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Abstract

Clustering is among most important tasks in data mining. This problem in large data
sets is challenging for most existing clustering algorithms. It is important to develop
clustering algorithms which are accurate and can provide real time clustering in such
data sets. This paper introduces one such algorithm. The clustering problem is formu-
lated as a nonsmooth optimization problem with minimum sum-of-squares distance
function. Then the limited memory bundle method [Haarala et.al. Math. Prog., Vol.
109, No. 1, pp. 181–205, 2007] is modified and combined with incremental approach
to solve this problem. The method is evaluated using real world data sets with both the
large number of attributes and large number of data points. The new software is also
compared with some other optimization based clustering softwares.

Keywords: Cluster analysis, Nonsmooth optimization, Nonconvex problems, Bundle
methods, Limited memory methods.
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1 Introduction

Clustering is dealing with the problems of organization of a collection of patterns
into clusters based on similarity. It has many applications in medicine, engineering
and business. The similarity measure in the clustering can be defined using vari-
ous distance-like functions. Clustering problems with the similarity measure defined
by the squared Euclidean norm are called the minimum sum-of-squares clustering
(MSSC) problem. These problems have been studied extensively, and there are vari-
ous optimization algorithms for solving them (see, e.g. [8, 11, 38], for brief review of
some of these algorithms). In papers [6, 11, 10], nonsmooth optimization (NSO, not
necessarily differentiable optimization) algorithms were developed. Algorithms based
on hyperbolic smoothing technique are presented in [7, 41, 42]. Various optimization
techniques such as branch and bound [18], interior point methods [19], the variable
neighborhood search algorithm [25] and metaheuristics such as the simulated anneal-
ing [37], tabu search [1], and genetic algorithms [36] have also been introduced. In
addition, algorithms based on difference of convex (DC) representation of the MSSC
problem are introduced in [4, 2, 3, 9].

Most of the algorithms mentioned above are not applicable or have limited capabil-
ities for solving clustering problems in large data sets. They become time consuming
as the size of data sets increase. In this paper, the phrase “large data set” means that
the data set contains hundred of thousands or millions of data points (features) and
hundreds or thousands of attributes. However, we assume that such data sets still can
be stored in the memory of a computer and might be read many times. The aim of
this paper is to develop new clustering software which is accurate and efficient in large
data sets.

In this paper, we introduce the new LMBM-CLUST -method for solving MSSC
problems. The LMBM-CLUST -method consist two algorithms: an incremental al-
gorithm is used to solve clustering problems globally and at each iteration of this
algorithm the limited memory bundle algorithm (LMBM) by Karmitsa (née Haarala)
et al. [22, 23, 24, 27] is used to solve both the clustering problem and the so-called
auxiliary clustering problem with different starting points provided by the incremental
algorithm.

The LMBM is a hybrid of the variable metric bundle methods (VMBM) [31, 40]
and the limited memory variable metric methods (see e.g. [16]), where the first ones
have been developed for small- and medium-scale NSO and the latter ones for smooth
large-scale optimization. Here, the original LMBM algorithm is slightly modified to
be better suited for solving clustering problems. The LMBM combines the ideas of
the VMBM with the search direction calculation of limited memory approach. There-
fore, the time-consuming quadratic direction finding problem appearing in the stan-
dard bundle methods (see eq. [26, 29, 33]) does not need to be solved, nor the number
of stored subgradients needs to grow with the dimension of the problem. Furthermore,
the method uses only a few vectors to represent the variable metric approximation of
the Hessian matrix and, thus, it avoids storing and manipulating large matrices as is
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the case in the VMBM. These improvements make the LMBM suitable for large-
scale optimization. Namely, the number of operations needed for the calculation of
the search direction is only linearly dependent on the number of variables while, for
example, with the VMBM this dependence is quadratic.

This paper is organized as follows. In Section 2 we introduce our notation and
recall some basic definitions and results from nonsmooth analysis. The formulation
of nonsmooth clustering problem is given in Section 3. In Section 4, we first give the
basic ideas of the LMBM and its convergence properties. Then, we recall the ideas of
incremental approach used to solve globally the clustering problem. The results of the
numerical experiments are presented and discussed in Section 5, and finally, Section 6
concludes the paper.

2 Notations and Background

In this section, we give our notations as well as some basic definitions and results from
nonsmooth analysis.

We denote by ‖·‖ the Euclidean norm in Rn and by aTb the inner product of
vectors a and b (bolded symbols are used for vectors).

A function f : Rn → R is called a locally Lipschitz continuous (LLC) on Rn if for
any bounded subset X ⊂ Rn there exists L > 0 such that

|f(x)− f(y)| ≤ L‖x− y‖ for all x,y ∈ X.

The subdifferential ∂f(x) [17] of a LLC function f : Rn → R at any point x ∈ Rn

is given by

∂f(x) = conv{ lim
i→∞
∇f(xi) | xi → x and ∇f(xi) exists },

where “conv” denotes the convex hull of a set. A vector ξ ∈ ∂f(x) is called a subgra-
dient.

The point x∗ ∈ Rn is called stationary if 000 ∈ ∂f(x∗). Stationarity is a necessary
condition for local optimality and, in the convex case, it is also sufficient for global
optimality. An optimization method is said to be globally convergent if starting from
any arbitrary point x1 it generates a sequence {xk} that converges to a stationary point
x∗, that is, {xk} → x∗ whenever k →∞.

3 Nonsmooth Formulations of Clustering Problems

In this section we present NSO formulations of the clustering and the so-called auxil-
iary clustering problems, but first, we recall the fundamentals of clustering.
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Cluster Analysis. In cluster analysis we assume that a finite set A of points in the
n-dimensional space Rn is given. That is,

A = {a1, . . . ,am}, where ai ∈ Rn, i = 1, . . . ,m.

The data points ai, i = 1, . . . ,m are called instances and each instance has n at-
tributes.

The hard unconstrained clustering problem is the distribution of the points of the
set A into a given number k of disjoint subsets Aj , j = 1, . . . , k with respect to
predefined criteria such that

1. Aj 6= ∅, j = 1, . . . , k

2. Aj
⋂
Al = ∅, for all j, l = 1, . . . , k, j 6= l.

3. A =
k⋃

j=1

Aj.

The sets Aj, j = 1, . . . , k are called clusters. Data points in the same cluster are
similar and data points in different clusters are dissimilar to each other. Each cluster
Aj can be identified by its center xj ∈ Rn, j = 1, . . . , k. The problem of finding these
centers is called the k-clustering (or k-partition) problem.

In order to formulate the clustering problem we first need to define the similarity
(or dissimilarity) measure. In this paper, the similarity measure is defined using the
squared Euclidean norm (the L2 norm)

d2(x,a) =
n∑

i=1

(xi − ai)
2.

As already said in introduction clustering problems with the similarity measure defined
by the squared Euclidean norm are called the minimum sum-of-squares clustering
(MSSC) problem. Note that the similarity measure in nonsmooth clustering problem
could also be defined using other norms. That is, for instance, L1- or L∞-norm (see
e.g. [12]).

Clustering Problem. The NSO formulation of the MSSC problem [8, 11] is given by{
minimize fk(x)

subject to x = (x1, . . . ,xk) ∈ Rnk,
(1)

where
fk(x1, . . . ,xk) =

1

m

∑
a∈A

min
j=1,...,k

d2(x
j,a). (2)

The function fk is called the k-th cluster function. If k = 1 this function is convex
and, for the similarity measure using the L2-norm, also smooth (continuously differen-
tiable). However, for k > 1 it is both nonconvex and nonsmooth due to the minimum
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operation used. If the similarity measure is defined using L1- or L∞-norms then the
function fk is nonsmooth for all k ≥ 1. This is due to the minimum operation and the
fact that both L1- and L∞-norms are nonsmooth functions.

In many real-world databases, the number of instances m is substantially greater
than the number of attributes n. One advantage in the NSO formulation of clustering
problem is that the number of variables in problem (1) is only n × k and it does not
depend on the number of instances m.

Auxiliary Clustering Problem. The objective function (2) in Problem (1) is non-
convex and the problem itself is a global optimization problem. That is, the objective
function fk in this problem has many local minimizers and only its global minimizer
provides the best cluster structure with the least number of clusters. In general, con-
ventional global optimization methods cannot be applied to solve the clustering prob-
lem in large data sets because the size of the problem becomes large as the number
of clusters increases or the number of attributes is large. For solving such problems
these techniques are extremely time consuming. Therefore, in such data sets heuristics
and deterministic local search algorithms are the only choice. However, the success of
these algorithms strongly depends on the choice of starting cluster centers and in this
case the development of efficient procedures for generating such centers is crucial.

Here we apply an approach introduced in [35] to generate starting cluster centers.
This approach involves the solution of the so-called auxiliary clustering problem. Next
we present this problem.

Assume that the solution x1, . . . ,xk−1, k ≥ 2 to the (k− 1)-clustering problem is
known. Denote by

rak−1 = min
{
d2(x

1,a), . . . , d2(x
k−1,a)

}
(3)

the distance between the data point a ∈ A and the closest cluster center among k − 1
centers x1, . . . ,xk−1. The k-th auxiliary cluster function is defined as [5]

f̄k(y) =
1

m

∑
a∈A

min
{
rak−1, d2(y,a)

}
, y ∈ Rn. (4)

This function is nonsmooth LLC and as a sum of minima of convex functions it is, in
general, nonconvex. In addition, it is clear that

f̄k(y) = fk(x1, . . . ,xk−1,y), for all y ∈ Rn.

The k-th auxiliary clustering problem [5] is formulated as{
minimize f̄k(y)

subject to y ∈ Rn.
(5)
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4 LMBM-CLUST -Method
In this section we introduce the new LMBM-CLUST -method for solving MSSC prob-
lems. As already said in the introduction, the LMBM-CLUST -method consist two al-
gorithms: an incremental algorithm is used to solve clustering problems globally and
at each iteration of this algorithm the LMBM is used to solve both the clustering prob-
lem (1) and the auxiliary clustering problem (5). Figure 1 illustrates the structure of
this combination and basic ideas of the two algorithms. The more detailed description
of algorithms will follow.

Set  l = l + 1.

  Initialization of auxiliary
  clustering problem:
  Find the set      of starting
  points for auxiliary 
  clustering problem.

 Auxiliary clustering problem:
 Use LMBM Algorithm to solve
 auxiliary clustering problem
 starting from             for each
             to find the set       of
 starting points for l-partition
 problem.

 Solution of the l-partition
 problem:
 Set                                  
 where                 is the best
 solution obtained.

LMBM

Initialization:

  Serious step
  initialisation:

 Line search:
 Evaluate 

                    

 Update step:
 Set
  

Desired accuracy?

Serious step?

Initialization: 
 Compute  the center
               of the set A.

Set  l = 1. 

Incremental Algorithm

Stopping criterion:
l > k ?

Yes

Yes

  Aggregation:
  Compute a new  
  

No

 Direction finding:
 Compute

 using limited memory
 BFGS update. 

Stop

 Type of  
the problem solved:

Auxiliary clustering 
problem?

No

Yes

 Direction finding:
 Compute

 using limited memory
 SR1 update. 

No

 Clustering problem:
 Use LMBM algorithm to solve
 clustering problem starting
 from
 for each             

Yes

No

Figure 1: LMBM-CLUST -method.

4.1 LMBM

The LMBM is originally developed for solving general nonconvex nonsmooth opti-
mization problems. Here, the original algorithm is slightly modified to be better suited
for solving clustering problems. To use LMBM it is assumed that the objective func-
tion is LLC and at every point x both the value of the objective function f(x) and one
arbitrary subgradient ξ from the subdifferential ∂f(x) can be evaluated. For (auxil-
iary) clustering problems this assumption is easily satisfied. In this section our notation
differs a little bit from that before: n is used as a size of the optimization problem, that
is, n = n for auxiliary clustering problem and n = nl for clustering problem, where l
is the current number of clusters. In addition, k is now used as an iteration counter.
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Direction Finding, Serious and Null Steps. In LMBM the search direction dk is
calculated using the classical limited memory variable metric scheme. Although, due
to fact that the gradient does not need to exist for nonsmooth objective, the search
direction is computed using (an aggregate) subgradient ξ̃k instead of usual gradient.
That is,

dk = −Dkξ̃k,

whereDk is the limited memory variable metric update that, in the smooth case, would
represent the approximation of the inverse of the Hessian matrix. The matrix Dk is
not formed explicitly but the search direction is calculated using the limited memory
approach (to be described later). The role of matrix Dk is to accumulate information
about previous subgradients.

In NSO the search direction computed using a subgradient is not necessarily a
descent one. Using so-called null steps gives more information about the nonsmooth
objective if the current search direction is not ”good enough”. In order to determine a
new step into the search direction dk, we use the non-monotone two steps line search
procedure: a new iteration point xk+1 and a new auxiliary point yk+1 are produced
such that

xk+1 = xk + tkLdk and

yk+1 = xk + tkRdk, for k ≥ 1

with y1 = x1, where tkR ∈ (0, tmax] and tkL ∈ [0, tkR] are step sizes, and tmax > 1 is the
upper bound for the step size.

A necessary condition for a serious step to be taken is to have

tkR = tkL > 0 and f(yk+1) ≤ max
i∈K̂

f(xi)− εkLtkRwk, (6)

where K̂ ⊂ K = {l | xl = yl} such that K̂ includes (at most) ten last indices of K,
εkL ∈ (0, 1/2) is a line search parameter, and wk > 0 represents the desirable amount
of descent of f at xk. If the condition (6) is satisfied, we set xk+1 = yk+1 and a serious
step is taken.

If condition (6) is not satisfied, a null step occurs. In null steps, we have

tkR > tkL = 0 and − βk+1 + dT
k ξk+1 ≥ −εkRwk,

where εkR ∈ (εkL, 1/2) is a line search parameter, ξk+1 ∈ ∂f(yk+1), and βk+1 is the
subgradient locality measure

βk+1 = max{|f(xk)− f(yk+1) + (yk+1 − xk)Tξk+1)|, γ‖yk+1 − xk‖2 }.

Here γ > 0 is a distance measure parameter supplied by the user. In the case of a
null step, we set xk+1 = xk but information about the objective function is increased
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because we store the auxiliary point yk+1 and the corresponding auxiliary subgradient
ξk+1 ∈ ∂f(yk+1) and we use them to compute new aggregate values and the limited
memory update matrix.

The nonmonotone serious step condition (6) differs from that used with the original
LMBM [24], where only the latest value f(xk) of the objective function is used. Un-
der some semismoothness assumptions the line search procedure used with the original
LMBM is guaranteed to find the step sizes tkL and tkR such that exactly one of the two
possibilities — a serious step or a null step — occurs [40]. The usage of non-monotone
approach does not alter this result.

Aggregation. The aggregation procedure used in the LMBM utilizes three subgra-
dients and two locality measures. The procedure is carried out by determining multi-
pliers λki satisfying λki ≥ 0 for all i ∈ {1, 2, 3}, and

∑3
i=1 λ

k
i = 1 that minimize the

function

ϕ(λ1, λ2, λ3) = [λ1ξm + λ2ξk+1 + λ3ξ̃k ]TDk[λ1ξm + λ2ξk+1 + λ3ξ̃k ]

+ 2(λ2βk+1 + λ3β̃k).

Here ξm ∈ ∂f(xk) is the current subgradient (m denotes the index of the iteration after
the latest serious step, i.e. xk = xm), ξk+1 ∈ ∂f(yk+1) is the auxiliary subgradient,
and ξ̃k is the current aggregate subgradient from the previous iteration (ξ̃1 = ξ1).
In addition, βk+1 is the current subgradient locality measure and β̃k is the current
aggregate subgradient locality measure (β̃1 = 0). The optimal values λki , i ∈ {1, 2, 3}
can be calculated by using simple formulae (see [40]).

The resulting aggregate subgradient ξ̃k+1 and aggregate subgradient locality mea-
sure β̃k+1 are computed by the formulae

ξ̃k+1 = λk1ξm + λk2ξk+1 + λk3ξ̃k and β̃k+1 = λk2βk+1 + λk3β̃k.

The aggregation procedure gives us a possibility to retain the global convergence with-
out solving the quite complicated quadratic direction finding problem (see e.g. [12])
appearing in standard bundle methods. Moreover, only one trial point yk+1 and the
corresponding subgradient ξk+1 ∈ ∂f(yk+1) need to be stored instead of n + 3 sub-
gradients typically stored in standard bundle methods.. Finally, it is worth of noting
that the aggregate values need to be computed only if the last step was a null step.
Otherwise, we just set ξ̃k+1 = ξk+1 and β̃k+1 = 0.

Matrix Updating. The LMBM uses at most m̂c correction vectors to compute up-
dates for matrix Dk. These correction vectors are slightly modified from those in clas-
sical limited memory variable metric methods for smooth optimization (see, e.g. [16]).
That is, the correction vectors are given by sk = yk+1−xk and uk = ξk+1−ξm. Note
that, due to usage of null steps we may have xk+1 = xk and thus, we use here the aux-
iliary point yk+1 instead of xk+1. In addition, since the gradient does not need to exist
for nonsmooth objective, the correction vectors uk are computed using subgradients.
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Let us denote by m̂c the user-specified maximum number of stored correction vec-
tors (3 ≤ m̂c) and by m̂k = min { k − 1, m̂c } the current number of stored correction
vectors. Then the n× m̂k dimensional correction matrices Sk and Uk are defined by

Sk =
[
sk−m̂k

. . . sk−1
]

and

Uk =
[
uk−m̂k

. . . uk−1
]
.

In the LMBM both the limited memory BFGS (L-BFGS) and the limited memory
SR1 (L-SR1) update formulae [16] are used in calculations of the search direction and
the aggregate values. In the case of a null step, the LMBM uses the L-SR1 update
formula, since this formula allows to preserve the boundedness and some other prop-
erties of generated matrices which guarantee the global convergence of the method.
The inverse L-SR1 update is defined by

Dk = ϑkI − (ϑkUk − Sk)(ϑkU
T
k Uk −Rk −RT

k + Ck)−1(ϑkUk − Sk)T ,

where Rk is an upper triangular matrix of order m̂k given by the form

(Rk)ij =

{
(sk−m̂k−1+i)

T (uk−m̂k−1+j), if i ≤ j

0, otherwise,

Ck is a diagonal matrix of order m̂k such that

Ck = diag [sTk−m̂k
uk−m̂k

, . . . , sTk−1uk−1],

and ϑk is a positive scaling parameter.
Otherwise, since these additional properties are not required after a serious step,

the more efficient L-BFGS update is employed. The inverse L-BFGS update is defined
by the formula

Dk = ϑkI +
[
Sk ϑkUk

] [(R−1k )T (Ck + ϑkU
T
k Uk)R−1k −(R−1k )T

−R−1k 0

] [
ST
k

ϑkU
T
k

]
.

In the LMBM, the individual updates that would violate positive definiteness are
skipped (for more details, see [22, 23, 24]).

Stopping Criterion. For smooth functions, a necessary condition for a local mini-
mum is that the gradient has to be zero. By continuity a norm of the gradient becomes
small when we are close to an optimal point providing a good stopping criterion for
algorithms. This is no longer true when we replace the gradient with an arbitrary sub-
gradient. In LMBM the aggregate subgradient ξ̃k provides better approximation to
the gradient but the direct test ‖ξ̃k‖ < ε, for some ε > 0, is still too uncertain as
a stopping criterion. Therefore, we use the term ξ̃

T

kD
kξ̃k = −ξ̃Tk dk and the aggre-

gate subgradient locality measure β̃k to improve the accuracy of the sole norm ‖ξ̃k‖.
Hence, the stopping parameter wk at iteration k is defined by

wk = −ξ̃Tk dk + 2β̃k
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and the algorithm stops if wk ≤ ε for some user specified tolerance ε > 0. In LMBM-
CLUST we set the tolerance ε rather loose for auxiliary clustering problems, since
these problems need not to be solved very accurately, and more strict to real clustering
problems. The parameter wk is also used during the line search procedure to represent
the desirable amount of descent.

Algorithm. Now we give the pseudo-code of LMBM for solving the clustering
problem and auxiliary clustering problem. Later, we will give an incremental algo-
rithm to find suitable starting points for this algorithm.

PROGRAM LMBM
INITIALIZE x1 ∈ Rn, ξ1 ∈ ∂f(x1), m̂c ≥ 3, and ε > 0;
Set k = 1, m = 1, d1 = −ξ1, ξ̃1 = ξ1, and β̃1 = 0;
WHILE the termination condition wk ≤ ε is not met
Find step sizes tkL and tkR, and the subgradient locality
measure βk+1;

Set xk+1 = xk + tkLdk and yk+1 = xk + tkRdk;
Evaluate f(xk+1) and ξk+1 ∈ ∂f(yk+1);
Store the new correction vectors sk = yk+1 − xk and
uk = ξk+1 − ξm;

Set m̂k = min{k, m̂c};
IF tkL > 0 THEN

SERIOUS STEP

Compute the search direction dk+1 using ξk+1 and L-BFGS
update with m̂k most recent correction pairs;

Set m = k + 1 and β̃k+1 = 0;
END SERIOUS STEP

ELSE

NULL STEP

Compute the aggregate values
ξ̃k+1 = λk1ξm + λk2ξk+1 + λk3 ξ̃k and
β̃k+1 = λk2βk+1 + λk3β̃k;

Compute the search direction dk+1 using ξ̃k+1 and L-SR1
update with m̂k most recent correction pairs;

END NULL STEP

END IF

Set k = k + 1;
END WHILE

RETURN final solution xk;
END PROGRAM LMBM

Global Convergence. We now recall the convergence properties of the LMBM al-
gorithm. But first, we give the assumptions needed.
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ASSUMPTION 4.1. The objective function f : Rn → R is LLC.

ASSUMPTION 4.2. The objective function f : Rn → R is upper semismooth (see e.g.
[14]).

ASSUMPTION 4.3. The level set {x ∈ Rn | f(x) ≤ f(x1) } is bounded for every
starting point x1 ∈ Rn.

Note that both for clustering and auxiliary clustering problems these assumptions are
trivially satisfied.

LEMMA 4.1. Each execution of the line search procedure is finite.

Proof. See the proof of Lemma 2.2 in [40]. The result remains even if we use the
non-monotone line search.

THEOREM 4.2. If the LMBM algorithm terminates after a finite number of iterations,
say at iteration k, then the point xk is a stationary point of the (auxiliary) clustering
problem.

Proof. See the proof of Theorem 4 in [24].

THEOREM 4.3. Every accumulation point x̄ generated by the LMBM algorithm is a
stationary point of the (auxiliary) clustering problem.

Proof. See the proof of Theorem 9 in [24].

REMARK 4.1. The LMBM algorithm terminates in a finite number of steps If we
choose ε > 0.

4.2 Incremental algorithm

Now we present the incremental algorithm for solving the clustering problem (1).
Problem (1) is a global optimization problem and it is important to use many start-
ing points when applying a local method like LMBM for its solution. Computation of
clusters incrementally allows us to design different algorithms for generating starting
cluster centers. One such algorithm is introduced in [35] and it is used in our incre-
mental algorithm given below. The LMBM is applied to solve both the clustering
and the auxiliary clustering problems at each iteration of the incremental algorithm.
Together these two algorithms are a called the LMBM-CLUST -method.
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PROGRAM Incremental Algorithm
INITIALIZE the maximum number of clusters k ≥ 1;
Compute the center x1 ∈ Rn of the set A;
Set l = 1;
WHILE l < k
Set l = l + 1;
Apply the procedure from [35] to find the set S1 ⊂ Rn of
starting points for the auxiliary clustering problem (5)
with k = l;

SOLVING AUXILIARY CLUSTERING PROBLEM

To obtain a set S2 ⊂ Rn of starting points for the l-th
clustering problem (1), apply LMBM to solve Problem (5)
starting from each point y ∈ S1;

END SOLVING AUXILIARY CLUSTERING PROBLEM

SOLVING CLUSTERING PROBLEM

For each ȳ ∈ S2 apply LMBM to solve Problem (1) starting
from the point (x1, . . . ,xl−1, ȳ) and find a solution (ŷ1, . . . , ŷl);

Denote by S3 ⊂ Rnl a set of all such solutions;
END SOLVING CLUSTERING PROBLEM

SOLUTION TO THE l -PARTITION PROBLEM

Compute fmin
l = min {fl(ŷ1, . . . , ŷl) | (ŷ1, . . . , ŷl) ∈ S3} and the

collection of cluster centers (ȳ1, . . . , ȳl) such that
fl(ȳ1, . . . , ȳl) = fmin

l ;
Set xj := ȳj, j = 1, . . . , l as a solution to the l-partition problem;

END SOLUTION TO THE l -PARTITION PROBLEM

END WHILE

RETURN the solution to k-partition problem;
END PROGRAM Incremental Algorithm

In addition to the k-partition problem, LMBM-CLUST solves also all intermediate
l-partition problems where l = 1, . . . , k − 1.

5 Numerical Experiments
To test the new LMBM-CLUST -method LMBM-Clust we compared it with
three other clustering algorithms. Namely, DC-Clust [9] that utilizes the DC-
representation of the MSSC clustering problem; modified global k-means algorithm
MS-MGKM [35] that utilizes an incremental algorithm to find starting points for k-
means, and the classical multistart k-means MS-KM [32].

LMBM-Clust, DC-Clust, and MS-MGKM methods are implemented in Fortran
95 while MS-KM is implemented in Fortran 77. All the softwares are compiled using
gfortran, the GNU fortran compiler. The experiments were performed on Mac-
BookAir (OS El Capitan 10.11.3) with Intel R© CoreTM i5, 1.6 GHz and RAM 4 GB.
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The softwares LMBM-Clust and DC-Clust as well as the data sets used in our
experiments can be downloaded from http://napsu.karmitsa.fi/clustering/.

We used thirteen large real world data sets in our experiments. The brief descrip-
tion of these sets is given in Table 1. The more detailed description can be found in
[30] and references given in Table 1. All the data sets contain only numeric features
and they do not have missing values. The numbers of attributes range from very few
(2) to very large (5000) and the numbers of data points range from thousands (smallest
7 797) to hundred of thousands (largest 434 874).

Table 1: The brief description of data sets
Data sets No. instances No. attributes References

ISOLET 7797 616 [30]
Gisette 13500 5000 [21]
Gas Sensor Array Drift 13910 128 [39]
EEG Eye State 14980 14 [30]
D15112 15112 2 [15]
Online News Popularity 39644 58 [20]
KEGG Metabolic 53413 20 [34]
Shuttle Control 58000 9 [30]∗

Sensorless Drive Diagnosis 58509 49 [30]
Pla85900 85900 2 [15]
MiniBooNE particle identification 130064 50 [30]
Skin Segmentation 245057 3 [13]
3D Road Network 434874 3 [28]

Thanks to NASA.

LMBM-Clust, DC-Clust and MS-MGKM methods use the incremental approach to
solve clustering problems globally. We computed incrementally up to 25 clusters with
all data sets. MS-KM uses the simple randomised multistart scheme for starting points.
Thus, it does not give any intermediate results. For comparison purposes, we made
different runs for different numbers of clusters. The CPU-time used by softwares
was limited to 20 hours. For MS-KM the numbers of different starting points was
always kept big enough, but we limited the computational time of the method to be
approximately twice of that used by LMBM-Clust (or 20 hours). We also stopped the
run if the wall clock was more that 24 hours without any progress. That is, if after 24
hours MS-KM was still computing the clusters from the first starting point.

Results are given in Tables 2–14, where we have used the following notation:

• k is the number of clusters;

• fbest (multiplied by the number shown after the name of the data set) is the
best known value for the cluster function (2) (multiplied with m) for the cor-
responding number of clusters. We have used the fbest value given in [9] (for
those data sets that were used also in [9]) unless we got better value in our
experiments. If the value obtained in our experiments was better than that of
[9] we have marked it with asterix.

12



• EA is the error in % by an algorithm A which is calculated as follows:

EA =
f̄ − fbest
fbest

× 100%,

where f̄ is the value of the cluster function obtained by an algorithm A.

• cpu is the used cpu time in seconds.

In addition, in Figures 2 – 14 the computational times used by different algorithms
and the number of distance function calculations versus the number of clusters for
each data sets are given.

Table 2: Summary of the results with ISOLET (×105).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 7.20988 0.00 272.31 0.00 277.20 0.00 78.72 0.00 600.61
3 6.77921 0.00 517.10 0.00 545.49 0.00 150.43 0.00 1101.18
5 6.12976 0.39 1066.26 1.01 1136.32 1.01 299.66 0.00 2203.64
10 5.27942 1.15 2419.93 1.15 2636.39 1.26 673.64 0.00 5005.88
15 4.86791 0.09 3757.33 0.09 4145.73 0.00 1066.23 0.11 8005.66
20 4.59548 0.00 5086.28 0.00 6187.10 0.01 1449.80 0.45 10225.54
25 4.43426 0.30 6314.97 0.00 8368.55 0.76 1888.43 1.24 13025.34

Table 3: Summary of the results with Gisette (×1012).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 4.19944 0.00 20303.58 0.00 51844.82 0.00 25299.10 0.00 45111.51
3 4.11596 0.00 38420.07 – – 0.00 49374.00 0.00 70193.29
4 4.06539 0.00 56599.01 – – – – 0.00 70064.70

Table 4: Summary of the results with Gas Sensor Array Drift (×1013).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 7.91186 0.00 18.14 0.00 24.78 0.00 17.03 0.00 40.51
3 5.02412 0.00 49.36 0.00 64.00 0.00 42.71 0.00 100.30
5 3.22394 0.10 118.28 0.10 165.43 0.10 102.51 0.00 251.05
10 1.65524 0.00 314.84 0.00 510.62 0.00 266.91 2.68 650.34
15 1.13801 0.36 528.27 0.36 988.77 0.04 422.40 12.10 1101.96
20 0.87916 0.75 740.42 0.62 1514.49 0.01 575.50 34.12 1500.01
25 0.72274∗ 0.55 958.77 0.58 2053.33 0.00 740.72 23.19 2002.00
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Table 5: Summary of the results with EEG Eye State (×108).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 7845.09934 4.24 0.14 4.24 0.44 4.24 0.29 0.00 1.44
3 1833.88058 0.00 0.15 0.00 0.84 0.00 0.59 227.91 2.53
5 1.33858 0.00 0.71 0.00 2.66 0.00 1.60 449091.75 7.20
10 0.45669 0.00 8.07 0.00 18.63 0.00 18.14 0.10 20.31
15 0.34653 0.04 18.74 0.26 49.07 0.05 36.39 4.78 43.15
20 0.28986∗ 0.00 30.58 0.96 88.35 0.00 49.12 2.83 70.94
25 0.25989∗ 0.14 43.15 0.00 137.86 0.07 60.22 2.12 92.12

Table 6: Summary of the results with D15112 (×1011).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 3.68403 0.00 0.77 0.00 0.93 0.00 4.35 0.00 3.74
3 2.53240 0.00 1.48 0.00 1.92 0.00 10.51 0.00 4.22
5 1.32707 0.00 2.45 0.00 3.21 0.00 12.53 0.00 5.29
10 0.64490∗ 0.62 4.78 0.62 8.00 0.62 16.60 0.00 10.85
15 0.43136∗ 0.25 7.49 0.25 18.18 0.00 19.57 0.00 16.26
20 0.32177 0.24 10.39 0.00 32.58 0.25 23.01 6.55 23.51
25 0.25308∗ 0.00 14.17 0.00 53.89 0.01 26.26 5.55 31.47

Table 7: Summary of the results with Online News Popularity (×1014).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 9.53913 0.00 87.98 0.00 97.81 0.00 80.69 0.00 203.63
3 5.91077 0.00 236.44 0.00 253.04 0.00 249.82 0.13 516.83
5 3.09885 0.00 487.06 0.00 541.38 0.00 499.79 0.35 1026.20
10 1.17247 0.00 1354.22 0.00 1499.72 0.00 1126.97 82.56 3005.15
15 0.77637 0.00 2114.44 0.00 2653.41 0.00 1654.85 33.17 4422.03
20 0.59809 0.00 2885.10 0.00 4292.31 0.00 2274.46 34.48 6003.91
25 0.49616 0.00 3775.87 0.00 6011.97 0.82 2833.17 45.11 8003.82

Table 8: Summary of the results with KEGG Metabolic (×108).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 11.38530 0.00 5.48 0.00 6.65 0.00 12.55 18.85 192.43
3 4.90060 0.00 14.03 0.00 18.25 0.00 65.41 124.79 295.71
5 1.88367 0.00 47.88 0.06 66.35 0.00 373.14 0.00 294.77
10 0.63515 0.00 194.12 0.21 358.11 0.00 1055.38 30.34 549.55
15 0.35125∗ 0.00 379.34 1.02 719.32 4.33 1372.31 98.14 802.76
20 0.24982∗ 0.00 579.81 2.23 1122.56 1.79 1736.07 161.39 1308.12
25 0.19289 1.21 782.00 0.75 1549.19 0.51 2152.38 221.85 1605.34
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Table 9: Summary of the results with Shuttle Control (×108).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 21.34329. 0.00 0.36 0.00 1.19 0.00 9.36 51.13 258.74
3 10.85415 0.00 0.85 0.00 3.33 0.00 19.80 100.52 195.08
5 7.24479 0.00 4.48 0.24 21.26 0.00 52.03 38.73 111.02
10 2.83166∗ 0.00 22.43 0.35 78.65 0.37 173.08 39.54 99.50
15 1.53154 0.00 57.26 0.37 290.63 0.07 255.67 200.94 140.01
20 1.06012 0.00 114.14 1.16 516.43 0.00 424.77 308.77 315.05
25 0.78727 1.49 190.86 0.13 774.88 1.50 617.82 326.43 439.92

Table 10: Summary of the results with Sensorless Drive Diagnosis (×107).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 3.93967 0.00 21.65 0.00 28.05 0.00 39.17 98.70 379.28
3 2.97163 0.00 80.20 0.09 109.05 0.00 110.75 152.32 352.13
5 1.99500 0.00 224.80 0.12 316.02 0.00 1034.71 36.74 598.97
10 1.01939 0.00 810.02 2.48 1319.53 4.16 2042.61 125.21 2230.44
15 0.68664 0.00 1563.78 4.18 2616.02 0.00 3469.83 214.58 3127.30
20 0.55732 0.00 2432.91 0.91 3979.53 0.00 4275.13 231.76 5029.11
25 0.47614 0.00 3306.79 0.81 5939.07 0.00 5087.14 278.80 7002.31

Table 11: Summary of the results with Pla85900 (×1015).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 3.74908 0.00 16.26 0.00 15.63 0.00 188.26 1.44 530.39
3 2.28057 0.00 31.59 0.00 30.05 0.00 479.33 0.00 787.99
5 1.33972 0.00 62.40 0.00 60.87 0.00 687.09 2.77 306.11
10 0.68294 0.00 140.16 0.00 145.04 0.00 1267.43 0.55 352.71
15 0.46105 0.31 222.99 0.31 254.82 0.31 1740.19 0.00 462.97
20 0.34988 0.52 311.49 0.52 383.46 2.21 2052.67 0.03 666.75
25 0.28259∗ 0.18 399.04 0.02 529.44 0.00 2331.13 0.06 865.09

Table 12: Summary of the results with MiniBooNE particle identification (×1010).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 8.92236 0.00 4.03 0.00 13.26 0.00 112.35 286908.08 1936.28
3 5.22601 0.00 220.39 0.00 258.50 0.00 1924.46 – –
5 1.82252 0.00 1242.63 0.00 1209.26 0.00 6524.31 – –
10 0.92406 0.00 5074.67 0.02 7196.27 0.01 21646.72 – –
15 0.63506 0.00 9404.49 0.02 15537.69 0.01 30265.34 – –
20 0.50863 0.00 14145.08 0.02 24363.40 0.36 37525.27 – –
25 0.44425 0.00 18863.10 0.02 30855.61 0.01 41985.07 – –
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Table 13: Summary of the results with Skin Segmentation (×109).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 1.32236 0.00 153.61 0.00 166.33 0.00 2466.95 0.00 2146.77
3 0.89362 0.00 278.13 0.00 290.68 0.00 4459.66 0.00 2709.68
5 0.50203 0.00 504.05 0.00 517.17 0.00 6408.17 3.28 1529.53
10 0.25121∗ 0.00 1042.00 0.00 1076.48 4.26 8521.71 0.00 2502.66
15 0.16963∗ 0.00 1546.04 0.18 1640.04 0.18 11051.29 13.09 3488.56
20 0.12615∗ 1.20 2034.39 1.38 2217.97 0.00 12614.88 26.51 4145.28
25 0.10228∗ 0.69 2568.40 0.70 2844.37 0.00 13941.71 32.61 5298.60

Table 14: Summary of the results with 3D Road Network (×106).

k fbest LMBM-Clust DCClust MS-MGKM MS-KM

EA cpu EA cpu EA cpu EA cpu

2 49.13298 0.00 423.92 0.00 446.96 0.00 17837.82 0.00 23821.27
3 22.77818 0.00 958.00 0.00 1004.36 0.00 31942.73 0.00 14898.22
5 8.82574 0.00 1884.02 0.00 2005.20 – – 0.00 27531.09
10 2.56661∗ 0.00 4157.99 0.20 4332.89 – – 0.01 53676.91
15 1.27069∗ 0.00 6465.47 0.00 6727.42 – – 0.00 24049.60
20 0.80864∗ 0.00 8862.35 0.00 9300.88 – – 0.01 35789.17
25 0.60216∗ 2.11 11344.29 2.11 12478.87 – – 0.00 37730.75

The data sets can be divided into four groups with respect to numbers of attributes.
First, data sets with with small number of attributes (2 or 3, see Table 1), that is,
”D15112”, ”Pla85900”, ”Skin Segmentation”, and ”3D Road Network” data sets. Re-
sults presented in Tables 6, 11, 13, and 14 demonstrate that in these data sets the
accuracies of the solvers were quite similar and the solutions found were at least close
to best known solutions — mostly even with MS-KM. The only remarkable exceptions
here are MS-KM in ”D15112” data set with 20 and 25 clusters and in ”Skin Segmenta-
tion” data set with almost all numbers of clusters (see Tables 6 and 13, respectively).
In addition, in ”3D Road Network” data set that has the largest number of instances
within the data sets tested, MS-MGKM computed only 4 clusters in the given time limit
of 20 hours (see Table 14). In this data set MS-KM usually computed clusters only
from one starting point within the time limit. Nevertheless, by coincidental it was a
good starting point and the results were accurate. In all these data sets MS-KM used the
least number of distance function evaluations (see Figures 6, 11, 13, and 14). Never-
theless, the new software LMBM-Clust was the most efficient of the softwares tested,
although, the differences were not significant with larger number of instances.

The second group consist of data sets with medium number of attributes (9 – 20,
see Table 1), that is, ”EEG Eye State”, ”KEGG Metabolic”, and ”Shuttle Control”.
Results in these data sets are given in Tables 5, 8, and 9 and Figures 5, 8, and 9,
respectively. In these data sets the accuracies of the solvers were quite similar and
the solutions found were at least close to best known solutions but with MS-KM. In
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Figure 2: ISOLET.
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Figure 3: Gisette.
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Figure 4: Gas Sensor Array Drift.
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Figure 5: EEG Eye State.
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Figure 6: D15112.
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Figure 7: Online News Popularity.
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Figure 8: KEGG Metabolic.
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Figure 9: Shuttle Control.
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Figure 10: Sensorless Drive Diagnostics.
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Figure 11: Pla85900.
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Figure 12: MiniBooNE Particle Identification.
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Figure 13: Skin Segmentation.
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Figure 14: 3D Road Network.

almost all the cases the accuracies of the results obtained with MS-KM were highly
unsatisfactory: in the worst case the error EMS−KM = 449091.75 (see, Table 5). The
other exceptions here are in ”KEGG Metabolic” with 15 clusters, where MS-MGKM
has EMS−MGKM = 4.33, and ”EEG Eye State” with two clusters where all the other
methods but MS-KM have EA = 4.24. As with small number of attributes, also in all
these data sets the MS-KM used the least number of distance function calculations and
the new software LMBM-Clust was the most efficient of the softwares tested. Here,
the differences in computational times were bigger and in ”Shuttle Control” data set
that has the largest number of instances within the data sets with medium numbers of
attributes, we can say that the difference in the computational times was outstanding.

In group three, there are data sets with large number of attributes (49 – 616, see Ta-
ble 1): ”ISOLET”, ”Gas Sensor Array Drift”, ”Online News Popularity”, ”Sensorless
Drive Diagnosis”, and ”MiniBooNE particle identification”. The results can be found
in Tables 2, 4, 7, 10, and 12 and Figures 2, 4, 7, 10, and 12,. As before, the accura-
cies of the solvers were quite similar but with MS-KM. With MS-KM the accuracy was
getting worse with the size of number of instances. In ”MiniBooNE particle identifica-
tion” data set MS-KM ”solved” the problem only with two clusters within the time limit
of 24 hours: the error was EMS−KM = 286908.08 and the time 1936.28 seconds while,
for instance, LMBM-Clust solved the same problem accurately in four seconds. In
addition, MS-MGKM and DC-Clust had some small difficulties in ”Sensorless Drive
Diagnosis” data set (see Table 10). Within the group three, MS-MGKM was the most
efficient of the methods when the number of instances was smaller than 50 000. It
also usually used the least number of distance function evaluations. However, the
computational time of MS-MGKM increased rapidly with the numbers of instances and,
for instance, in ”MiniBooNE particle identification” it was more than twice of that of
LMBM-Clust. With larger number of instances LMBM-Clust was clearly the most
efficient method tested.

The last group consist of the data set with very large number of attributes. That
is ”Gisette” (5000, see Table 1 for the data set and Table 3 and Figure 3 for results).
In this data set, DC-Clust succeed in solving only two clusters in the given time
limit, MS-MGKM three, and LMBM-Clust four. Thus, four was the maximum number
of clusters computed with MS-KM as well. The accuracies of the solvers including
MS-KM were similar. The computational time used by LMBM-Clust was less than
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half of that used by DC-Clust, and about 75% of that used by MS-MGKM even if
the number of instances in this data set was not very large (i.e. MS-MGKM should
have been at its best). Although, MS-KM in this particular data set did well, it has
not in general been reliable nor efficient method. Therefore, we can conclude that
LMBM-Clust was the best method tested for clustering in large data sets with both
large numbers of instances and attributes.

6 Conclusions
In this paper a new LMBM-CLUST -method for solving sum-of-squares clustering
problems is introduced. The LMBM-CLUST -method consist two different algo-
rithms: an incremental algorithm is used to solve clustering problems globally and
at each iteration of this algorithm the LMBM algorithm is used to solve both the
clustering and the auxiliary clustering problems with different starting points. The
LMBM-CLUST method conveges to a stationary point of the clustering problem.

The new LMBM-CLUST -method was tested using real world data sets with the
numbers of data points ranging from tens of thousands to hundreds of thousands. The
new method LMBM-CLUST was clearly faster than the other methods tested with data
sets including large number of instances and relatively large number of attributes. We
can conclude that LMBM-CLUST -method was both efficient and accurate and it can
be used to provide real time clustering in large data sets.
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