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Abstract

Nowadays, solving nonsmooth (not necessarily differéhjpoptimization prob-
lems plays a very important role in many areas of industpaliaations. Most of
the algorithms developed so far deal only with nhonsmoottvewrifiunctions. In
this paper, we propose a new algorithm for solving nonsmoptimization prob-
lems that are not assumed to be convex. The algorithm costieetraditional
cutting plane method with some features of bundle methauktlee search direc-
tion calculation of feasible direction interior point atgbm [Herskovits 1998].
The algorithm to be presented generates a sequence obmpeints to the epi-
graph of the objective function. The accumulation pointsha$ sequence are
solutions to the original problem. We prove the global cageace of the method
for locally Lipschitz continuous functions and give somelpninary results from
numerical experiments.

Keywords: Nondifferentiable programming, cutting planes, bundleirads, fea-
sible direction interior point methods, nonconvex proldem
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1 Introduction

We describe a new algorithm for solving unconstrained ogtition problems of
the form

(P)

minimize  f(x)
suchthat x € R",
where the objective functiorf : R" — R is supposed to be locally Lipschitz
continuous. Note that no convexity or differentiabilitysamptions are made.
We propose an approach to solve (P) that combines the traditcutting plane
technique [1, 6] with FDIPA, the feasible direction interfmoint algorithm [4].
In addition, some ideas similar to bundle methods (see @é,@,[12]) are used.
Namely, we utilize serious and null steps and collect cgtgilanes into a bundle.
In this work we have extended to the nonconvex case the gigopresented
in [11]. In practice, we replace the original unconstrainedsmooth problem (P)
with an equivalent problem (EP) with one nonsmooth constrdihat is,
minimize F =
(x,2) =2 (EP)
suchthat f(x) <z, (x,2)€R".

We then build a sequence of auxiliary linear problems wheesdonstraint of
(EP) is approximated by cutting planes to the epigraph obthjective function.
In each iteration a search direction for the auxiliary peoblis computed using
FDIPA. The algorithm to be presented generates a sequenmcenbr points to
the epigraph of the objective function.

FDIPA has been developed for solving smooth (continuousfgréntiable)
nonlinear constrained optimization problems. At eaclatien, a direction of de-
scent is obtained by solving two systems of linear equatisitsg the same inter-
nal matrix. FDIPA does not use any penalty or barrier fumgjot does not need
to solve quadratic subproblems, it is robust, efficient sasl¢o implement [4].

Traditionally, cutting plane techniques [1, 6] and theicsessor bundle meth-
ods (see e.g. [5, 7]) work only for convex functions. In then@x case, cutting
planes form the lower approximation for the objective fumt This is no longer
true in the nonconvex case. Therefore, the generalizafidheomethods to the
nonconvex case is not an easy task and most of the methodspledeo far still
deal only with convex functions.

Nevertheless, it is apparent that a number of ideas validdrtbnvex case are
valuable also in the treatment of nonconvex functions. Kkan®le, in [3], the
nonconvexity is conquered by constructing both a lower andpgper polyhedral
approximation to the objective function and in bundle mdgthe most common
way to deal with the difficulties caused by nonconvexity isige so-called sub-
gradient locality measures instead of linearization efsee, e.g. [7, 9, 12]). In
our approach, the direct application of a new cutting plaag,nm the nonconvex
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case, cut off the current iteration point and, thus, somdiaddl rules for cutting
planes to be accepted is needed.

The nonconvexity brings also some additional characiesisb the problem,
one of which is that the objective function may have seveyehl minima and
maxima. As in all “non-global” optimization methods, we peahe convergence
to a stationary point. That is the point satisfying the neagsoptimality condi-
tion. Furthermore, we prove that the algorithm finds a staip pointz* such
that f(x*) < f(«1), wherex; is a given starting point. In other words, the algo-
rithm is a descent method. Naturally, in the convex casestaonary point is
also a global minimum.

This paper is organized in five sections. In the followingtises we give a
brief background and recall the basic ideas of FDIPA. Inisac3 we describe
the main features of the new method, in section 4, we exarhaednvergence of
the method, and in section 5 we describe the preliminary migaleexperiments
that demonstrate the usability of the new method.

2 Background

In this section we first recall some basic definitions andlte$tom both smooth
and nonsmooth analysis. Then, we discuss some basics EBdBA [4].

2.1 Preiminaries

In what follows, we assume the objective function to be lyciaipschitz contin-
uous. A functionf : R — R is locally Lipschitz continuouat z € R” with a
constant. > 0 if there exists a positive numbersuch that

[f(y) = f(2)] < Llly — 2|

for all y,z € B(x;¢), whereB(x;¢) is an open ball with centet € R™ and
radiuss > 0. The algorithm to be presented generates a sequence dbieints
to the epigraph of the objective functionhe epigraplof a functionf : R* — R
is a subset oR™ x R such that

epi f ={(x,r) e R" xR | f(x) < r}.

For a locally Lipschitz continuous function the classicaédtional derivative
need not to exist. Thus, we now define thpeneralized directional derivative
by Clarke [2]. Moreover, we define the subdifferential for adty Lipschitz
continuous function.

DEFINITION 2.1. (Clarke). Letf : R® — R be a locally Lipschitz continuous
function atx € R". Thegeneralized directional derivativef f atx in the direc-
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tionv € R" is defined by

() = limsup fly + n;) —f(y)
t10
and thesubdifferentialof f atx is the se¥ f(x) of vectorss € R"™ such that
Of(x) ={s € R"| fo(x;v) > sTvforallv ¢ R"}.
Each vectos € J0f(x) is called asubgradienof f atx.

The generalized directional derivafé(x; d) is well defined since it always ex-
ists for locally Lipschitz continuous functions. The subetiential 0f(x) is a
nonempty, convex, and compact set such thdte) C B(0; L), whereL > 0 is
the Lipschitz constant of atx (see e.g. [2, 9]).

Now we recall the well known necessary optimality condifionnconstrained
nonsmooth optimization. For convex functions this coditis also sufficient and
the minimum is global.

THEOREM 2.2. Let f : R" — R be a locally Lipschitz continuous function at
x € R". If f attains its local minimal value at, then

0€df(x).
A pointz satisfyingd € Jf(x) is called astationary poinfor f.

In iterative optimization methods it is necessary to find r@ation such that
the objective function values decrease when moving in tirattion. Next we
define a descent direction.

DEFINITION 2.3. The directiord € R” is adescent directioffior f : R" — R at
x € R", if there exists > 0 such that for alt € (0, ¢]

flx+td) < f(x).

For a smooth functiory’ the directiond € R™ is a descent direction at if
d"Vf(x) <0.
Let us now consider the inequality constrained problem

{minimize F(x) (EP)

suchthat g(x) <0, xe€R",

whereF : R — R andg : R* — R™ are smooth functions. We will call
I(x) = {i | g;,(x) = 0} the set of active constrairdt x and we say that is a
regular pointfor the problem (IEP) if the vector8g,(x) fori € Z(x) are linearly
independent. Further, we denote ®yhefeasible sebf the problem (IEP). That
is

Q={xzcR"|g(x) <0}.
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DEFINITION 2.4. The directiord € R" is afeasible directiorfor the problem
(IEP) atx € ©, if for somef > 0 we havex + td € Q for all t € [0, 6].

DEFINITION 2.5. A vector fieldd(x) defined orf2 is said to be ainiformly fea-
sible directions fielaf the problem (IEP), if there exists a step lengtk 0 such
thatz + td(x) € Q forall ¢t € [0, 7] and for allz € Q.

It can be shown thadl is a feasible direction for (IEP) i’ Vg,(xz) < 0 for
anyi € I(x). Definition 2.5 introduces a condition on the vector fieldr),
which is stronger than the simple feasibility of any elema&ind(x). Whend(x)
constitutes a uniformly feasible directions field, it sugpaa feasible segment
[z, x + 0(x)d(x)], such thaV(x) is bounded below i by 7 > 0.

2.2 FeasibleDirection Interior Point Algorithm

The feasible direction interior point algorithm FDIPA isamerical technique for
smooth nonlinear optimization with equality and ineqyatibnstraints. We de-
scribe now the basic ideas and computations involved indBe of the inequality
constrained problem (IEP).

Let z* a regular point to the problem (IEP), the Karush-Kuhn-Tucke&T)
first order necessary optimality conditions are expressefbllows: If * is a
local minimum of (IEP) then there exisk € R™ such that

VF(x*)+ Vg ) A" =0 (1)
G(zIA* =0 @)

A" >0 3)

g(x") <0, (4)

whereG(z) is a diagonal matrix witltz;;(z) = g,(x) andVg(z*) is a Jacobian
of the constraints.
FDIPA requires the following assumptions to problem (IEP):

AsSsSUMPTION2.1. Let() be the feasible set of the problem. There exists a real
numbera such that the se@, = {x € Q | F(z) < a} is compact and has a
non-empty interiof2V.

ASSUMPTION2.2. Eache € QY satisfyg(z) < 0.

AsSsSUMPTIONZ2.3. The functionsF andg are smooth irf2, and their derivatives
VF(x)andVg,(x)foralli = 1,...,m satisfy the Lipschitz condition (i.e. there
existsL > 0 such thal|VF(y) — VF(x)|| < L||y — z| forall x,y € R™).

ASSUMPTION2.4. (Regularity Condition) For a# € €2, the vectorsVg, (x) for
i € I(x) are linearly independent.

A Newton-like iteration to solve the nonlinear system of agpns (1) and (2)
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in (z, A) can be stated as

Sk Vg(x¥) zptt — 2k ] [ VF(2") + Vg(zF)A\*
A*Vg(ah)T G(z") } { AGH = AF ] - [ G(z")N*
(5)
where(z*, A\¥) is the starting point of the iteratiof:E ™', A5 *!) is a new estimate,
A a diagonal matrix with;; = X;, andS* is a symmetric and positive definite
matrix. If S¥ = V2F(x*) + 37, Aiv2g,(x"), then equation (5) is a Newton
iteration. HoweverS* can be a quasi-Newton approximation to the Lagrangian
or even the identity matrix.
By denotingd} = ™ — x* the primal direction, we obtain the linear system
in (dg, Ag*)
SEdE 4+ Vg(zF)NET = —VF(ab) (6)

AV g(®)TdE + G(F)AT = 0. (7)

It is easy to prove thad is a descent direction of the objective functi@i[4].
However,d: cannot be employed as a search direction, since it is nosaaby

a feasible direction. Thus, we deflel towards the interior of the feasible region
by means of the vectat? defined by the linear system

Skdi + Vg(x" )X =0 (8)
AV g(x®)TdE + G(xF)NT = AP, (9)
Now, the search direction can be calculated by
d" =d} + prd:. (10)
Here the deflection bound > 0 is selected such that the condition
VF(@"'d" < aVF(x")"d}

with predefinedy € (0, 1) is satisfied (see Lemma 4.3 in [4]). Now, we have
VF(x¥)'d" < 0, and we obtairvg,(z*)"d, = —p* < 0 for all active con-
straints by (7), (9), and (10). Thud! is a feasible and descent direction for
(IEP).

A new feasible primal pointc**! with a lower objective value is obtained
through an inexact line search alodtl FDIPA is globally convergent (i.e. not
depending on a starting point) in the primal space for any @faypdatings and
A, providedS*+! is positive definite and**! > 0 [4].

3 Method

As mentioned in the introduction, the unconstrained prob|B) can be reformu-
lated as an equivalent constrained mathematical progr&n (e dispose of this
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equivalent problem (EP) by solving a sequence of auxiliamgdr programs that
are constructed by substitution by cutting planes. That is, we solve

(AP))

minimize  F(x,z2) =z
suchthat  f(y,) — s/ (x—y,) —2<0, foralli=1,...,1,

wherey;, € R", i = 1,...,[, are auxiliary pointss; € 0f(y,) are arbitrary
subgradients at those points, ahd the number of cutting planes currently in
use.

For each auxiliary problem (AR a feasible descent direction is obtained
using FDIPA. When used in solving linear programming proldgas (AR))
FDIPA has close similarity with interior point methods famdar programming
[4]. Thus, it is an efficient alternative to solve these kimdigroblems. More-
over, with FDIPA the descent direction can be computed ev€AR,) has not
a finite minimum. Therefore, we do not need a quadratic staing term as in
standard bundle methods (see e.g. [9]). When a descentidiréstcalculated, a
step length and a new auxiliary poify, ,, w;41) that is feasible with respect to
(AP;) is computed according to given rules. Here we have denoted, b the
auxiliary point that equate te.

When the new point is both feasible with respect to (EP) andedgdor f,
we update the solution (i.e. we dat*!, 2*™) = (y,.,,w;11)) and say that the
step is aserious feasible descent stdpthe new point is feasible with respect to
(EP) but it fails to be descent fgi; we consider the current iteration pojat®, 2*)
to be too far from the boundary of the epigraphfofin that case, we instead of
using the direction calculated by FDIPA, use the steepestaid direction-e,

(e. = 10,0,...,0,1]7 € R"™!) to obtain a point still strictly feasible but near to
the boundary of the epigraph. By this way, we hgye**!) = f(x*) in this new
iteration point and the next search direction generated\PA can be proved to
be descent also fgf. We call this step gerious steepest descent stepthe case
of either serious step we clear out all the old informatiawed so far. If none of
the above is valid, we takeraull step In that case we do not update the solution
but a new cutting plane is computed (@ ,, w;11) and a new feasible descent
direction with respect to (AR;) is calculated using FDIPA. Then, the procedure
starts all over again.

Due to nonconvexity, it may happen that the new cutting plaraées our
current iteration pointzx*, z*) infeasible (see Figure 1). In that case, we ignore
the cutting plane, backtrack along the search directiorcafalilate a new cutting
plane. This backtracking is continued until the currentatien point is feasible
with respect to the cutting plane (to make the method moreieffi we, in fact,
check the feasibility of the poirte”, (f(z*) + 2*)/2)). Due to local Lipschitz
continuity of the objective function this kind of cuttinggple always exists.

We now present a model algorithm for solving minimizatiomlgems of
type (P). In what follows, we assume that at every paint R™ we can eval-
uate the valueg(x) and the corresponding arbitrary subgradiemt 0 f ().
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Figure 1: Problems with nonconvexity: a new cutting plang make the current
iteration point infeasible (red cutting planes). This doawek is avoided by back-
tracking until feasibility of pointz*, (f(x"*) + 2*)/2) is achieved (blue cutting
plane).

ALGORITHM 3.1.

Data: Choose the final accuracy tolerance- 0. Select the control parameters
o > 0andv € (0,1) for the deflection bound. Select multipliese
(0,1) andn € (1/2,1) for the step length and the maximum step length
tmaz > 0.

Step O: (Initialization.) Set the iteration countéer = 1 and the cutting plane
counter/ = 1. Choose a strictly feasible starting poift!, z') €
int(epi f), a positive initial vectorA' € R’ and a symmetric positive
definite matrixS! € R+Dx(+1) Setyl = 2!, Computef (z!).

Step 1: (Cutting plane for serious stepsComputes} € df(x*) and the first
cutting plane

gi(xk, 2*) = f(x¥) — 2" e R
Set

Vgk(xh, %) = (sh, —1) e R*M,
Define

g1(x", ") = [g7 (2", ") € R



and
Vgi(z*, 2*) = [Vgi(x*, 2*)] e R

Step 2: (Direction finding) Computed! = (d*, d*) € R**!, a feasible descent
direction for (AR):

(i) (Descent direction. Solve the valuesl}, € R** and A%, € R’
satisfying the linear equations

Skdﬁ,z + Vg;(z", Zk)Ag,z = —e; 9

AT[Vg; () d, + G (=", 25)Ag =0, (10)
wheree, = [0,0,...,0,1]" € R™!, A} = diag[A},...,\/], and
G(aF, 2F) = diaggy (2, 2%), ..., gf (&F, 2M)].

(i) (Feasible direction). Solve the valuesl;, € R**! and\}, € R!
satisfying the linear equations

Skdj 4+ Vgy (a®, 2F)A5, =0 (11)
Af[Vg(a®, ) df, + G, 2" AL, = =X). (12)

If eZ'df;, > 0, set

(13)

. (v —1)eld;,
p = min {@nd';,lna—’l .

ef{dgl
Otherwise, set
p=oldel (14)
(i) (Feasible descent directionCompute the search direction
dy =d., + pdj,. (15)
Step 3: (Step length and solution updatipgcompute the step length
t* = min{t,aq, max{t | g7 ((z*, 2*) + td) < 0}}.

|df]| <e and  t* <t

then stop with(z*, 2*) as the final solution. Otherwise, set
(yﬁlvwlkﬂ) = (", 2*) + Mtkdf

and compute the corresponding valt(gy;. ).

If wf, < f(y},,), the step is not serious: go to step 6. Otherwise,

call d* = df, d* = d,, d = d5, At = NF, andAE = Ak, If

a,l? a,l

f(z*) > f(y},,) goto step 4 else go to step 5.
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Step 4: (Serious feasible descent sfepSet (x*!, z*™') = (y},,, w},,) and
f(z**1) = f(yr.,). Wipe out all the cutting planes and update to
Sk+land Ak to \f+1, Setk = k + 1,1 = 1 and go to step 1.

Step 5: (Serious steepest descent stefet (x* 1, 1) = (xF, 2F) — pu(F —
f(ah))e. = (x*, 2%) + pgr(a", z")e. and f(x*') = f(x*). Wipe out
all the cutting planes and updaié to S**! and\* to \* . Setk = k+1,
[ =1and go to step 1.

Step 6: (Null step)

(i) (Linearization error) Computes} , € df(y},,) and a linearization
error

a=fla¥) — flyFy) — (sf)T (" — ).

(ii) (Backtracking) If o < g%(a*, 2*)/2 backtrack along the vectal*
until a “feasible point” is achieved: that is, set

(Y7, wi) = (&, 2%) + nut*d",
n = 0.8n and go to step 6.

(i) (Cutting planes for null stepsCompute a new cutting plane and its
gradient

gk (@5, = —a+ f(@) — 2 and

ngﬂ(mkazk) = (Sfﬂv —1).

Define

g (ah,25) = [g7 (2", %), gf (2, %), gl (25, 29)] e R

and

Vgia(ah, b)) = [Vor(a®, 2b), ... Vg (@*, 2"), Vg, (", 7)),
€ ROv+LX(+1)

Setl = [+ 1 and go to step 2.

REMARK 3.1. The algorithm above cannot be immediately implemersiede it
may require unbounded storage. It does not encompass amamsia to control
the number of cutting planes used. Moreover, we do not cormomitmatricess*
or vectors\” should be selected and updated as long as they satisfy tepss
tions given in the next section. As in FDIPA we can get différgersions of the
algorithm by varying the update rules of these matrices a&utovs.

REMARK 3.2. We have|d”|| = 0 only at the stationary point arj@l*|| — 0 when
k — oo, which justifies our stopping criterion in step 3. Howevarthieory||d" ||
may be rather small also before it and, thus, we check alsexistence of the
finite minimum of the auxiliary problem (i.e. the step lengted).
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4 Convergence Analysis

In this section, we study the convergence properties of digm 3.1. We will
first show thatd” is a descent direction faF (i.e. for (AP) and (EP)). Then we
prove that the algorithm is a descent one and that, whenkgeasurrent iteration
point is close enough to the boundaryepf £, d* is a descent direction fof also
(i.e. for (P)). After that we show that the number of null stegh each iteration
is finite and that the sequenééx”, »*)},cy is bounded. Finally, we prove that
every accumulation poirfte*, z*) of the sequencé(z*, 2*) } .cn generated by the
algorithm is stationary foi (note that if the objective function is convex, this is
also a global minimum for the problem P). To simplify the rimtia we, from now
on, omit the indice& and/ whenever possible without confusion.

In addition to assuming that the objective functipims locally Lipschitz con-
tinuous, the following assumptions are made:

ASSUMPTION4.1. There exist positive numbers andw, such thatu, ||d||* <
d"'Sd < w,||d|]? for all d € R"*' (see [13] for less restrictive conditions f6}.

ASSUMPTION4.2. There exist positive numbek$, \°, andg,,., such thay) <
N <A\ i=1,...,1,and\; > \ for anyi such tha;(x, 2) > gmaz-

AssumMPTION4.3. These{z € R" | f(x) < f(x') } is compact.

ASSUMPTION4.4. For all(x, z) € epi f and for alli such thaty;(x, z) = 0 the
vectorsVg;(x, z) are linearly independent.

We start the theoretical analysis of Algorithm 3.1 by notihgt the solutionsgl,,,

Ao, dg, andg of linear systems (9), (10), and (11), (12) are unique. Téis is
a consequence of Lemma 3.1 in [10] stated as follows (usiegtitation of this
paper).

LEMMA 4.1. For any vector(x,z) € epif, any positive definite matri§ <
R(+Dx(+1) and any nonnegative vectdr< R! such that\; > 0if g;(x, z) = 0,
the matrix

S Ygl(wvz)

M= 1\vg,(@ )" G, 2)

is nhonsingular.

It follows from the previous result thal,, A,, dg, and Az are bounded from
above.

LEMMA 4.2. The directiond,, defined by (9) and (10) satisfies
dle, =d'VF(x, z2) < —d.Sd,.
PROOF See the proof of Lemma 4.2. in [4]. O
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As a consequence of the preceding lemma, we have that dinetiis a descent
direction for F' (i.e. for (EP) and (AP).

PrRoPOSITION4.3. Directiond defined by (15) is a descent direction for (EP) and
(APR).

PROOF In consequence of (15), calling to mind tkat= V F'(x, z), we have
d'VF(x,z) =d.VF(x,z2)+ pdgVF(a:, ).

Sincep < (v —1)d VF(z,2)/(d;VF(x,2)) withv € (0,1),if d;VF(z,z) >
0 (see (13)), and sina#, is a descent direction fdr by Lemma 4.2, we obtain

d"VF(x,2) <d.VF(x,z)+ (v —1)d.VF(z, 2)
= vd!VF(z,2)
<0.

(note thatd” VF (z, z) = 0 only if d, = 0). On the other hand, €}V F(x, z) <
0 (see (14)), we have the inequalitf VF(x,2) < d.VF(x,z) < 0 readily
available. Thusd is a descent direction far. OJ

Althoughd computed in step 2 of the algorithm is a descent directioEeY)
and (AR), it is not necessary that for (P). Nevertheless, in the f@xima, we
prove that the algorithm is a descent one. That is, the valaésnction f do
not increase. After that, we prove, that when the currenati@n point is close
enough to the boundary epi f, directiond is descent also for (P).

LEMMA 4.4. Let (z*,2*) € int(epi f) be an iteration point generated by the
algorithm. For allk > 1, we have

f(xFh) < f(xh) and 2t < 2R
Moreover, the next iteration poirite” !, z5+1) is in int(epi f).

PROOF The iteration pointx*, 2*) is updated in step 4 or step 5 of the algo-
rithm. In step 4, we setx**!, 2*) = (yf ,, wf,,) only, if wf,, > f(y}.,)
and f(z*) > f(y;,). Thus, obviously, we have*™ > f(z") (i.e.
(x*+1 2F1) € int(epi f)) and f(z*!) < f(x*) after updating. Furthermore,
we have(d*)Te. < 0 by Proposition 4.3. Thusi* < 0 and the next component
2¥+1 s calculated by the formula (see step 3 of the algorithm)

= 2F — itk dh,

with 4, t* > 0. Therefore, we havet ™! < 2.

On the other hand, in step 5, we use the steepest descertiatiree., as a
search direction and thus®*! = z* and, naturallyf(=**!) = f(x*). We also
have

= 2k ( — [(ah),
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wherey € (0,1) andz* — f(x*) > 0 since(z*, 2*) € int(epi f). Thus, we again
havezf+1 <k andzF > f(x*) = f(z"). O

LEMMA 4.5. Let a point(z*, 2*) € epi f lie on a sufficiently near of the boundary
ofepi f (i.e. 2 — f(x¥) < —utkd®). If (z*, 2*) is not a stationary point, then the
directiond” defined by (15) is a descent direction for problem (P) (i.e.fip
PROOF. Since(z", 2*) € epi f, we havex* = f(z") + ¢, with somee; > 0. We

also have ¢")"e. < 0 by Proposition 4.3, and thug® < 0. The next iteration
point is calculated by the formulae**!, 25+1) = (2*, %) 4 put*(dE, d*) with

p, t* > 0. Thus, we have**! = 2% —¢, = f(z*)+¢€, —eo, Wwhere we have denoted
by e, = —ut*d® > 0. Whene, is sufficiently small (i.e.c; < ¢;) we obviously

havezF 1 — f(x*) < 0. We also havef (z*+1) < k1 since(x* 1, 2FF1) € epi f
by Lemma 4.4. By combining these two we obtdix ) < 2! < f(z*) and
d" is a descent direction fof by definition. O

COROLLARY 4.6. A sequence{(z*, z*)}cn generated by the algorithm is
bounded.

PROOF. Sincez**! < 2* for all & € N and by Assumption 4.3 the sequence
{(x*, 2*)}ren belongs to the bounded s&t (epi f) N {(z,2) € R | 2 < 21},
]

LEMMA 4.7. Direction d defined by (15) is bounded from above.

PROOF. The updating rule fop (see (13) and (14)) ensures that we have
p < o||da]? with someg > 0. (16)
On the other hand, from Lemma 4.2 and Assumption 4.1, wembtai
~d.e. > wid.]?

and therefore, in view of (13), we have

. 1—rv)w
P Z min {97 (dT# } ||d0é||27

3€z
if dgez > 0. Since (14) and sincds is bounded, there exists a lower bound
010w > 0 such that

p > QlodeaH2-
Hence, and by the boundednessdyf, the deflection boung is positive and
bounded from above.
From (15) and (16), we have
dll = l[da + pds||

< [dall + llpds]]

< lldall + olldal*ll dsll

= (1 + olldalll[dsl)lldall

12



Therefore, there exists > 1 such that|d|| < J||d.|| is valid. Due to the bound-
edness otl,,, we have thatl is bounded from above. O

In the next lemma we show that in step 6 of the algorithm, ata@in ,, w;+1)
is found after a finite number of loops inside the step suctibigecurrent iteration
point (x, z) € int(epi f) is feasible with respect to the cutting plane computed at
the pointy, ;.

LEMMA 4.8. There exists a pointy,, ;, wi11) € R"™ such thatf(z) — z < a,

wherea = f(x) — f(y,41) — si11(z — y,4q) @and s,y € df(y,,,). This pointis
found after a finite number of loops.

PROOF For a contradiction, let us assume that there does notaefasisible point
(Y141, wi1). A point (y,,, ;, wii1,) is calculated by the formula

(yl+1,z’7 wit1,) = (x, 2) + nputd

with g, t > 0, m, = 1,2 € (1/2,1), andn,,; = 0.8n; (1 = 2,3,...). Since a
feasible point(y,;, ;, wi1,) is not found we have

fl®) — 2> f(x) = f(yp1) — SlT+1,i(w —Yp1i) = Q

foralli € N. Sincer;,, < »; for all 7, we haven; — 0. This impliesy,,,;, — =.
By local Lipschitz continuity of the functiorf, we have|f(y;, ;) — f(z)| — 0
and, therefore, alse@ — 0. But f(x) — z < 0 since(x, z) € int(epi f) which is
a contradiction. O

LEMMA 4.9. There existsr > 0 such that for all(x, z) € int(epi f) and for
all d € R™"! generated by the algorithm, we hagg(x, z) + td) < 0 for all
t €0,7].

PROOF. Let us denote by a vector such thab, = s’y, — f(y,) forall i =
1,...,I. Nowg,(z, 2) = (Vg,(z, 2))" (z,2) — b, since

gi(x,2) = f(y,) + SzT(m —Y;)— 2
= f(y;) + Sz‘Tw - S?yi -z
- ('Siv _1)T(ma Z) - SzTyz + f(yz)
= (Vgi(z,2))" (z,2) — b;
foralli =1,...,[. By construction, we have

t <max{t; | ¢;((x,2) +t;d) <0, i=1,...,1}.
By combining these two, and noting th&ty;(x, z) does not depend on point

13



(x, z) but on auxiliary pointg, (i = 1,...,1), we obtain

gi((xz,2) + t:id) = (Vgi((z,2) + t:d))" ((x, 2) + t;d) — b

(Vgi(x, 2))" ((,2) + t;d) — b,
(Vgi(z, 2)) (2, 2) — by + t:(Vgi(x, 2))'d (17)
gi(x,2) + ;(Vgi(x, 2))'d <0

foralli =1,...,0. If (Vg(zx,2))Td < 0, the above inequality is satisfied with
anyt; > 0. Let us consider the case whé¥ig;(x, 2))’d > 0. By (15), we have
(Vgi(z,2))Td = (Vgi(z, 2))"(ds + pdg), and from (10) and (12) we obtain

Vgi(wa Z)Tda = _gi(wa Z) )‘;,l and (18)
T )‘61'
Vgi(x,2) dg = —1— gi(x, 2) )\" : (19)

By combining (17), (18), and (19) we obtain

Aayi + PAgi

A

gi(x, 2) — tigi(x, 2)

where we have denoted By = )\, ; + pAg;. Obviouslypt; > 0 andg;(x, z) < 0.
Thus, the inequality is satisfied if

>~

t;

L

>

Now, A is bounded by Assumption 4.2 and, sinfgg Az andp are bounded from
above, alsa\ is bounded from above. Thus, there exists 0 such that\;/\; > 7
foralli =1,...,land forallt € [0, 7], we havey;((x, z) + td) < 0. O

The next Lemma gives us a technical result to be used later on.

LEMMA 4.10. Let X be a convex set and lat’ € int X andz € X. Let the
sequencegz’} c R\ X such thatz* — z and letz* be defined byc* =
x® + p(z® — x°) with someu € (0,1). Then there existy € N such that
" € int X with all & > k.

PROOF. Let us suppose that* = z0 + p(z" — %) — = + p(xz — 2°) =
px + (1 — p)z® = x*. Since the segmenx’, z] C X andp < 1, we obtain
x" € int X. Thus, there exist$ > 0 such thatB(x*; §) C int X. Whenz* — z#
there existd, € N such thate* € B(z#,§) with all k > k. O

LEMMA 4.11. Let(y, w) be an accumulation point of the sequeR¢g;, w;) }ien
generated by the algorithm. Then= f(y).

14



PROOF A new auxiliary point(y,, w;) is calculated in step 3 of the algorithm. If
w; > f(y,) we take a serious step (i.e. we go to step 4 or to step 5). Tintisei
accumulation point we have < f(y). Suppose now that < f(y). Consider
the cutting planef,, () = f(y) + s;(z — y) with somes; € df(y). Let f,, be
the new constraint for (AR (i.e. gi(x, 2) = fs,(z) — 2).

Let us denote by = D((y, w); f,,) the distance between the pojat, w) and
the planef,,. Sincew < f(y) we haver > 0. SetB = B((y,w); 5). Obviously,
BN fs, = 0. Now, (y,;,w;) € epifs, with anyi and B C (epi fs,)°. Thus
(y,,w;) € B, which is a contradiction. O

LEMMA 4.12. Let (z*, 2*) € int(epi f). The next iteration pointz* 1, z**1)
int(epi f) is found after a finite number of subiterations (i.e. loomsrirstep 6 to
step 2 of the algorithm).

PROOF The new iteration pointz**! 2**!) is in the interior ofepi f by
Lemma 4.4. Thus, we only need to prove that it is found aftatefinumber
of iterations.

A new auxiliary point(y,, w;) is found after a finite number of loops inside
step 6 by Lemma 4.8. b, > f(y,) we take a serious step (step 4 or 5) and, obvi-
ously, (x, z) € epi f. The sequencé(y,, w;) }ien IS bounded by construction and
thus there exists an accumulation pdigtw). By Lemma 4.11 this accumulation
point is on the boundary @i f.

Let us denote by, (x) = f(y;) +s! (x —y,) the cutting plane corresponding
to theith constraint and by (x) = max{f, () | i = 1,...,l} the piecewise
linear function that is maximum of all cutting planes at tleew@mulation point
(y,w). By Lemma 4.10 there exisis € N such thafy, ,w;,) € int(epi f). We
will now show that(y; ,w;,) € int(epi f) althoughepi f is nonconvex.

For a contradiction purposes, suppose now that w;,) € int(epi f). Thatis
f(y;,) = wi,. Anull step occurs and we have a new cutting plane. gy, w;,)
is in a line segment connecting the accumulation p@mntv) and the current iter-
ation point(x*, z*), below the epigraph of. Thus, the new cutting plane makes
the point(y, w) infeasible (it can not make the current iteration point asiéle).
But then(y, w) can not be an accumulation point, which is a Contradiction.

Thus, we have(y, ,w;) € int(epif) and we either setx*™, 2*t!) =
(y;,,w;,) (in step 4 of the algorithm) or a serious steepest desceptosteurs
(step 5 of the algorithm). O

LEMMA 4.13. Letd;, be an accumulation point of the sequer{e& },cn. Then
d;, =0.

PROOF By construction we have
(xF L ) = (2F %) + pt*d®  or
(@, 25 = (2, 2%) — p(2" — f(zh))e..

The sequencé(z”, z*)}ren is bounded by Corollary 4.6. Let us denote by
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x* = limy,_.., " andz* = lim,_., 2* and letK C N be such thaft*},cx — t*.
It follows from Lemma 4.9 that we hawé > 0.
Whenk — oo, k € K we have

2*=z2"+ pt*d; or
(1= 12" + pf(a).

In other words, we either havé = 0 or z* = f(x*). However, due to Lemma 4.5
the latter is not the case{ is a descent direction fof or d* = 0). Thusd? = 0.
By Proposition 4.3, we have

Z*

0=d;=(d")"e. <v(d)"e.=vd,. <0
with somev € (0,1) and thus?;, . = 0. Further, by Lemma 4.2 we have
0=d..=(d) e. < —(d;)"Sd; <0
and by positive definiteness fwe conclude thadl’, = 0. O

It follows from the previous result that® — 0 whenk — co. This fact justifies
the termination criterion for the algorithm.

LEMMA 4.14. Let (s;), —1) be the gradient of the active constraint at the accu-
mulation point(z*, *) of the sequencf(z*, 2*)}.cn generated by the algorithm.
Thens; € 0f(x*).

PROOF Since at the accumulation poifit*, z*) we havef(x*) = z* the first
constrainty; (x*, 2*) is active ands; € df(x*) by construction (see step 1 of the
algorithm).

Suppose now that the constraiptx*, z*), i« > 1, is active. Let us denote
by f..(x) = f(y,) + sT(z — y,) the cutting plane corresponding to the active
constraint. That isf,,(x*) = z*. At the vicinity of the accumulation point, say
x € B(z*;0) with someos > 0, we havef,,(x) is a lower approximation of
the objective functiory(x) or s; = 0 (in which case the algorithm has already
stopped). Therefore we have for alle B(x*;0), 0 > 0, ands; € 0f(y,)

fl) > fly,) + s (x —y,)
=fly,) — f@")+ f(@) + 5 (x—y,) — s (x—") + 5] (x — 2)
= f(@) + s (x —x") + fy;) + 8] (" —y;) — f(z7)
= f(@") + s (x—2") +g:(2",2)
= f(@") + 5] (z —x),
sincef(x*) = z* andg;(x*, z*) =

Now, if we denoter = x=* + tv, wherev € R", ¢t > 0 we can write

f(@) - fa) > (@ - a*) = tsT
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for all x € B(x*; o) and we obtain

(@ v) = limsup L& T2

fl&™ +tv) - f(a)

t10

> lim sup
t10 t
T
> lim sup %Y _ s?v,
t10
Therefore, by the definition of the subdifferentiale o f (x*). O

In the next lemma we prove that since the auxiliary problecors/ex we have
¥ positive or zero at the solution.

LEMMA 4.15. For k large enough, we havk® > 0.
PROOF Let us consider the following convex optimization problem

minimize  ®¢(x, z)
suchthat  g,(x,z) <0,

whered(z, 2) = z + d’. Sx. A KKT-point (x®, 2®) of the problem satisfies

Vz+Sd, + Vg, (z®, 2°)As =0 (20)
Gi(x®, 2") A =0 (21)

Ap >0 (22)

g,(x,2) <0. (23)

Systems (9) and (10) in step 2 of the algorithm can be rewrate
Vz 4 SdE 4+ Vgh(xh, 2M)AE =0
G (a, 2N = ¢,
wherep® = —AF[Vgl(x*, 2F)]"d". Whend" — 0 we have thato* — 0 and
then, for givere; > 0, there existds; > 0 such that
A" —A®|| < fork > K.
Then as\® > 0 by (22) we deduce that* > 0 for % large enough. O

THEOREM 4.16. For any accumulation point(xz*,z*) of the sequence
{(x*, 2%)}ren We haved € O f (x*).

PrRoOF Consider the equations (9) and (10). Wher» oo we haved;, = 0 by
Lemma 4.13. Thus, we obtain

Vg (x*, z)\ = —e, and gj(z*,z")A;, =0,
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where we have denoted By the vector of Lagrange multiplies corresponding to
d;, and byg; (z*, z*) the corresponding constraints.

Since
vy7<w*,z*>=[f11 oo fﬂ and AL = [\ Ao AR
we obtain

l
Z/\* s;=0 and > X, =1
=1

Let us now denote by = {i | g;(x*, 2*) = 0} the set of indices of active
constraints and by/ = {j | gj(z*,z*) < 0} the set of inactive constrains at
(x*, z*). Now

gi(x*,2")\,; =0 forallieZand
g;(x*, 2" )\, ;=0 foralljeJ.

Thus); ; = 0forall j € J and further

D Xsi=0 and Y A, =1

i€l 1€

By Lemma 4.14 we have; € 0f(x*) for all i € Z. By convexity of subdifferen-
tial and since\;,; > 0 by Lemma 4.15 for ali € 7 we obtain

O—Z)\ ;8i € 0f(x”).

1€

5 Numerical Experiments

In this section we present some preliminary results obthimiéh Algorithm 3.1.
The algorithm was implemented in MatLab in a microcomputentRim Il
500MHz with 2 GB of RAM. We tested the reliability of the codedhgh a set
of problems [8] that are widely used in testing new algorighfior nonsmooth op-
timization. All test problems, except for the Rosenbrockabem, are nonsmooth
and there are both convex and nonconvex problems.

The input parameters for the algorithm have been set aswolio= 7, ¢ =
107%, u =038, o =1, p = 0.1. In testing the algorithm, we have always the
same set of input parameters, with no tuning based on anyfisgest problem,
aiming at checking algorithm robustness more than effigienc
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The results are given in Table 1, where we have denoted bythesihumber
of serious step, “ns” the number of null step, “nf” the numbérfunction and
subgradient calls anff* the final value of the objective function obtained with our
algorithm, and by: the number of variables, by” (convex) and “-” (noncon-
vex) the convexity of the problem, an”’ the optimal value of the problem as
reported in [8].

Table 1: Result of the numerical experiments.
Problem n Convex  ss ns nf f* fort
Rosenbrock 2 28 199 584 2.163%0 7 0

Crescent 2 — 13 54 352 4.63160°* O

CB2 2 + 14 95 219 1.9522 1.9522245
CB3 2 + 19 133 305 2.0000 2

DEM 2 + 15 58 140 -3.0000 -3

QL 2 + 29 82 220 7.2000 7.20

LQ 2 + 9 20 30 -1.4140 -1.4142136
Mifflin1 2 + 10 41 52 -1.0000 -1

Mifflin2 2 — 12 43 56 -1.0000 -1

Rosen 4 + 51 318 370 -44.0000 -44

Shor 5 + 45 293 337 22.6002 22.600162
Maxquad 10 + 24 392 417 -0.8414 -0.8414083
Maxq 20 + 82 573 656 0.0000 0

Max| 20 + 92 1361 1458 0.0000 0

Goffin 50 + 221 3370 3592 0.0000 0

El-Attar 6 — - - - fall 0.5598131
Colville 5 - - - - falil -32.348679
Gill 10 — 210 3283 3583 9.7860 9.7857

Although, the number of serious steps (i.e. the number ddtitens) stayed rather
small in all the tested cases, the number of function andrawlent evaluations
used was often much higher. Moreover, when comparing oori#thgn with some
other algorithms given in the literature, that is NCVX by kilickt. al. [3] and
PB by Makek and Neittaang&ki [9], our method usually used more evaluations
than them (note that the number of evaluations given in [3] @) should be
multiplied by two to get comparable results). However, ithbaf these methods,
a quite complicated quadratic programming subproblem teekd solved in every
iteration and, thus, the efficiency of our algorithm coulccbenparable with these
methods regardless of the larger amount of evaluationsegeddaturally, more
testing should and will be done.
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6 Conclusions

We have introduced a new algorithm for nonconvex nonsmoptimization and
proved its global convergence to locally Lipschitz contins objective functions.
The presented algorithm is simple to code since it does mpiine the solution
of quadratic programming subproblems but merely of twodimsystems with the
same matrix. The numerical examples were solved robusitlijtas important to
remark that all of them were solved without any change in thdecand with the
same parameters of the algorithm.

The lack of quadratic subproblems alludes to the posgillitdealing with
large-scale problems. This will be one of the tasks to beietlid future. In this
context also some other solvers for linear programminglprobwill be tested. On
the other hand, FDIPA is well capable in solving nonlineaippems and, thus,
it might be interesting to add the quadratic stabilizingrtesimilar to standard
bundle methods to our model. The quadratic stabilizing tesoid substitute our
serious steepest descent step which keeps our model lcnaglen
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