- alled linearization errors. In non onvex ases, we repla e the linearization
errors by so- alled subgradient lo ality measures
h
fi ;j
h
gl ;j

= max [j
= max [j

h
fi ;j
h
gl ;j

j ; kx
j ; kx
fi

gl

h

h

y
y

j

j

k2℄
k2 ℄;

where fi  0 for i = 1; : : : ; k and gl  0 for l = 1; : : : ; m, are so- alled distan e
measure parameters ( fi = 0 if fi is onvex and gl = 0 if gl is onvex).
Let (dh ; v h ) be a solution of (5). We perform the following two-point line sear h
strategy, whi h will dete t dis ontinuities in the gradients of the obje tive fun tions. We assume that mL 2 (0; 12 ), mR 2 (mL ; 1) and t 2 (0; 1℄ are some xed
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line sear h parameters. First, we sear h for the largest number thL 2 [0; 1℄ su h
that
max ffi (xh + thL dh ) fi (xh ) j i = 1; : : : ; kg  mL thL v h ; and
max fgl (xh + thL dh ) j l = 1; : : : ; mg  0:
If thL  t, we take a long serious step:

x

h+1

= xh + thL dh and y h+1 = xh+1 ;

if 0 < thL < t, then we take a short serious step:

x

h+1

= xh + thL dh and y h+1 = xh + thR dh

and if thL = 0, we take a null step:

x

h+1

= xh and y h+1 = xh + thR dh ;

where thR > thL is su h that
h+1

fi ;h+1

+ (fhi+1)T dh  mR v h :

We use the line sear h algorithm of [Makela and Neittaanmaki, 1992℄ to produ e
the step-sizes thL and thR . The iteration is terminated when 12 v h < "s , where
"s > 0 is an a ura y parameter supplied by the user. The subgradient aggregation
strategy due to [Kiwiel, 1985(b)℄ is used to bound the storage requirements (i.e.,
the size of the index set J h ) and a modi ation of the weight updating algorithm
of [Kiwiel, 1990℄ is used to update the weight uh .
Next we onsider some optimality results on erning the solutions produ ed by
the multiobje tive proximal bundle method.

Theorem 8. Let the multiobje tive optimization problem (1) be onvex and

Slater's onstraint quali ation be satis ed. If the multiobje tive proximal bundle
method stops with a nite number of iterations, then the solution is weakly Pareto
optimal. On the other hand, any a umulation point of an in nite sequen e of solutions generated by the multiobje tive proximal bundle method is weakly Pareto
optimal.

For the proof we refer to [Kiwiel, 1985(a)℄ and [Wang, 1989℄.
If the onvexity assumption is not satis ed, we obtain somewhat weaker results
about substationary points. In addition, we have to assume that the obje tive
and the onstraint fun tions are weakly semismooth. A fun tion fi : R n ! R is
said to be weakly semismooth if the dire tional derivative fi0 (x; d) = limt#0 (fi (x +
td) fi (x))=t exists for all x and d, and fi0 (x; d) = limt#0  (x + td)T d, where
 (x + td) 2 fi (x + td).

Theorem 9. Let the fun tions of the multiobje tive optimization problem (1) be

weakly semismooth. If multiobje tive proximal bundle method stops with a nite
number of iterations, then the solution is a substationary point. On the other
hand, any a umulation point of an in nite sequen e of solutions generated by the
multiobje tive proximal bundle method is a substationary point.

For the proof, see [Wang, 1989℄ and the referen es therein.
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4. Spe i ation of MPBNGC 2.0
The ode MPBNGC is an Fortran 77 implementation of the multiobje tive proximal bundle method des ribed in previous hapter for nonsmooth, non onvex and
generally onstrained optimization problem

(6)

8
minimize
>
>
>
< subje t to
>
>
>
: and

f1 (x); : : : ; f (x)
f (x)  0; j = m + 1; : : : ; m + m
Cx  b;
b xb ;
m

j

l

g

u

where the fun tions fj : R n ! R for j = 1; : : : m + mg are supposed to be lo ally
Lips hitz ontinuous, C is m  n onstraint matrix, b is m -ve tor of right-handsides, and bl , bu are n-ve tors of lower and upper bounds, respe tively.
In the new version 2.0 of MPBNGC the dual of the quadrati subproblem (5)
is solved by PLQDF1 subroutine, whi h is an realization of the dual range spa e
quadrati programming method for minimax approximation with linear onstraints
[Luksan, 1984℄. The ode PLQDF1 repla es QPDF4 subroutine used in previous versions of MPBNGC. QPDF4 is an implementation of the dual a tive-set
quadrati programming algorithm [Kiwiel, 1986℄.
The ommuni ation with MPNNGC has to be done under the following guidelines. The user has to provide the main program alling MPBNGC and the subroutine FASG for fun tion and subgradient al ulation. MPBNGC must be linked
together with PLQDF1. The heading of MPBNGC subroutine is the following.
C******************************************************************
SUBROUTINE MPBNGC (N, X, MF, MG, F, FASG, MC, C, B, RL
&
LMAX, GAM, EPS, FEAS, JMAX, NITER,
&
NFASG, NOUT, IPRINT, IERR, BL, BU,
&
IWORK, LIWORK, WORK, LWORK, IUSER, USER)
C******************************************************************
INTEGER
N, MF, MG, MC, LMAX, JMAX, NITER,
&
NFASG, NOUT, IPRINT, IERR, LIWORK,
&
LWORK, IWORK(LIWORK), IUSER(*)
DOUBLE PRECISION
RL, EPS, FEAS,
&
X(N), F(MF+MG), C(MC+1,N),
&
B(MC+1), GAM(MF+1), BL(N),
&
BU(N), WORK(LWORK), USER(*)
EXTERNAL
FASG

Parameter des ription of MPBNGC 2.0 is the following.
N { Integer

Input

On entry: The number of variables.
Constraint: N  1.
X(N) { Double pre ision array

Input/Output
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On entry: The initial approximation to the solution.
On exit: The best al ulated approximation to the solution.
Constraint: X must be feasible with respe t to onstraints.
MF { Integer
On entry: The number of obje tive fun tions.
Constraint: MF  1.

Input

MG { Integer
On entry: The number of general onstraint fun tions.
Constraint: MG  0.

Input

F(MF+MG) { Double pre ision array
Output
On exit: The obje tive and general onstraint fun tion values at the solution.
FASG { Subroutine, supplied by the user
External Pro edure
Must al ulate the fun tion values and single subgradients of the
obje tive and general onstraint fun tions. FASG must be de lared
as EXTERNAL in the mainprogram from whi h MPBNGC is alled.
The spe i ation of FASG is the following.
C*******************************************************
SUBROUTINE FASG (N, X, MM, F, G, IERR, IUSER, USER)
C*******************************************************
INTEGER
N, MM, IERR, IUSER(*)
DOUBLE PRECISION X(N), F(MM), G(N,MM), USER(*)

N { Integer

Input

X(N) { Double pre ision array
On entry: The urrent iteration point.

Input

On entry: The number of variables.

MM { Integer
Input
On entry: The total number of obje tive and general onstraint
fun tions, i.e. MM = MF + MG.
F(MM) { Double pre ision array
Output
On exit: The obje tive and general onstraint fun tion values at
the urrent iteration point.
G(N,MM) { Double pre ision array
Output
On exit: The matrix ontaining in its olumns the subgradients
of the obje tive and general onstraint fun tions at the
urrent iteration point.
IERR { Integer
Output
On exit: The failure parameter. If there exist problems in fun tion or subgradient al ulations, set IERR = 8.
IUSER(*) { Integer array

Workspa e

USER(*) { Double pre ision array

Workspa e
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MC { Integer
On entry: The number of linear onstraints.
Constraint: MC  0.

Input

C(MC+1,N) { Double pre ision array
Input
On entry: The oeÆ ient matrix of linear onstraints. If MC = 0, then C is not
referen ed.
B(MC+1) { Double pre ision array
Input
On entry: The right hand side ve tor linear onstraints. If MC = 0, then B is
not referen ed.
RL { Double pre ision
On entry: The line sear h parameter mL .
Constraint: 0 < RL < 0:5.

Input

LMAX { Integer
Input
On entry: The upper bound for fun tion and subgradient al ulations per iteration.
Constraint: LMAX  1.
GAM(MP1) { Double pre ision array
Input
On entry: The ve tor of distan e measure parameters . The dimension MP1
is de ned by
 MF + 1; if MG > 0;
MP1 =
MF;
if MG = 0.
The rst M omponents are devoted to the orresponding obje tive
fun tions and the (possible) last omponent is ommon for all the
general onstraint fun tions. Set GAM(i) = 0 if the orresponding
ith fun tion is onvex.
Constraint: GAM(i)  0, i = 1; : : : ;MP1.
EPS { Double pre ision
On entry: The nal a ura y toleran e.
Constraint: EPS > 0.

Input

FEAS { Double pre ision
On entry: The toleran e for onstraint feasibility.
Constraint: FEAS > 0.

Input

JMAX { Integer
Input
On entry: The upper bound for the size of the bundle, i.e. for stored subgradients.
Constraint: JMAX  2.
NITER { Integer
On entry: The upper bound for number of iterations.
On exit: The number of used iterations.
Constraint: NITER  1.
NOUT { Integer
On entry: The output unit number.

Input/Output

Input
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NFASG { Integer
On entry: The upper bound for the FASG alls.
On exit: The number of used fun tion and subgradient alls.
Constraint: NFASG  2.
IPRINT { Integer
On entry: The printout ontrol parameter.
-1 : No printout.
0 : Only the error messages.
1 : The nal values of the obje tive fun tions.
2 : The whole nal solution.
3 : At ea h iteration the values of the obje tive fun tions.
4 : At ea h iteration the whole solution.

Input/Output

Input

IERR { Integer
Output
On exit: The failure parameter.
0 : Everything is OK.
1 : The number of alls of FASG = NFASG.
2 : The number of iterations = NITER.
3 : Invalid input parameters.
4 : Not enough working spa e.
5 : Failure in quadrati solver.
6 : The starting point is not feasible.
7 : Failure in attaining the demanded a ura y.
8 : Failure in fun tion or subgradient al ulations (assigned by the user).
BL(N) { Double pre ision array
On entry: The ve tor of lower bounds for X.
Constraint: BL(i)  BU(i), i = 1; : : : ;N.

Input

BU(N) { Double pre ision array
On entry: The ve tor of upper bounds for X.
Constraint: BU(i)  BL(i), i = 1; : : : ;N.

Input

IWORK(LIWORK) { Integer array
LIWORK { Integer
On entry: The dimension of the array IWORK.
Constraint: LIWORK  2(MP1(JMAX+1)+MC+N).
WORK(LWORK) { Double pre ision array

Workspa e
Input
Workspa e
Input

LWORK { Integer
On entry: The dimension of the array WORK.
Constraint: LWORK  MP1(6JMAX+10)+JMAX+ 5MC+MG+MF+18
+N(N+2MP1JMAX+2MP1 +2MC+2MG+2MF+31)/2.
IUSER(*) { Integer array

Workspa e
Workspa e

USER(*) { Double pre ision array
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5. Problem Example
5.1 Problem Formulation.

To demonstrate the solution pro ess in details we shall solve by MPBNGC the
following test problem

8 minimize f (x) = 100(x x2 )2 + (1 x )2
1
2
1
1
>
>
>
>
f2 (x) = maxfx21 + (x2 1)2 + x2 1; x21
>
<
subje t to (x1 1)2 + (x2 1)2 1  0
>
>
>
x1 + x2  1
>
:
0  x1 ; x2  1:

(x2

1)2 + x2 + 1g

Thus we want to solve a two dimensional bi riteria optimization problem subje t
to one nonlinear and one linear onstraint in the unit square. The rst obje tive
fun tion is the lassi al (smooth) Rosenbro k's non onvex banana fun tion, whi h
attains its un onstrained minimum at (1; 1) (nonfeasible in this example). The
se ond one is the nonsmooth and highly non onvex test fun tion Cres ent, whi h
has the global minimum at (0; 0) (nonfeasible). The starting point was hosen to
be (1; 0), where both of the onstraint fun tions and also the upper bound for x1
and lower bound for x2 are a tive.
The used MPBNGC parameters were xed as follows. The stopping riteria "s
(EPS) was set to be 10 5 , i.e. we demand approximately 5 right digits in the nal
solution. The value 0.01 for the line sear h parameter mL (RL) was noti ed to
work well. The upper bound for the stored subgradients Jmax (JMAX) was hosen
to be 5. Due to the non onvexity of the obje tive fun tions the values 0.3, 0.6 and
0.0 were used for the distan e measure parameters f1 (GAM(1)), f2 (GAM(2))
and f3 (GAM(3)), respe tively. In order not to restri t the solution pro ess via
limiting the fun tion or subgradient evaluations ea h of the parameters LMAX,
NITER and NFASG was hosen to be 100.

5.2. Program Text.

In the following we present the Fortran main program alling MPBNGC and the
subroutine FASG al ulating the fun tion and subgradient values.

C*******************************************************************
C
PROGRAM TEST
C
C-----------------------------------------------------------------C
Program example for MPBNGC. Copyright by M.M.Makel
a 2003.
C*******************************************************************
C
INTEGER
N, MF, MG, MC, MP1, NIN, JMAX, LIWORK, LWORK
C
PARAMETER
(N = 2, MF = 2, MG = 1, MC = 1, MP1 = MF+1,
&
NIN = 10, JMAX = 5,
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C
C

C
C

&
&
&

LIWORK = 2*(MP1*(JMAX+1)+MC+N),
LWORK = MP1*(6*JMAX+10)+JMAX+5*MC+MG+MF+18+
N*(N+2*MP1*JMAX+2*MP1+2*MC+2*MG+2*MF+31)/2)

INTEGER
&

LMAX, NITER, NFASG, NOUT, IPRINT, IERR,
IWORK(LIWORK), IUSER(1)

DOUBLE PRECISION

RL, EPS, FEAS,
X(N), F(MF+MG), C(MC+1,N), B(MC+1), GAM(MP1),
BL(N), BU(N), WORK(LWORK), USER(1)

EXTERNAL

FASG

&
&

LMAX = 100
NITER = 100
NFASG = 100
C
Skip the heading of the data file
READ (NIN,*)
READ (NIN,*) (X(J), J=1,N)
READ (NIN,*) (BL(J), J=1,N)
READ (NIN,*) (BU(J), J=1,N)
READ (NIN,*) ((C(I,J), J=1,N), B(I), I=1,MC)
READ (NIN,*) (GAM(J), J=1,MP1)
READ (NIN,*) RL, EPS, FEAS, IPRINT, NOUT
C-----------------------------------------------------------------CALL MPBNGC (N, X, MF, MG, F, FASG, MC, C, B, RL, LMAX,
&
GAM, EPS, FEAS, JMAX, NITER, NFASG, NOUT,
&
IPRINT, IERR, BL, BU, IWORK, LIWORK, WORK,
&
LWORK, IUSER, USER)
C-----------------------------------------------------------------IF (IERR.GT.0) THEN
WRITE (NOUT,*)
WRITE (NOUT, 9999) 'MPBNGC terminated with IERR =', IERR
END IF
STOP
9999 FORMAT (1X,A,I3)
END
C
C*******************************************************************
C
SUBROUTINE FASG (N, X, MM, F, G, IERR, IUSER, USER)
C
C*******************************************************************
C
INTEGER
N, MM, IERR, IUSER(*)
C
DOUBLE PRECISION DIFF,
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C

&

X(N), F(MM), G(N,MM), USER(*)

INTRINSIC
DMAX1
C
C-----------------C
Rosenbro k
C-----------------F(1) = 100*(X(2)-X(1)**2)**2+(1-X(1))**2
G(1,1) = -400*X(1)*(X(2)-X(1)**2)-2*(1-X(1))
G(2,1) = 200*(X(2)-X(1)**2)
C-----------------C
Cres ent
C-----------------F(2) = DMAX1(X(1)**2+(X(2)-1)**2+X(2)-1,
&
-(X(1)**2)-(X(2)-1)**2+X(2)+1)
DIFF = X(1)**2+(X(2)-1)**2+X(2)-1+(X(1)**2)+(X(2)-1)**2-X(2)-1
IF (DIFF.GE.0.0D+00) THEN
G(1,2) = 2*X(1)
G(2,2) = 2*X(2)-1
ELSE
G(1,2) = -2*X(1)
G(2,2) = -2*X(2)+3
END IF
C-----------------C
Constraint
C-----------------F(3) = (X(1)-1)**2+(X(2)-1)**2-1
G(1,3) = 2*X(1)-2
G(2,3) = 2*X(2)-2
RETURN
END
C
C*******************************************************************

5.3. Program Data.

Program Data for MPBNGC Example
1.0D+00
0.0D+00
0.0D+00
0.0D+00
1.0D+00
1.0D+00
1.0D+00
1.0D+00
1.0D+00
0.3D+00
0.6D+00
0.0D+00
0.1D-01
1.0D-05
1.0D-09

4

6

5.4. Program Results.

The output of MPBNGC is the following.
Iter:

0 Nfun:

1

f1(x) = 100.0000
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Eps = .4449887E-02

Iter:

1 Nfun:

2

Iter:

2 Nfun:

3

Iter:

3 Nfun:

4

Iter:

4 Nfun:

5

Iter:

5 Nfun:

6

Iter:

6 Nfun:

7

Iter:

7 Nfun:

8

Iter:

8 Nfun:

9

Iter:

9 Nfun: 10

Iter: 10 Nfun: 11

Iter: 11 Nfun: 12

f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

1.000000
1.000000
0.0000000E+00
97.35182
0.9866899
0.9955501
0.4449887E-02
93.57143
0.9674177
0.9884699
0.9750147E-02
70.62354
0.8432974
0.9458080
0.5419204E-01
70.62354
0.8432974
0.9458080
0.5419204E-01
9.432154
0.3698702
0.7474285
0.2545715
0.9172208
0.3308772
0.5669369
0.2359963
0.9005946
0.2393255
0.5066403
0.1756171
0.8817410
0.2117380
0.4859587
0.1575746
0.8738081
0.2027801
0.4788525
0.1516973
0.8709535
0.1998081
0.4764441
0.1497434
0.8699735
0.1988147
0.4756331
0.1490898
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Eps =0.1056127E-01

Eps = 0.6191521E-01

Eps = 0.4562671

Eps = 0.3678280

Eps = 0.1501864

Eps = 0.7608890E-01

Eps = 0.2598784E-01

Eps = 0.8816035E-02

Eps = 0.2961100E-02

Eps = 0.9922325E-03

Eps = 0.3326982E-03

Iter: 12 Nfun: 13

Iter: 13 Nfun: 14

Iter: 14 Nfun: 15

Iter: 15 Nfun: 16

f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)
f1(x)
f2(x)
x(1)
x(2)

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

0.8696422
0.1984819
0.4753607
0.1488707
0.8695307
0.1983703
0.4752693
0.1487973
0.8694933
0.1983329
0.4752386
0.1487726
0.8694808
0.1983203
0.4752283
0.1487644

Eps = 0.1115930E-03

Eps = 0.3743479E-04

Eps = 0.1255835E-04

Eps = 0.4213313E-05

Note, that the previous version of MPBNGC utilizing QPDF4 as a quadrati
solver terminated after 25 iteration and 26 fun tion evaluation with a ura y diÆulties (IERR = 7). The nal solution was the point x25 = (0:4752386; 0:1487726)
and the obje tive fun tion values were f (x25 ) = (0:8694933; 0:1983329) with the
a ura y parameter value Eps = 0.1522595E-04.

6. Numeri al Experiments
In order to show the reliability of the new version of MPBNGC, some numeri al experiments with 10 nonsmooth un onstrained single riteria test problems
des ribed in [Haarala et al., 2003℄ will now be reported. The test problems an
be formulated with any number of variables and they have onstru ted either by
haining and extending standard nonsmooth small s ale problems or by nonsmoothing large s ale smooth problems.
We ompared the performan e of the new version 2.0 of MPBNGC using PLQDF1
with the previous version 1.34 utilizing QPDF4 as a quadrati solver. The experiments were performed in the SGI Origin 2000/128 super omputer (MIPS R12000,
600 M op/s/pro essor) of CSC.
The parameters had the following standard values: RL= 0:05, LMAX= 200,
JMAX= 100 and EPS= 10 5 . In order not to restri t the solution pro ess via limiting the fun tion or subgradient evaluations the parameters NITER and NFASG
were hosen to be large enough. For ve onvex problems the standard value 0:0
for GAM was used, while for non onvex problems the value was 0:5.
The used dimensions of the problems were 10, 100 and 1 000. For the largest
problems n = 1 000 the CPU time used were restri ted to be less than half an
hour. Our numeri al results are summarized in Tables 1{3.
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The following abbreviations will be used:
Ndif
number of problems with di erent results
Niter
the average number of iterations
Nfun
the average number of fun tion alls
Nfail
the number of failures
Nlim
the number of time limits
CPU
the average CPU time in se onds.
The average results with 10 variables are presented in Table 1. The methods
performed in quite a similar way; there where only two problems, where they
di ered. The version 2.0 used a little bit less iterations and fun tion alls, but the
older version 1.34 was a little bit faster.

Version
MPB 1.34
MPB 2.00

Ndif Niter Nfun Nfail
2
2

50.0
48.1

57.5
50.8

Table 1. Average results for

Nlim

CPU

0
0

8.39E-03
8.71E-03

0
0

n = 10.

The results obtained with 100 variables an be seen in Table 2. Now there were
more di eren es in the performan es, namely six. The new version was better in
all the riteria measured: it used less iterations, fun tion alls and CPU time than
the old version. The di eren es were also learer, espe ially in terms of CPU time.

Version
MPB 1.34
MPB 2.00

Ndif Niter Nfun Nfail
6
6

676.6
572.3

704.3
592.7

Table 2. Average results for

1
0

Nlim

CPU

0
0

7.87
4.91

n = 100.

Finally, the results with the large s ale problems (1 000 variables) an be found
in Table 3. The same trends as before seem to ontinue. There were di eren es in
the performan es in eight ases from ten. Again, the new version was better in all
the riteria measured and the di eren es were now remarkable. One explanation
for this is a test example, where the old version needed about ten times more
iterations and fun tion alls and 30 times more CPU time than the new one.
Note, that the methods were terminated to the limit (half an hour) of CPU time
by four times. These results are not in luded in the average numbers. However,
in every ase, the new version rea hed better solution and was faster to al ulate
more iterations in this time limit.

Version
MPB 1.34
MPB 2.00

Ndif Niter Nfun Nfail
8
8
Table 3.

219.5
45.2

291.1
48.4

Nlim

1
4
0
4
Average results for n = 1000.
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CPU
33.43
1.26

7. Con luding Remarks
We have onsidered a new implementation version 2.0 of MPBNGC Fortran subroutine for nonlinearly onstrained non onvex multiobje tive optimization. In the
new version of MPBNGC the quadrati programming subproblem is solved by
PLQDF1 subroutine, whi h is an realization of the dual range spa e quadrati
programming method for minimax approximation with linear onstraints implemented by Luksan. The ode PLQDF1 repla es QPDF4 subroutine realizing the
dual a tive-set quadrati programming algorithm implemented by Kiwiel.
The numeri al experiments show the reliability of the new version. We an
on lude that it is more eÆ ient and give more a urate results than the previous
version. In the forth oming versions of MPBNGC the main attention is devoted to
numeri ally problemati equality onstraints, both in linear and nonlinear ases.
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