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Abstract

Practical optimization problems often involve nonsmoathdtions of hundreds
or thousands of variables. As a rule, the variables in suchlpms are restricted
to certain meaningful intervals. In the report [Haaral@Kdh, 2006] we have de-
scribed an efficient adaptive limited memory bundle mettarddrge-scale non-
smooth, possibly nonconvex, box constrained optimizatlarthis paper, a new
variant of this method is proposed and its global convergdoc locally Lips-
chitz continuous functions is proved. In addition, some atioal experiments
are given in order to show the applicability of the method.
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1 Introduction

In this paper, a global convergence theory will be providedaf new version of

adaptive limited memory bundle algorithm (LMBM-B) [13] thia developed for

solving large nonsmooth (nondifferentiable) box consedi optimization prob-

lems. This kind of problems frequently appear, for instamcenany areas of in-
dustrial design, process control, and economic plannieg, @.g. [7, 27, 28, 30]),
and, due to nonsmoothness, they are difficult or even implestsi solve with clas-

sical gradient-based optimization methods. On the othed haone of the current
general nonsmooth optimization solvers (especially, éhzzpable for constraint
handling) can be used efficiently when the number of vargaisiéarge, say 1000
or more. This means there is an evident need for methods alselvte large,

possible nonconvex, nonsmooth, (box) constrained opéiticiz problems.

We consider the problem

(1)

)
subjectto z' <x < x",

{minimize f(x
l

where the objective functiorf : R" — R is supposed to be locally Lipschitz

continuous and the number of variabless supposed to be large. Moreover, the

vectorsz! andz" representing the lower and the upper bounds on the varjables

respectively, are fixed and the inequalities in (1) are tal@nponent-wise.
Nowadays different variants of bundle methods (see, e&.19, 23, 25, 32])

are recognized the most effective and reliable methodsdivingg nonsmooth

optimization problems. Their basic assumption is that atyepointx € R", we

can evaluate the value of the objective functjfz) and an arbitrary subgradient

& € R™ from the subdifferential [6]

Of (x) = conv{ lim Vi(x)| x; — xand V f(x;) exists},

where ‘conv” denotes the convex hull of a set. The idea of bundle metheds i
to approximate the subdifferential or, to be exact, the &eld-subdifferential
(see, e.g. [25])

0F f(z) = conv{0f(y) | y € B(w;e) }

by gathering subgradients from previous iterations intaadte. Here, we have
y € R", ¢ > 0, andB(z; ¢) denotes a closed ball with centeand radiug. Note
thatof(x) C ¢ f(x) for all ¢ > 0.

While standard bundle methods are very efficient for smalé aredium-
scale problems, they are not, in general, competent indscgke settings (see,
e.g. [2, 14, 18]). In [12, 14, 15] we have proposed a limitedmogy bundle
method (LMBM) for general, possibly nonconvex, nonsmoatigé-scale un-
constrained optimization. The idea of LMBM is to combine tagiable metric
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bundle methods [22, 33] for small- and medium-scale nonsimoptimization
with the limited memory variable metric methods (see, eq.1[l, 21, 29]) for
large-scale smooth optimization. LMBM exploits the ide&she variable met-
ric bundle methods, namely the utilization of null steps amdple aggregation
of subgradients, but the search direction is calculatedguai limited memory
approach. Therefore, the time-consuming quadratic dmedinding problem ap-
pearing in standard bundle methods (see, e.g. [19, 25, 82} not to be solved
and the number of stored subgradients (i.e. the size of thél®)is independent
of the dimension of the problem. Furthermore, LMBM uses daly vectors to
represent the variable metric updates and, thus, it avtadisig and manipulating
large matrices as is the case in variable metric bundle rdetf&2, 33].

The basic LMBM [14, 15] as well as its adaptive version [12} anly suit-
able for unconstrained problems. In [13], a new variant efittethod, LMBM-B,
suitable for solving box constrained problems was intredudn LMBM-B the
constraint handling is based on subgradient projectionduad subspace mini-
mization and it is adopted from the smooth limited memory BARG&hod for
box constrained optimization [4]. Although numericallyyefficient, the method
described in [13] is not necessarily globally convergemtonsmooth case.

In order to prove the global convergence of LMBM-B some madiibns
had to be made to the algorithm introduced in [13]. Namely,haee included
so-called stark projections in aggregation procedure &rantee the convergence
of aggregate subgradients to zero. Moreover, we have aduiee sorrections to
limited memory matrices to preserve sufficient positive mefness and bound-
edness of these matrices whenever necessary, and finalbokalong a slightly
modified line search procedure. Although this may sounddikeasy task several
open question had to be answered and many implementatibaléicges had to
be solved before preserving even a hint of the efficiency efpifevious version
together with the convergence properties.

The rest of this paper is organized as follows. In Section  describe an
algorithm LMBM-B for box constrained optimization. We dthy giving a brief
introduction to the method. After that, we describe in deke algorithm, limited
memory matrix updating, identification of the active sety éime subspace min-
imization procedure used. We also give a special line seametedure, which
is modified from that used in [13, 15]. In Section 3, we prove ¢obal con-
vergence of the method for locally Lipschitz continuouseatiye functions that
are not necessary differentiable or convex. Some prelimiresults of numerical
experiments are presented in Section 4 and, finally, in &2&tj we conclude the
paper.

In order to make this paper more self-contained, we recathg&imes with
the same words) many formulae and procedures given in tivéopepapers [12,
13, 14, 15].



2 Method

In this section, we describe the adaptive limited memory dieinmethod
LMBM-B for box constrained large-scale nonsmooth optirticca We start by
giving a simple flowchart (in Figure 1) to point out the basieas of the algorithm.

|

Initialization.

]

Serious step initialization.

Almost
desired accuracy?

Desired accuracy?

Calculation of the generalized
Cauchy point and determination
of an active set. Increase the number of
stored correction pairs
by one if applicable.

Direction finding using the
limited memory BFGS update.
Variables in the active set
remains fixed.

Calculation of the generalized
Cauchy point and determination
of an active set. Increase the number of
l=<—— stored correction pairs
by one if applicable.

Serious step

Line search and
solution updating.

Direction finding using the
limited memory SR1 update.
Variables in the active set
remains fixed.

Null step

Projection and
Aggregation.

Almost
desired accuracy?

Desired accuracy?

Figure 1. Adaptive limited memory bundle method with bounds

LMBM-B is characterized by the usage of null steps togethien the aggrega-
tion and projection of subgradients. Moreover, the limiteemory approach is
utilized in the calculation of the search direction and tggragate values. The
usage of null steps gives further information about the nmwh objective func-
tion in the case the search direction is not “good enough”. tl@@nother hand,
simple aggregation and stark projection of subgradientsaguees the conver-

gence of projected aggregate subgradients to zero and tadssible to evaluate
a termination criterion.



The search direction is calculated using two-stage apprdaicst, we define
the quadratic model functiog, that approximates the objective function at the
iteration pointx; by

1(iB — x1,)" Bp(z — ). (2

a(@) = fl@n) + & (@ — @) +

Hereék is the aggregate subgradient of the objective function ftieenprevious
iteration andBy, is a positive definite limited memory variable metric updiutzt,
in smooth case, represents the approximation of the Heswa#imx. Now, starting
from x; the generalized gradient projection method is used to fiadj&émeralized
Cauchy pOinTch [8] and, at the same time, to identify the active $&t= {i |
af,, = xjorxf, = x} of the problem. Here, we have denotedy, the ith
component of the vectaes. The calculation of the generalized Cauchy point
makes it possible to add and delete several bounds from tive aet during a
single iteration, which may be an important feature for hmhsmooth [31] and
large-scale [9] problems. After the active set has beentiitksh the quadratic
model function (2) is approximately minimized with respéatfree variables,
in other words, the variables in the active set are fixed. Tésch direction
is then defined to be the vector leading from the currenttitargpoint x; to
this approximate minimizer. Finally, a line search thatusugnteed to produce
feasible points is performed.

We utilize the limited memory approach (see, e.g. [5, 11,22]) in the cal-
culation of the generalized Cauchy point, search directimhaggregate values.
The idea of limited memory matrix updating is that insteadtoiring the large
n X n -matricesB;, and D, (we denote byD, the update formula that is inverse of
By), we store a certain (usually small constant) numberof vectors, so-called
correction pairs obtained at the previous iterations ofalgerithm, and we use
these correction pairs to implicitly define the variable meatatrices. When the
storage space available is used up, the oldest correctichgra deleted to make
room for new ones; thus, except for the first few iterations always have the:..
most recent correction pairs available.

The utilization of limited memory approach means that theaide metric
updates are not as accurate as if we used standard variatiie opelates (see,
e.g. [10]). However, both the storage space required anduh®er of opera-
tions needed in the calculations are significantly smalimely, the number of
operations needed 9(n) while with standard variable metric updates used in
original variable metric bundle methods [22, 33], iti$n?). In the adaptive lim-
ited memory bundle method [12] the number of stored comwagbiairsim,. may
change during the computation. This means that we canlséoptimization with
a smallm,. and when we are closer to the optimal potitt, may be increased un-
til some predefined upper limit,, is achieved. The aim of this adaptability is to
improve the accuracy of the basic method without loosingmfuam efficiency,
that is, without increasing computational costs too much.
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2.1 LMBM-B algorithm

In this subsection, we describe within more details LMBM-@ $olving nons-
mooth optimization problems of type (1). The algorithm tqbesented generates
a sequence of basic points,) C F together with a sequence of auxiliary points
(y,) C F, where the seF = {z € R" | ' < z < z*} is the feasible region
of problem (1). A new iteration point;,; and a new auxiliary poiny, , are
produced using a special line search procedure such that

Tpt1 = Tg + t]de and (3)
Y1 :ZEk—}—t%dk, fork >1

with y, = x,, wheret, € (0,tF,,.] andty € [0,t%] are step sizesF . > 1isthe
upper bound for the step size that assures the feasibilipyarfuced points, and
d;. is a search direction.

A necessary condition for a serious step is to have

wheres, € (0,1/2) is aline search parameter amgl > 0 represents the desirable
amount of descent of atx;. If condition (4) is satisfied, we sef; 1 = vy,
and a serious step is taken.

Otherwise, we take a null step. In this case, the usage ofadpiee search
procedure guarantees that we have

tI;% > t’Z =0 and — Brt1 + Pay [ék]TDkPwk £4i1] > —crwy,  (5)

whereer € (g1,1/2) is a line search parametey;,, € 0f(y,,,), Pz§] de-
notes a stark projection & at = (to be described short after), apg, ; is the
subgradient locality measure [20, 26] similar to bundlehnds. In the case of
a null step, we set,,; = x; but information about the objective function is in-
creased because we store the auxiliary pgjnt, and the corresponding auxiliary
subgradieng, ;.

For direction finding LMBM-B uses the original subgradiéntafter the se-
rious step and the aggregate subgrad{anﬁfter the null step. The aggregation
procedure used in the previous versions of the limited mgrbandle method
[12, 13, 14, 15] is similar to that of the original variable tme bundle meth-
ods [22, 33] except that the variable metric updates areulzdéd using limited
memory approach. However, in order to guarantee the glaalezgence of
the box constrained version, we need to consider projestdisubgradients in-
stead of original subgradients in the aggregation proee(see Step 6 in Algo-
rithm 2.1). It may seem that utilization of active gétin the projection procedure
would be a natural choice. However, active ktis calculated at the generalized
Cauchy pointz{, and it may change in consecutive null steps, which is highly
undesirable from the view point of global convergence. &fae, we instead
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calculate a very simple projection at poing that is not changingaf;. ., = x; in
null steps). We define this stark projection operd®ef-| at pointz (component-
wise) by

0, if xﬁ —x;, >0
P&l =< &, if ; € (:Uﬁ,:v?) (6)
0, if ¥ —a; <0.

In what follows we call this projection thE,.-projection (at point).

We use both the limited memory BFGS and the limited memory SRihigp
formulae in the calculations of the search direction andtigregate values. If the
previous step was a null step, the matriégsand B, are formed using the limited
memory SR1 updates (see (15) and (16)). The SR1 update forguiaels a
possibility to preserve the boundedness and some otheeriep of generated
matrices that guarantee the global convergence of the mheththerwise, since
these properties are not required after a serious step, ¢ine efficient limited
memory BFGS updates (see (13) and (14)) are employed. Thadodl updates
that would violate positive definiteness are skipped (foreraetails, see [12, 14,
15] and Appendix).

We now present an algorithm for box constrained nonsmootimaation.
After that, we first describe the limited memory matrix updg@iand then how the
generalized Cauchy point and the search direction can bendet. Finally, we
show how to select the appropriate step sizes. In what fslleve assume that
at every feasible point € F C R™ we can evaluate the value of the objective
function f(x) and the corresponding arbitrary subgradig¢mt 0 f(x).

ALGORITHM 2.1. (LMBM-B)

Data: Choose the final accuracy tolerance> 0, the positive line search pa-
rameterss, € (0,1/2) andegr € (e,1/2), and the distance measure
parametery > 0 (with v = 0 if f is convex). Select the lower and up-
per bounds,,;, € (0,1) andt,,.. > 1 for step sizes. Select the control
parameteC’ > 0 for the length of the direction vector and a correction
parameter € (0,1/2). Select an upper limit:, > 3 for the number of
stored correction pairs.

Step O: (Initialization.) Choose a (feasible) starting point € 7 C R™. Choose
an initial maximum number of stored correction paiis (3 < m,. <
m,,) and initialize the limited memory matricés = U; = [] (empty
matrices) and the scaling parameter= 1. Sety, = x; and; = 0.
Computef; = f(x;) and&, € df(x,). Set the iteration countér= 1.

Step 1:(Serious step initializatioh. Set the aggregate subgradiépt= &, and
the aggregate subgradient locality meastiye= 0. Set the correction

6



Step 2:

Step 3:

Step 4:

Step 5:

indicatoricy = 0 for consecutive null steps and an index for the serious
stepm = k.

(Stopping criterion and correctioj. Calculate the values
Po, €17 D P, [€,] and o| Py, [€.]]|?>. Use the limited mem-
ory BFGS update formula (13) for the calculation db, if

m = k. Else, use the limited memory SR1 update formula (15).
If Ps, [€1]7 DiPa,, & < 0||Pa,, [€x]]I? OFicy = 1, Set

Wi = P € 1" DiPa, (] + 01| P [€4]II7 + 251 (7)

(i,e. D, = Dy + ol) andicy = 1. Otherwise, set
wy, = P, [ék]TDkPwm [ék] + 26 (8)

If w, < eand,,; <0 forallsuchthaty, =z} and¢;,; > 0 for all
such thatr;,; = 2!, then stop withz,, as the final solution. Otherwise, if
wi < 10%¢ andm,. < 1, setm,. = m. + 1.

(Generalized Cauchy pointCompute the generalized Cauchy paitjt
and determine the active s&f = {i | xj, = «}orzj, = z!'} by

Algorithm 2.2. Use the same type of update formulafras in Step 2
for D;,. Note thatB, = D,;l if icy = 0andB, = (D, + ol)™,

otherwise.

(Direction finding) Compute the search directiaf) by Algorithm 2.3
using the same update formula fér, as in Step 2 and setting, =
Dy, + ol if icy = 1. The variables in the active sgf remains fixed.

(Line search and solution updatingSet the scaling parameter for the
length of the direction vector and for line seafgh= min { 1, C'/||dx|| }.
Determine the maximum step size,, < t,,q. such thate, + t£ _0,d,.

is feasible. Choose the initial step sie € [t,in,t*,,.]. Determine

the step sizes}, € (0,¢}] and¢} € [0,¢%] by Algorithm 2.4. Set the
corresponding values

Tp1 = @y + 1 Ody, ferr = f(@ry1),

Ypr1 = Tk + th0kdy, i1 € O (Ypyr)-
Setuy = ., — &, ands, = y,., — x, = th0,d, and update the
limited memory matrice$/,, . ; andSi, .

If condition (4) is valid (i.e. we take a serious step), 8get; = 0, k =
k + 1, and go to Step 1. Otherwise (i.e. condition (5) is valid)cckate
the locality measure

Bry1 = max{|f(zx) — f(yk+1) + <8k>T€k+1)’7 ’YHSkHZ }- 9)



Step 6: (Aggregation) Determine multipliers\} satisfying\¥ > 0 for all i €
{1,2,3}, and>_?_, A\¥ = 1 that minimize the function

(A5 A2, A3) = Pay [N €+ A1+ X3Ek [T D Py [MEy + A2 +A3E), ]
+ 2(X2Brr1 + AaB), (10)

whereD,, is again calculated by the same updating formula as in Step 2
ande =D,+o0ol if icy = 1. Set

£ =M€, + ¢, + i€, and (11)
Br1 = A’Sﬂm + )\gﬁk- (12)

Setk = k + 1 and go to Step 2.

The usage of?,-projection depends only on poimtand not on the subgradient
¢ on focus. ThusPy,, [M&,, + Ao€j1 + s8] = MPa,, €] + AP, [§1 ] +
X3P, [€, ] and this makes the minimization at Step 6 in Algorithm 2.heatn
easy task. Note that in Steps 2, 3, 4, and 6 the matiigesnd B,, are not formed
explicitly but the limited memory expressions to be dessliln next subsection
are used instead.

2.2 Limited memory matrices

The limited memory variable metric matrices used in our atgm are repre-
sented in the compact matrix form originally described ih [5

Let us denote by, the user-specified maximum number of stored correction
pairs 8 < m.) and byr;, = min{k — 1,m.} the current number of stored
correction pairs. Then the x m; dimensional correction matricég andU, are
defined by

S, = [Sk—fnk c. Sk:—l] and

Up = [Uk—mk Uk—l] )

where the correction paifs;, u;), (i < k) are obtained at Step 5 in Algorithm 2.1.
The inverse limited memory BFGS update is defined by the faamul

—1\T T —1  _(p-I\T T
Dy, =01+ [Sk ﬁkUk]{(Rk VG + B U U, (") M S

~R,! 0 ﬁkUg]’ (13)

whereR,, is an upper triangular matrix of ordeér, given by the form

(Rk)" _ (Sk—ﬁlk—l-f-i)T(uk—ﬁLk—l-i-j), if:<j
! 0, otherwise,



C), is a diagonal matrix of ordef;, such that
Ok - dlag [Sg—fnkuk—ﬁlka SRR Sg—luk—l]a

andd, is a positive scaling parameter.
The similar representation for the direct limited memory EB-@date can be
written by

! N LSTSy Ly | ' [#SF
where
Ly = S} U, — Ry.

Note that we haver; = 0, ¥; = 1 and, thus, at the first iteratia;, = D; = I.
The inverse limited memory SR1 update is defined by

Dy = 01 — (0,Uy — Sp) (UL Uy — Ry, — RE + Cy) ' (04U, — Si)" (15)
and, correspondingly, the direct SR1 update is defined by

1

1
ﬁfﬁwﬂm——&ﬂ(m)

1 1
By, = —1 + Uy — —Sk) (L + L, + Ci — 5
k

Uk Uk
With SR1 updates we use the valéie= 1 for all £.

The SR1-update is not in general positive definite. Morednah the noncon-
vexity and bounds may prevent the conditigfru; > O foralli = 1,..., k—1, that
is the classical condition for the positive definitenesshef BFGS update, from
satisfying. Thus, to maintain the positive definitenesshefgenerated matrices,
we discard a correction pais;_1, ux_1) if some positive definiteness condition
(see Appendix) is not satisfied. If this happens, we do nadtdehe oldest cor-
rection pair as is normally done in updating process. Intmacthis means that
correction matrices, andU; may include some vectors with indices smaller than
k — my.

In order to guarantee the global convergence of LMBM-B, theraledness
of both the length of the direction vector (see Step 5 in Alpon 2.1) and the
matricesB; = D; ' are required (we say that a matrix is bounded if its eigemslu
lie in the compact interval that does not contain zero). Tileation of correction
at Step 2 in Algorithm 2.1 is equivalent to adding a positiefirite matrixo/ to
matrix D,. Since the limited memory representation of matfix (or B;) does
not contain information of the correctiarf that may have been added, we have to
add it explicitly at Steps 3, 4, and 6iify = 1. In case of inverse updates (13) and
(15) (Steps 4 and 6 in Algorithm 2.1) this is obviously an et@sk that does not
require much additional computations. However, at Step hawe to calculate
By = (D + oI)~! instead of using formulae (14) or (16). Now, by using the
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Sherman-Morrison-Woodbury formula t®;. + o1)~!, omitting & and denoting
p = v9/(Y+ o) the limited memory BFGS type of update can be written in a form

6575 pL — (1 - p)R ]‘1 PST

_Pr_2m1
B=35l-r 55 U] pLT — (1 - p)RT —C — (1 - p)WUTU UT]’ (37

)

and the limited memory SR1 type of update is given by

B=L1+p*(U-38)(1-p)(UTU —R—R'+C)+p(L+L"+C - 387 8)) 1 (U- 39"
(18)

The middle matrix in (17) is indefinite. However, using thegedure rather sim-
ilar to that given in [5] for (14), its inversion can be cadieut using Cholesky
factorization of the related matrix. By re-ordering the nm@dhatrix in (17) we
obtain

~(C+ 1 =poUTU) (pL—-(1-p)R)T] _
[ pL—(1—p)R 59" } N
[ Q 0} {—QT Q' (pL — (1= p)R)"
—(pL—-(1=-pR)(Q " P|| 0 PT ’

whereP and(@ are lower triangular matrices such tigQ” = C + (1 — p)9UTU
and PP" = £S7S + (pL — (1 — p)R)(QQ") ' (pL — (1 — p)R)". Note that
we haves’wu; > 0 foralli = 1,...,k — 1 (the classical condition for the positive
definiteness of the BFGS update) and, this; (1 — p)9UTU is symmetric and
positive definite. Moreover, this condition guaranteespbsitive definiteness of
the matrix5S*S+ (pL — (1 —p)R)(QQ™)*(pL— (1 —p)R)" as well (the proof
is very similar to the proof of Theorem 2.4 in [5]). Thus, toglement (17), only
the Cholesky factorizations of twi@, x m, symmetric positive definite matrices
need to be computed.

Naturally, formulae (17) and (18) require some more contpria than the
traditional formulae (14) and (16) but also in these cases#iculations can be
done withinO(n) operations.

Finally, we remark that the basic assumption for bundle ot converge,
that is, after a null step we haw€ D,z < 27 D,z for all z € R", is guaranteed
by the special limited memory SR1 update [12, 15].

2.3 Generalized Cauchy Point and Active Set

In this subsection, we show how to calculate the general@zaachy point and,
at the same time, how to identify the active set of problem (e procedure
used here is in principle the same as that in [4]. We only use tie aggregate
subgradient of the objective function instead of gradient,an addition to the
limited memory BFGS update formula, we utilize the limitedmeey SR1 update
whenever necessary. That is, after a null step.
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We define the second projection opera®f-] (component-wise) by

xt, if z; < !
l .
Pz, ', ") = < 4, if z; € [}, Y]
xy, if x; >z

This operator projects the poimtinto the feasible regiorF defined by bounds!
andx“. Note that, contrary to (6), here the projected componghis an effect
to the result.

The generalized Cauchy point at iteratibms defined as the first local mini-
mizer of the univariate piecewise quadratic function

qu(t) = qk(PC[wk - téka wl7 wu])’

(with ¢, defined in (2)) along the projected gradient directi®h|z, —
ték,azl,a:“] — x;, (see, e.g. [8]). That s, if we denote by the value oft cor-
responding to the first local minimum @f(¢), the generalized Cauchy point is
given by

;. = Pelzy. — ti€p, 2, 2], (19)
The variables whose valuesait are at lower or upper bound, comprise the active

setZ} = {i | af,; = ajorag,; = i} .
In practice, we first compute the values

(wa — flfi)/gzm, if éj/w‘ >0
ti = (%]w' — .T;L)/fkm if &M' <0 (20)
00, otherwise
foralli =1,...,ntodefine the breakpoints in each coordinate direction. &k th

sort these valugs in increasing order to obtain the ordered gét| t7/ < t/+1 j =
1,...,n}. Forfinding the generalized Cauchy point we search trougimteevals
[t7, ] in order of increasing until the one containingz, is located. Thus,
we investigate the behavior of the quadratic function (2)doints lying on the
piecewise linear path

Ti — e, if t <t
mra(t) =40 T . (21)
Tryi — ik, otherwise

Let us define thgth break-point bye’ = x, (7). We can now express (21) in the
interval [t/, t/ '] as

zi(t) = & + Atd, (22)
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whereAt =t — 7 and

PR R if 9 <t
o, otherwise.
Defining
o1 ,
fi= flzr) + 5?21 + §ZJTBkZJ7
we have

= &.d +d B2,
e
" =d" Bd,

wherez = / — x;,. Now, combining (2) and (22), we obtain
!/ 1 1
qk(fck(t)) = fj + Atf] + §At2fj .

By calculating the derivative of,(x,(t)) and setting it to zero, we obtain=
t — fi/f] (note thatf; # 0 since in our algorithmp,, is positive definite and

d # 0). Thus, due to positive definiteness of matriégsused in our algorithm,
the generalized Cauchy point liesaat(t’ — f;/f/') if the pointt’ — f7/f7 lies in
the intervalt’, t7+1). Otherwise, the generalized Cauchy point lieggt’) if we
havef; > 0, and it lies at or beyonat, (") in all the other cases.

We now give an algorithm for calculation of the generalized &y point and
determination of the active s&t;. Note that except for minor details this is the
algorithm given already in [4]. To simplify the notation, wer a while, omit the
iteration indext and use subscripisandb to denote théth and theith component
of a vector. Moreover, we denote ley thebth column of the identity matrix.

ALGORITHM 2.2. (Generalized Cauchy Point.)

Data: Suppose we have available the current (feasible) iterggmnt x, the
lower and the upper bounds andx* for x, the current aggregate sub-
gradient¢, and the limited memory representation of matsiXeither the
BFGS or the SR1 formulation).

Step 0: (Initialization.) Compute the breakpointsin each coordinate direction
by (20) and define the direction

N 3 otherwise.
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Initialize

¢ = x,

Ir ={i|t; > 0} (setof indices corresponding to the free variables),
T4 =i|t; =0} (setof indices corresponding to the active bounds),
t =min{t; | i € Ip},

tuqa = 0, and

At =t.

Step 1: (Examining the first interval.Calculate

14

f=€d
f'=d B

Atpin = —1f"]f".
If At,.., < At go to Step 4.

—d'd,

and

Qo

Step 2: (Subsequent segmentSet

b =i such that; = ¢. Shiftb fromZr toZ4.

Set
o if d, >0
l‘b — 1 . a
Calculate
2p = Ty — T,
fr=f+Atf"++&el Bz, and
= f"+25el Bd + £2el Bey,
Set
Cib = 07
Atmm - _f//f/la
tola =1,
t = min{t; | « € Zr} (using the heapsort algorithm [1]) and
At =1 —ty4.

Step 3:(Loop) If At,,;, > At go to Step 2.

13



Step 4: (Generalized Cauchy pointSet

Atyin, = max{At,in, 0},
told - told + Atmhu
26 = x; + toqd; for all i such that; > t.

For alli € Zr such that; = t,,4, shifti fromZr to Z 4.

The only expensive computations in Algorithm 2.2 are
&TB&, el Bz, el Bd, and e Be,

at Steps 1 and 2. However, these calculations can be doneffiergntly (within
O(n) operations) by using limited memory approach. We do not giwedetails
of these calculations here since, essentially, for thetdidhimemory BFGS up-
date, these calculations proceeds similar to those givgt] end, for the limited
memory SR1 update, the idea should be perspicuous as well.

2.4 Direction finding

When the generalized Cauchy point has been found, we apprtirminimize
the quadratic model function (2) over the space of free bgga The subspace
minimization procedure used is in principal the same as tia shace method in
[4] but, as before, we use the aggregate subgradient of fleetote function and
we utilize the limited memory SR1 update if the previous seh was a null
step (see Algorithm 2.1).

We solved from the smooth quadratic problem

minimize €, d+ 1d"B.d
suchthat  Ald = b, and (23)
a' <y +d <z
whereA;, is the matrix of active constraints gradientegiandb,, = Al (z§—xy).
Note thatA, consists ofi 4 unit vectors (here 4 is the number of elements in the
active setZ%) and AT A, is equal to identity.
We first ignore the box constraints. The first order optigadibnditions for
problem (23) without bounds are
€ + Bidj, + A =0 (24)
Ald; = by, (25)

Now, by multiplying (24) byA? D;,, where, as beforeD, = B;', and by us-
ing (25), we obtain

(AL Dy Ay = —AL Dy, — by, (26)
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which determines Lagrange multiplietgs € R"4. The linear system (26) can
be solved by utilizing the Sherman-Morrison-Woodbury fatanand the compact
representation of limited memory matrices (see [4]). Tlliscan be given by

Bud}, = —Appl — &, (27)

If there are no active variables, we simply obtalh = —Dkék, which is the
formula used also in the original unconstrained versionhef ltmited memory
bundle method [12, 14]. In the case the veatpr- d;, violates the box constraints
in (23), we, similarly to [4], backtrack along the line joig the infeasible point
x) + d;, and the generalized Cauchy poif to regain the feasible region. That
IS, we compute

of =min {1, max{a | ! < 2§ +a(zp; +d —25.) <z, i €Ik 28
k i ki s i ki i F

and we seft = x§, + o (), + di, — x5) anddy, = & — xy.

We now give an efficient algorithm for direction finding in bognstrained
case. For more details of the calculations using this lichiteemory approach,
see [4].

ALGORITHM 2.3. (Direction Finding.)

Data: Suppose that we have available the current (feasible}iberaoint z,,
the Cauchy poink, the number of active variables, atx(, then x ny4
matrix A, of the active constraints gradientsag}, the limited memory
representation of matriX0, (either the BFGS or the SR1 formulation),
and the current aggregate subgradgnt

Step 1: (No active variable$.If n, = 0, compute
dZ = _Dkék
and go to Step 4.
Step 2: (Lagrange multipliery. Compute the intermediate,-vector
p=—ALDi&, — by,

whereb,, = AT (x§ — x;,). Calculate the: 4-vector of Lagrange multipli-
ers

pi. = (Ax DeAr) 'p.
Step 3: (Search directior). Compute

dj, = —Di( Ay + €p).
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Step 4: (Backtrack) Computex; by (28). Sete = x§ + aj(x; + d;, — =) and
dk =T — I}.

Note that since the columns df, are unit vectors, the operations betwegnand
a vector amount to select the appropriate elements fromeéhtorvand change
of sign if necessary. Hence, and due to usage of limited mgimgproach, the
search direction can be calculated witlii) operations.

2.5 Line Search Procedure

Now we consider how to choose the appropriate step sizes iBMMB. In

the previous versions of LMBM [12, 13, 14, 15] the initial steize tt <
[tmin, t* ] (s€e Step 5 in Algorithm 2.1) is always selected by using a bun
dle containing auxiliary points and corresponding functi@lues and subgra-
dients. However, the numerical experiments confirmed tisailly a simple
choicet® = max{t,;,, min{2,t* 11} if the previous step was a serious step and
th = max{t,..,, min{1,¢% 1}, otherwise, works as well in box constrained case
and, naturally, needs less calculations. Thus, we useith@esselection always
but in case we obtaim, < ¢ but some components (at least one) of the subgradi-
ent vectoig, are of the wrong sign (see Step 2 of Algorithm 2.1). In thidipatar
case, we use the procedure similar to previous versionger ¢o guarantee that
the serious step will be taken (see Lemma 3.5). Likewise @vipus versions
and original variable metric bundle method [33], we haveshtbe possibility to
use step sizes greater than one after serious steps sincaation about objec-
tive function included in matrixD, may not be sufficient for a proper step size
determination in nonsmooth case.

Next, we present the line search algorithm, which is use@terchine the step
sizesth, € (0,t¥] andt¥ € [0,t%]. The line search procedure used in LMBM-
B is rather similar to that given in [12, 15] which, on the atliand, was de-
rived from [33]. However, in order to guarantee global cageace also in box
constrained case, we needed to modify the line search puoeed well as the
semi-smoothness assumption used in the previous variittits bmited memory
bundle method.

ALGORITHM 2.4. (Modified line search for box constrained problems).

Data: Suppose that we have the current iteration paiptthe current search
directiond,, the current scaling paramet@ér < (0, 1], and the current
vectorP,, £, |" D, available. Suppose also that we have the initial step
sizet¥, an auxiliary lower bound for serious stefs, € (0, 1), the dis-
tance measure parameter> 0, the desirable amount of descent,
and the positive line search parameterse (0,1/2), eg € (e,1/2),
eq € (0,er—eyp),ander € (e1,er —e4) available. In addition, suppose
that we have given the number of consecutive null sigps> 0 and the
maximum number of additional interpolatiofs,..
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Step 0: (Initialization.) Sett, = 0, t = ty = t¥, andi; = 0, and calculate the
interpolation parameter

1
-
" 21— 1)

Step 1: (New valueg.Computef (xy. + t0ydy), & € Of (xy + tOidy), and

B =max { |f(xy) — fax + tOpdy) + tpdi €], v (61 di ) }.

If f(xr + tordr) < f(xg) — ertwy, then setty, = t. Otherwise, set
ty = t.

Step 2: (Serious step.If
f(xr + topdy) < f(xr) — eptwy,

and either
t Z tmm or ﬁ > EAWE,

then set?, = % = ¢ and stop.

Step 3: (Test for additional interpolation.If f(x) + t0xdy) > f(xk), inu > 0,
andi; < i,,q., then set; = ¢; + 1 and go to Step 5.

Step 4: (Null step) If
— = P €] DiPa, [€] > —epuy,
then set%, = ¢, t¥ = 0 and stop.

Step 5: (Interpolation) If ¢, = 0, then set
142 W
t = max < Kty, 2 U } .
{ U f(k) — f(xg + tOpdy) — tywy
Otherwise, set = (t4 + ty). Go to Step 1.

The line search algorithm 2.4 terminates in a finite numbeitesétions if the
problem satisfies the following modified semi-smoothnessiaption: For all
¢ € 0% f(x) with some smalk > 0 and for anyz € R" andd € R", and
sequence&;) C R and(t;) C R, satisfying; € 0f(z + t;d) andt; | 0, we
have

(29)

— lim sup Pm[g]TDPm[éj] > lim inf f®+1t;d) - f(=)

)
Jj—o0 J—00 tj

whereP,|-| denotes the projection at poistand D is the inverse variable metric
approximation calculated at this very same point. Noteifimaine of the variables

is on the boundary at this modified semi-smoothness assumption reverts very
similar to the classical semi-smoothness assumption [3].
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LEMMA 2.1. Let f : R" — R be locally Lipschitz continuous function ate R”

and let the above mentioned modified semi-smoothness assurnpld. Then
Algorithm 2.4 finds, after a finite number of steps, the steps¢f and %, such
that either a serious step or a null step occurs.

PROOEF If Algorithm 2.4 terminates, it is obvious that either aieas step or a
null step occurs. Thus, it is enough to prove that the algoriterminates after a
finite number of iterations.

For a contradiction, let us assume that the algorithm doésenminate. To
simplify the notation, we now omit the iteration numbleand the scaling param-
eterd,. That is, we denote by the scaled direction vectéydy.

Let (), (t}), (), (§,), and(8;) be the sequences of values generated by
Algorithm 2.4 so far{; = ¢/, ort; = t};). Sincet!, < /' < /' < t},, and
- < (1—k) (8, —t,) for all indicesj, there exists a valug such that’, |
t*,t], | t*,andt; — t*. Letus denotd = {t > 0 | f(x +td) < f(x) — ertw}.
Now, since(t,) € T, #, 1 t* and the functiory is continuous, we have

fl®+t'd) < f(x) — ert™w. (30)

Thus, (t) ¢ 7. LetJ = {j | t; ¢ T}. We will first show that the set/

is infinite. If there exists an index € 7 such that; € 7 for all j > j, then
tl, =t | t*forallj > jort* = t;, ¢ T would have to hold. This, however, is in
contradiction ta* € 7. Therefore, the sef is infinite and we havg (x+t;d) >
f(x) — ert;w for all j € J. Now, combining the previous result with (30) we
obtain

flx+t;d) — f(x+t*d)
t; —t*

> —epw

for all ; € J and by using the assumption (29) we obtain

fl@+td+(t —t)d) — f(z+td)

—erw < lim inf

iZLsoo t; —t*
< —limsup P, [€ |"DP,[E, ] (31)
LT
J—70

forall & € 8% f(x).

Let us first suppose th&t > 0. By (30), conditionf (z+t*d) < f(x)—ept*w
holds for sufficiently large indices, sineg, < e7, t; — t*, and functionf is
continuous. Since the algorithm does not terminate, otk 4w (Step 2 in
Algorithm 2.4) and3; + Px[€ |7 DP,[€;] > erw (Step 4 in Algorithm 2.4) have
to be satisfied for sufficiently large indices. Combining #hégo and using the

factthate; < e — 4, We obtain

_Pw[é]TDPw[éj] < B; —epw < gqw — epw < —EpW
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but this is in contradiction to (31) fof € 7 and 7 infinite due to fact tha e
0% f(x) as a convex combination of previous subgradients.

Let us now suppose that = 0. Thent; — 0 implies 3; — 0 due to fact
that the functionf is locally Lipschitz continuous and the local boundednéss o

subgradients. Since algorithm does not terminafe; P,[£]" DP,[E; ] > cpw
has to hold for sufficiently large indices so that

— lim sup Pm[E]TDPw[éj] < —epw < —eqw.
j—o0
However, this is again in contradiction to (31). Therefokégorithm 2.4 termi-
nates after a finite number of iterations. O

On the output of Algorithm 2.4 (Steps 2 and 4), the step sizemdt*, satisfy
the serious descent criterion

f(@r) — f(r) < —éLt’iwi (32)

and, in the case df = 0 (a null step), also condition (5).

3 Convergence Analysis

In this section, we prove the global convergence of AlgonitR.1. The main
differences between the algorithm proposed here and theéopeeversion [13]
are in the usage of stark projections of subgradients indigeegation procedure
(see Step 6 of Algorithm 2.1) and in the calculation of thgptog criterion (see
Step 2 of Algorithm 2.1). Moreover, we here use the correstifor the limited
memory matrices whenever necessary (see Step 2 of Algozithyand the length
of the direction vector is kept bounded (see Step 5 of Algari.1). Also the
line search procedure (see Algorithm 2.4) has been changed.

We now recall a necessary KKT-type optimality conditionltmrally Lipschitz
continuous objective functions in box constrained case (for problem (1)).
Assuming the convexity of the objective function, this ciiod is also sufficient
and the minimum is global.

THEOREM 3.1. (KKT-type optimality condition for box constrainedgiems.)
Let f : R® — R be locally Lipschitz continuous function atc R"™ and let us
denote byg'(z) = ' — x andg*(x) = = — z*. If = is a local minimum of
problem (1), then there exist Lagrange multipligts > 0 such thatulg!(x) =
Oandulgi(x) =0foralli e {1,...,n} and

0€df(x)+ > pdg(x)+ ) uidg!(x).
=1 =1

A feasible pointc satisfying the KKT optimality condition above is said to be a
KKT point associated to problem (1).

19



Note that in the previous theorem we hag(z) = {Vg!(x)} anddg!(x) =
{Vg#(x)} due to differentiability of constraints (see [6]).

Now, in addition to assuming that the objective functibn: R* — R is
locally Lipschitz continuous, the sétN {x € R" | f(x) < f(x1) } is supposed
to be compact. Furthermore, we assume that each executithe dihe search
procedure is finite (i.e. the modified semismoothness assoim(29) is valid).

We start the theoretical analysis of LMBM-B by studying tlzese when the
algorithm terminates after a finite number of iterations: preve that if Algo-
rithm 2.1 stops at iteratioh, then the pointe, is a KKT point for problem (1).
Then, we prove that Algorithm 2.1 does not stop at a non-Kidiirpand, finally,
we prove that in case of infinite sequeriag) C F, every accumulation poirat
of the sequencér,,) generated by the algorithm is a KKT point for problem (1).
In order to do this, we assume that the final accuracy tolessnis equal to zero.

REMARK 3.1. The sequender;) generated by Algorithm 2.1 is bounded by as-
sumption and the monotonicity of the sequefifg obtained due to serious de-
scent criterion (32). Since;., = y,_, for serious steps antly, ., — x| <
tmaeC for null steps by (3) and due to facts thft - < t,... and we use the scaled
direction vectow,d,, with 0, = min {1, C/||d,|| } and predefined’ > 0 in the

line search, the sequenc¢g,) is also bounded. By the local boundedness and
the upper semi-continuity of subdifferential we obtain heindedness of sub-
gradientsg,, as well as all their convex combinations (see [6]). Finadlgo the
‘P.-projections of subgradients are bounded by definition.

LEMMA 3.2. Suppose that Algorithm 2.1 is not terminated beforefitieitera-
tion. Then, there exist numbek§7 > 0 for j = 1,...,k anda, > 0 such that

k

k
(Epran) = Y _NI(E llyy, —ael), D M/ =1, and f > ~a;.
j=1

j=1
PrROOF See the proof of Lemma 3.2 in [33]. O

LEmMMA 3.3. Letz € R" be given and suppose that there exist vec{ors;, ¥,
and numbers\; > 0forj =1,...,1,1 > 1, such that

Then¢ € 0f(z).
PROOF See the proof of Lemma 3.3 in [33]. O
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THEOREM3.4. If Algorithm 2.1 terminates at theth iteration, then the pointy
is a KKT point for problem (1).

PROOF Let us first point out thag, > 0 for all & by (9), (12), and Step 1 in
Algorithm 2.1. Due to (7), (8), and the positive definitenet®),,, we have

Since Algorithm 2.1 terminates at Step 2, the fact 0 implies that we have
wg = 0. Thus,P,, [£.] = 0ands, = a;, = 0 by (33) and Lemma 3.2. Moreover,
by Lemma 3.2 and by using Lemma 3.3 with

=k, ¢=¢,

R s
k,j .
;=" forj <k,

€j :gja Y, =Y,

>~1

we obtaing, € df (x).

Let us first consider the case none of the variables is on thedasy at point
x;, (apropos, we always have, = «x,, for both serious and null steps). Now,
£, = Pa,,[€.]1 by (6). Thusp = £, € Of(x;) andz, is (an unconstrained) KKT
point for problem (1).

If some of the variables;;, i € {1,...,n} are on the boundary at poin,
we may havefk,i # 0 for those variables (for the other variables we héyﬁ: 0
by (6)). Now, due to fact thag!(x;) = 0 for the variables such that,; = z!
andg(xz;) = 0 for z;; = z¥, respectively, and by choosing, 1 = 0 for free
variables (subject to boundsat), we obtainilg!(x;) = 0 andutgd(x;) = 0 for
alli e {1,...,n}.

Since Algorithm 2.1 stops at Step 2, we héyg > ( for all ¢ such thatyy, ; =
2t andé,; < 0 for all i such thatry,; = =*. Now, by first noting that ¢! (z;)
is a vector withith component equal te-1 and others zero whil& ¢} (x;) has
its th component equal tb and others zero and, then, by choosirig= 5,“ if
T = b, andp = =&, if 2, = 2%, we obtain

0=&,+ > uVa(my) + Y 1V (w)

i=1 i=1

with gt p¢ > 0 foralli € {1,...,n}. Thus, by Theorem (3.1) the poim is a
KKT point for problem (1). O

From now on, we suppose that Algorithm 2.1 does not terminsite first
study the case whemn;, = 0 for somek but at least one component of the subgra-
dient vectorg, is of the wrong sign.

LEMMA 3.5. Suppose that Algorithm 2.1 generates a patpt € F such that
wy, = 0 but eitheré,; < 0 for somei such thatr,; = !, or &.; > 0 for somei
such thatr;, ; = « (or both). Then, the next step is a serious step with; # xy.
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ProoFr For simplicity, we first consider the case only one variabég/xy, ;, is on
the boundary. From this point of view, the proof can be eagtlyeralized.

Due to factw, = 0, we haveP,, [£,] = 0 (i.e. we havet,; = 0 for all
j # i) and, thus, we can restrict our consideration to a singlepomanti. Let
us first suppose that, ; = z. Since nowg;; > 0, the generalized Cauchy point
x5, < xp; = ' (see (19)). Thus, eitheris not inZ% or x5 ; is on the lower
bound. In the first case, we simply obtafj) = —D€,. In the latter case, we
haveb, = AT (x¢ —x;) = x! — 2. From (25) we obtain; = z! — 2% < 0 and by
(27) we havel; = —(Dk)jék for all j # i ((Dy); denotes thgth row of matrix
Dy,). In both cases we, obviously, hag; )" €, < 0.

Now, the search directiod, is calculated byl;, = x§ + o} (x,+d), —xf) — )
with o € (0,1] defined in (28). Sincg,,; = 0 forall j # i andg,; > 0 we obtain

di€, = (1 —ap)(af, — ni) + pd]) & < 0.

That is,dy. is a descent direction for the objective function.

In line search procedure, we have the initial step $ize [t,.:,, t*,..] chosen
such that it minimized an approximation ffx; + t0,d;) (for details see [33]).
Now, we havew, = 0, d, is a descent direction, and we initialize= ¢!. Thus,
for sufficiently smallt,,.;,, > 0, we have

f(xr +t0rdy) < f(x) — eptwy, = f(xr), and L 2> tmin (34)

at Step 2 in Algorithm 2.4 (at the first iteration of the alglonn). Therefore, a
serious step witke,. 1, # xy IS taken.

Now suppose that, in addition tq ;, some other variable;, ; is on the bound-
ary. Suppose also that the difference between these miﬁ)thaék,j is of the
right sign, let us say; ; = z andé,w < 0. The generalized Cauchy point is now
givenz; ; = x;; = «y. Thatis, we havg € 7 andb;, = A] (z — ;) = 0 (for
simplicity we assume ¢ Z%). By (25) we obtain; ; = 0 and the result above
holds also in this case.

The similar procedure can be followed in cage = ! and/orzy, ; = xé and it
can be easily generalized to the case where more variald@sdne boundary.]

The last Lemma proves that Algorithm 2.1 does not stop at akiSf-point
but moves away from the boundary when necessary. Now, weoseppat Algo-
rithm 2.1 does not terminate ang, > 0 for all k.

LEMMA 3.6. Suppose that there exist a potc F and an infinite sefC C
{1,2,...} such that(xy)rex — @ and (wy)rex — 0. Thenz is a KKT point for
problem (1).

PROOF Letus denote/ = {1,...,n + 2}. Using the fact thag, € df(y,) for
all & > 1, Lemma 3.2, and Caratbdory’'s theorem (see, e.g. [16]), we deduce
that there exist vectorg®’, €%, and numbers\*» > 0 anda,, for j € J and
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k > 1, such that

(€ ) = Y N (EM ||y — ),

JjeJ
g edfy™),  and (35)
> oA =1,

jeTJ
with

(y*7. €M) e {(y;, &) | i=1,... Kk},

From the boundedness @j,.) (see Remark 3.1), we obtain the existence of points
y: (j € J), and an infinite sek, C K satisfying(y"/)rex, — v} for j € J.
The boundedness ¢f;) and(\"7) gives us the existence of vectdfse 0 f (y}),
numbers\; for j € J, and an infinite sek’; C Ky satisfying(£"9) e, — £;
and(\7)ex, — i forj e J.

It can be seen from (35) that

>0 forjeJ, and ZAjzl.

From the fac{wy)rexc — 0, equation (33), and Lemma 3.2, we obtain
(Br)rex — 0 and (@k)kex — 0.
By letting £ € K, approach infinity in (35), and by using Lemma 3.3 with

l=n+2, i=A; for j <,

>~
I

we obtaing, € df(z).

If none of the variables is on the boundhat z, we havet, = P;[£, | by (6).
Since(wy)rex — 0, we have(Pz[€, |)wex — 0 by (33). Thusp € df(x) andz
is (an unconstrained) KKT point for problem (1).

Suppose now that some of the variables are on the boundagy aBy
Lemma 3.5 a serious step witk, . ; # «;, occurs (i.e. a pointe, is not an
accumulation point) iftv, = 0 but some components of the aggregate subgradi-
ent are of the wrong sign. Thus, we can restrict our condliger#o the case the
components oék are of the right sign or zero. Sinde.)rex — 0, we have
(Pl Diex — 0 by (33). Now, similarly to the proof of Theorem 3.4 we can

1if none of the variables is on the boundary, this proof is &t fxactly similar to the proof of
Lemma 3.4 in [33].
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chooseu!, u* > 0 such thatulgl(z) = 0 andutg?(z) = 0 foralli € {1,...,n}
and

0=¢,+ > wVa(@) + ) pVg(@).
=1 =1

Thus, by Theorem (3.1) the poimtis a KKT point for problem (1). O

LEMMA 3.7. Suppose that the number of serious steps in Algorithm 2.fiis fi
and the last serious step occurred at the iteratian— 1. Then there exists a
numberk* > m, such that

Pwm [ékJrl ]TDk:-i-lem [ékJrl ] < Pwm [ék+1 ]TDkP:vm [ékJrl ] and
3

tI‘(Dk) < 2n

for all £ > k*, wheretr(D,) denotes the trace of matriy.

PROOF The result is due to safeguarded SR1 update used (see [)2, g
proof is similar to the proof of Lemma 7 in [15]. 0J

LEMMA 3.8. Suppose that the number of serious steps is finite and theddastis
step occurred at the iteratiom — 1. Then,x,, is a KKT point for problem ().

PrROOF From (7), (8), (10), (11), (12), and Lemma 3.7 we obtain

Wis1 = P, [ék-ﬁ-l " D11 Pa,, [ék-&-l] + 2641
< Pmm [ék—H ]TDkPmm [ékﬂ] + 2Bk+1 (36)
< Pa,, [ék]TDkPmm [ék} + 261, = wy

for k > k* with £* defined in Lemma 3.7 (for simplicity, we dendfs. = Dy +o1
if icy = 1, 1.e. (7) and (8) coincide). The last inequality in (36) éolls from
the fact that the paiP,,, £, |, Bx+1) minimizes function (10) over all convex

combinations of pair§Ps,, [€,, ], Gn). (Pe,, (€41 ], Bri1), and(Pa,, [€, ], Fi). In
addition, the line search procedure guarantees that we have

—Bis1 — Pa[&i " DiPay [€r1 ] > —crwi

for all & > m. Now, due to boundedness B, [£,. ], Px,.[€,], and D, (see
Remark 3.1 and Lemma 3.7) it can be proved that— 0 (the proof is rather
similar to the proof, part(ii), of Lemma 3.6 in [33]). Nownsiex, = x,, for all
k > m, we havex, — x,,. Therefore, by Lemma 3.6;, is a KKT point for
problem (1). O

REMARK 3.2. In the proof of Lemma 3.8 we showed that in case of corsecu
null stepsw, — 0. On the other hand, by Lemma 3.5 a serious step occurs
if w, = 0 but some components of the aggregate subgradient vectaf e
wrong sign. Thus, ifw, — 0 we either have a KKT point for the problem or a
serious step witlr,,; # @, occurs.
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THEOREM 3.9. Every accumulation point of the sequencéx;) generated by
Algorithm 2.1 is a KKT point for problem (1).

PROOF. Let z be an accumulation point @fe,), and letC C {1,2,...} be an
infinite set such thatxy)rcx — . In view of Lemma 3.8, we can restrict our
consideration to the case where the number of serious stéfis {f > 0) is
infinite. Let us denote

K'={k |t} >0, there exists € K, i < k such thate; = x;}.

Obviously, K’ is infinite, (zx)rexr — @. The continuity of f implies that
(fe)kexr — f(@®) and, thus,f, | f(x) by the monotonicity of the sequen¢g,)
obtained due to serious descent criterion (32). Using tbetfett? > 0 for all
k > 1 and condition (32), we obtain

0 <epthw, < fr — frp1 — 0 for k> 1. (37)

If the setkC; = {k € K' | t* > t,.:,} is infinite, then(wy)rex, — 0 and
(xk)kex, — @ by (37). Thus, by Lemma 3.6 is a KKT point for problem (1).

If the setK; is finite, then the seX’;, = {k € K’ | Bry11 > 4wy} has to be
infinite (see Algorithm 2.4, Step 2). To the contrary, let aswane that

wy >0 >0, forall k € Ks.
From (37), we havéth ).cx, — 0 and Step 5 in Algorithm 2.1 implies
@41 — @il = t70klldi]] < 7 C

forall & > 1. Thus, we havé|x.1 — k| )rec, — 0. By (9), (37), the bound-
edness o, (see Remark 3.1) and the fact that we haye, = y,_,, for serious
steps, we obtaiff,1)rex, — 0, which is in contradiction with

€40 < eqwi < Prg, ke ICy.

Therefore, there exists an infinite 96t C K, such that(wy)gex, — 0 and
(xk)kexs — . By Lemma 3.6z is a KKT point for problem (1). OJ

4 Numerical Experiments

We now compare the proposed globally convergent limited orgnbundle
methodLMBM B to the proximal bundle methd@BNCGC (version 2.0, [24, 25])

in a limited number of nonsmooth large-scale test probleWs.used the solver
PBNCGC as a benchmark since the proximal bundle method is the mest fr
guently used bundle method in nonsmooth optimization. lditemh, we com-
pared the new version diMBM B to the older, non-globally convergent, ver-
sion LMBM B- OLD [13]. The experiments were performed in a Ifteore” 2
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CPU 1.80GHz and all the algorithms were implemented in Fortravith double-
precision arithmetic.

The solvers were tested with 10 nonsmooth academic miniirorzaroblems
described in [14] The number of variables used in our experiments were 1000,
2000, and 4000. The problems in [14] are unconstrained buinalesed the
additional bounds

i +0.1<z; <z;+11 foralloddi,

wherex* denotes the solution for the unconstrained problem. If tiggral start-
ing point given in [14] was not feasible, we simply projecietb the feasible
region.

The solvers were tested with relatively small amount ofedosubgradient
information. That is, the size of the bundie: was set tol0 for LMBM B and
LMBM B- OLD and to100 for PBNCGC (since the previous experiments [12, 15]
have shown that a larger bundle usually works better RBNCGC). ForLMBM B
the bundle size larger to 2 affects onlyuif, = 0 but the current iteration point,
is not a KKT-point. With bothLMBM B andLMBM B- OLD, we used the values
m, = 15 andm,. = 7 due to good results of previous experiments with the older
version [13]. For convex problems (problems 1 — 5 in [14]),w8ed the distance
measure parameter= 0 and for nonconvex problems (problems 6 — 10 in [14]),
we used the value = 0.5 with all the solvers. The final accuracy parameter
e = 1075 was used in all the cases. Otherwise, we used the defauthpsees of
the solvers.

In addition to the usual stopping criteria of the solvers, teleninated the
experiments if the CPU time elapsed exceeded half an hour.

The results of experiments are summarized in Tables 1, 23 anbere Ni and
Nf denote the numbers of iterations and function evaluatiesed, respectively,
denotes the value of the objective function at terminatand the time is an aver-
age CPU time elapsed per problem and it is given in secondg {foalaccurately
and successfully terminated problems were included).

In Tables 1, 2, and 3 we see the superiority of the differenawgs of LMBM-

B when comparing the computational times; the computatiors elapsed with
LMBM B andLMBM B- OLDwere usually hundreds of times shorter than those of
PBNCGC. On the other hand, there was not a very big difference in timepcita-
tional times between the different variants of LMBM-B. Adilgh, the globally
convergent versionMBM B usually needed more computation time than the older
one. This is due to fewer function evaluations required WitiBM B- OLD (see
Tables 1, 2, and 3). The increased number of function evahsmneeded with
LMBM Bis probably due to less accurate search direction causdtelstark pro-
jection of subgradients. Thus, different projection pbiisies need to be studied.

The proximal bundle solved?PBNCGC always needed less function evaluations
than the different variants of LMBM-B. However, as can bessben comparing

2All these problems can be downloaded from the website htapsu.karmitsa.fi/lmbm
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Table 1: Results for box constrained problems with 1000 et

Solver LVBM B LMBM B- OLD PBNCGC
Problem  Ni/Nf f Ni/Nf f Ni/NFf f
1 -I- fail 11346/11385 0.01 - fail
2 -I- fail 676/825 0.26651 18/19 8.2-10=6
3 286/2029 —1396.08 35/62 —1395.45 18/23  —1396.12
4 157/921 2334.75 64/86 2334.75 25/26 2334.75
5 95/632 2042.62 63/252 2042.63 25/26 2042.62
6 278/291 0.09547 526/526 0.09531 9/25 0.40523
7 293/3106  99.9000 160/694 99.9001 300/395 99.9192
8 120/648  —698.121 74/310 —698.099 35/36  —698.172
9 129/895 8.45406 55/123 8.45415 46/74 8.45407
10 142/812 147.301 63/137 147.299 22/33 147.299
Time 1.07 0.21* 67.48

* Problem 1 that took 71.91 sec to compute is not included imagye CPU time of. MBM B- CLD.

Table 2: Results for box constrained problems with 2000 et

Solver LVBM B LVBM B- OLD PBNCGC
Problem  Ni/Nf f Ni/NF ¥ Ni/NF ¥
1 /- fail /- fail - fail
2 - fail 3375/3453  0.38118 2022 3.0-10~6
3 112/644 —2793.50 36/71 —2791.41 19/24 —2793.63
4 150/749  4671.97 74/139 4671.97 22123 4671.97
5 101/421  4087.25 741276 4087.26 28/29 4087.25
6 517/522  0.09531 - fail - fail
7 63/427  200.717 53/91 199.979 69/82 200.251
8 138/686  —1396.05 68/164  —1396.68 31/32  —1396.93
9 86/500  16.9159 63/177 16.9068 35/55 16.9065
10 146/812  294.911 108/110 294.792 36/48 294.793
Time 1.11 0.68 540.14

Table 3: Results for box constrained problems with 4000 ttem

Solver LVBM B LMBM B- OLD PBNCGC
Problem Ni/NFf f Ni/Nf f Ni/Nf f
1 -I- fail -I- fail -I- fail
2 -I- fail -/- fail 24/28 1.8-10°6
3 66/403  —5555.69 42/71 —5587.79 15/20  —5588.65
4 172/946 9346.40 88/126 9346.40 13/14 9346.54
5 149/686 8176.57 100/152 8176.57 13/14 8176.63
6 -/- fail -/- fail 19/38 28.5408
7 281/2369  399.900 -- fail 14/17 404.086
8 120/521  —2794.24 123/329 —2794.39 11/12  —2784.70
9 129/639 33.8113 76/128 33.8270 13/17 35.6548
10 204/1117  589.780 95/230 589.946 13/17 593.702
Time 5.57 1.90 1562.28
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the computational times, each individual iteration WABNCGC was much more
costly than that with.MBM B or LVBM B- OLD. Indeed, withPBNCGC all the
problems with 4000 variables but two (problems 2 and 6) wenmainated because
the time limit exceeded. This also explains the inaccuresalts obtained with
PBNCGC (see Table 3).

The new varianLVBM B failed to solve two of the problems (problems 1
and 2) with any number of variables tested. These failures weite predictable,
since both of these problems are reported to be difficultheesaith limited mem-
ory bundle method even without the box constraints [14]. E\mv, the termina-
tion conditions in problem 1 deserves to be better known: iatpghere solver
LMBM B stopped was a non-KKT point witlh, = 0. In Lemma 3.5 we have
proved that Algorithm 2.1 does not stop at a non-KKT-point &serious step
with x;,, # «;, occurs. When studying these cases more carefully, we noticed
that, indeed, a serious step with,; # «, occurred but the differences between
consecutive function values were so small that the sologpstd because the the
value of objective function did not change enough in 10 gtraiterations. If we
removed the stopping condition that allows us stop if noificant improvement
in function values occurs, the solver did progress but, taf@ately, very slowly.

In the case of failure or inaccurate result, the most comneasan for ter-
mination with PBNCGC was that the time was up, while withMBM B and
LMBM B- CLD it was that the value of objective function did not changeugyio
in last 10 iterations (with serious steps). The final valuas® objective function
for problem 6 withn = 4000 obtained withLMBM B and LMBM B- OLD were
smaller than that oPBNCGC implying they were converging to different local
minima before the failure occurred. This was also the cag@dwt failures) with
this same problem and 1000 variables.

To sum up, the new solvdarMBM B did not beat ud-VBM B- OLD due to
larger number of function evaluations needed. Althougtheoty, the new ver-
sion is globally convergent and the older version is notrdlveas no significant
improvement in the accuracy or robustness of the method.ederwhen com-
paring toPBNCGC the new solvet. MBM B was substantially faster.

5 Conclusions

In this paper, we have described a new variant LMBM-B of thetkd memory
bundle method for box constrained nonsmooth large-scaimmation. We have
proved the global convergence of the method for locally tifig continuous
functions, which are not necessarily differentiable onepn
The preliminary numerical experiments confirm that LMBM $effficient for

both convex and nonconvex large-scale nonsmooth optimizatoblems. With
large numbers of variables it used significantly less CPU tima@ the proximal
bundle method tested. Moreover, the difference betweeodimputational times
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of this globally convergent variant and the previous (nhonveogent) version of
the method was not as large as we foreboded.

A drawback of the new variant is clearly the increased nundbdtnction
evaluations needed. This is probably due to less accuratelsdirection caused
by the stark projection of subgradients. Thus, differemjgution possibilities
need to be studied.

The fact that LMBM-B only generates feasible points may bgessal in
the case the objective function or the subgradient valiesdefined or difficult
to compute if some of the constraints are violated. Furtloeemit can be an
advantage in many industrial applications, where funoéealuation may be very
expensive. Since any intermediate solution can be emp)dlyedterations can be
stopped whenever the result is satisfactory. Due to thsliéty, the efficiency of
the method, and the fact that the objective function needlnoe differentiable or
convex, we expect LMBM-B to be very useful in solving optimtin problems
arising in real world modeling.
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Appendix
LEMMA 5.1. The condition
—slu; + (tht,)” max{(x§ — ;)" By(x§ — x;), (—Aip] — &)"d;} <0 (38)

forall: = 1,...,k — 1 assures the positive definiteness of matrices obtained by
limited memory SR1 updates.

PrRoOOFE The limited memory SR1 updaté®, andB,, (k > 1, D; = By = I) are
positive definite if

ST(’U/Z — stz) >0

7

foralli = 1,...,k (see the proof of Lemma 10 in [15]). Now, sindg = (1 —
al)(x§ — x;) + aldf, Bd, = —A;u; — &, (see, Subsection 2.4), and due to

[t
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convexity of function|-||?, we obtain

s! Bis; = (t40,)
(tR0:)°((1 = o)) (xf — 2:) + o d)) T Bi(1 — o) (2§ — a3) + o} d})
(tR0:)°1(1 = af ) Ny(xf — x;) + of Nid} |12
< (t0)° max{||Ni(zf — )|, | Nid; ||* }
(tR0:)° max{(®; — ®,)" B;(x{ — a;), (d})" B;d; }
(tR0:)

where we have denotefl; = NI N;. Therefore, if condition (38) is valid, we
haves! (u; — B;s;) > 0foralli=1,... k— 1. O

Condition (38) also guarantee$w; > 0 foralli = 1,...,k — 1 that is the
classical condition for the positive definiteness of theniiegd memory) BFGS
updates. Since we check condition (38) also during the éidhinemory BFGS
update before updating matrices, all the matribgsnd B, formed in LMBM-B
are positive definite.

Note that testing of the positive definiteness does not recany additional
matrix calculations sincéx¢ — x;)? B;(x¢ — x;) has already been calculated at
previous iteration during the computation of generalizedd®a point. If there
is no bounds on the variables this positive definitenessitondeverts to the
condition of unconstrained version (see [15]).
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