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Abstract

LMBM is a limited memory bundle method for large-scale noosith, possibly
nonconvex, optimization. It is intended for problems the difficult or even
impossible to solve with classical gradient-based opt@tnin methods due to
nonsmoothness and for problems that can not be solved efficigith standard
nonsmooth optimization methods (like proximal bundle amadbe trust methods)
due to high dimension and/or nonconvexity. LMBM can also bedufor solv-
ing large smooth problems in which information on the Hassmatrix is difficult
to obtain. The algorithm to be described is implemented iiRIFRAN77. Be-
side of the description of the method and the code, sometsefsoin numerical
experiments are given that demonstrate the efficiency ddiltarithm.

Keywords: Nondifferentiable programming, large-scale optimizatidoundle
methods, limited memory methods, algorithms.
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1 Introduction

The purpose of the limited memory bundle algorithm (LMBMjasolve general,

possibly nonconvex, large-scale nonsmooth (nondifféablg) unconstrained op-
timization problems

minimize flx

{ (@) M

subjectto x € R”,

where the objective functiorf : R* — R is supposed to be locally Lipschitz
continuous (see e.g., [17]) and the number of variablessupposed to be large.
At every pointxz € R", the user is supposed to supply the value of the objective
function f(x) and an arbitrary subgradiefitc R" from the subdifferential [2]

Of(x) = conv{ lim Vf(x;)| ©; — xand V f(x;) exists},

where ‘conv” denotes the convex hull of a set. Nevertheless, the knayeexf
the structure of the problem or its Hessian (does not neexigt) are not required
and, thus, LMBM can be used to solve various types of prohl&rhe algorithm
is described in detail in [5, 6, 7]. Here, in Figure 1, a simjde/chart of LMBM

iS given to point out the basic ideas.
!
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Figure 1: Flowchart of LMBM .



The idea of LMBM is to combine the variable metric bundle noeth [13, 22]
for small- and medium-scale nonsmooth optimization with lilmited memory
variable metric methods (see, e.g., [1, 18]) for largeessahooth optimization.
To be precise, LMBM exploits the ideas of the variable mdtuadle methods,
namely the utilization of null steps, simple aggregatiorswbgradients, and the
subgradient locality measures, but the search directical®ilated using a lim-
ited memory approach. Therefore, the time-consuming @tigdtirection finding
problem appearing in standard bundle methods (see, e0g17120]) need not to
be solved and the number of stored subgradients (i.e., zeeo$ithe bundleyn,)
is independent of the dimension of the problem. Furthermire method uses
only few vectors to produce the variable metric upddieee Figure 1) that, in
smooth case, represent the approximation of the inverskeoHessian matrix.
Thus, it avoids storing and manipulating large matricesake case in variable
metric bundle method [13, 22].

For direction determination, LMBM uses the original sulujeat{ after se-
rious steps and the aggregate subgracfeatter null steps (see Figure 1). The
usage of null steps gives further information about the nmwh objective in the
case the search directi@his not “good enough”. In its turn, the subgradient lo-
cality measures, which generalizes the linearization error for nonconwexction
(see, e.g., [17]), is used to approximate the accuracy ofuhent bundle. That
is, to approximate how much the subgradient calculated awaauxiliary point
deviates from being member of the subdifferential of theeniriteration point.
This together with a simple aggregation of subgradients [5g6, 7] for details)
is used to guarantee the global convergence of the method.

In LMBM both the limited memory BFGS and the limited memory SRit u
date formulae are used in the calculations of the searcbtdireand the aggregate
values (see Figure 1). These limited memory variable mepaates are presented
in the compact matrix form originally described in [1]. Thkea of limited mem-
ory matrix updating is that, instead of storing largex n -matricesD, we store
a certain (usually small) number of vectors, so-calledaxiion pairs obtained
at the previous iterations of the algorithm, and we use tlceseection pairs to
implicitly define the variable metric matrices. When the ag@ space available is
used up, the oldest correction pair is deleted to make roomew one.

In practice, the utilization of limited memory approach medhat the vari-
able metric updates are not as accurate as if we used staval@tle metric
updates (see, e.g., [4]). However, both the storage spgo&ed and the num-
ber of operations needed in the calculations are significamaller. Namely,
LMBM requires roughlyn (11 +2m, + 271,,) storage locations and the number of
operations needed 3(nm,). Hererm, denotes the maximum number of stored
correction pairs. The best thing is that the user can cotiteohmount of storage
and operations required by selecting the size of the bundland the number of
stored correction pairg,. In both cases quite small values, sy m, < 10
and3 < m,, < 20, are recommended.



In our implementation of LMBM the number of stored correntjgairs may
change during the computation. This means that the opttraizaan be started
with a small, sayn.., number of stored correction pairs (values on rahgem,. <
15 are recommended) and when the current (intermediate)@olpbint is closer
to the optimal pointyn,. may be increased until some predefined upper limjt
is achieved. The aim of this adaptability is to improve theusacy of the method
without loosing much from efficiency, that is, without inaseng computational
costs too much.

To the best of my knowledge LMBM is the only bundle based suwailable
for general nonsmooth large-scale optimization. The aidps of LMBM are
that the code is easy to use and the user need not supply etfomof the Hessian
(it does not need to exist) or the structure of the objectirecfion but only the
value f(x) and one arbitrary subgradiegitc 0 f(x) at each pointc. Moreover,
the storage requirement of the algorithm is modest and carobigolled by the
user and, finally, the cost of iteration is low.

The drawbacks of the algorithm are that it is not very rabmiypvergent and
it sometimes fails to obtain high accuracy in the solutispezially, if the sub-
gradient of the objective function is sparse (i.e., almdst@mponents of the
subgradient vector are zero).

The purpose of this manual is to provide a user’s introdadibd-MBM code.
It starts by offering the easiest way to use the code: by usieglefault param-
eters. After that a more detailed description of the termomaproperties and
the selection of parameters will be given. Finally, an exienppoblem and some
results from numerical experiments will be presented.

2 Getting Started

The basic LMBM (unconstrained version) is available onlihe a
http://napsu.karmitsa.fi/lmbm/

The code is written in FORTRANT77 with double precision ari#gtios. The soft-
ware includes the following modules (or files):

tl mbmf — test program for limited memory bundle method.

| mbm f — limited memory bundle method.

| msub. f — subroutines for limited memory bundle method.

mat cal . f — matrix and vector calculus.

Makefil e — makefile.

tnsunc. f — large-scale nonsmooth test problems (for testing
purposes).



At the beginning of each file, there is a list of the subrowgiaed functions in-
cluded to that file. Moreover, at the beginning of each sufmeuthere is a de-
scription of parameters used in the routine (at least theseled in the calling
sequence). The types of the parameters (or arguments)tesduned with two
letters. The first letter is eithér for integer arguments dR for double precision
real arguments. The second letter specifies whether thenargumust have a
value defined on the entry to the subroutihg, (vhether it is a value which will
be returned@), or both (), or whether it is an auxiliary valu&yj. Note that also
the input arguments of the typekI*” and “RI ” can be changed on output under
some circumstances: especially, if improper input valueggaven or if set zero.
In the latter case the default values will be used (if appliea

The easiest way to use the code is to edit test progf&uRBM (in file
tI mbm f), the user supplied subroutifrfUNDER (in file t| nbm f), and
Makef i | e that describes the relation ship among the files in the prograd
provides commands to compile and link the program. Compilirggcode can
then be done simply by typingake and running the program by typind nbnt.

Test programTLMBM calls subroutindeMBMU (in file | mbm f) that is the
initialization subroutine for LMBM code. The calling statent ofLMBMJis

CALL LMBMJY(N, NA, MCU, MC, NW X, F, RPAR, | PAR, | OUT,
& TI MVE, RTI M W

and following is the description of all parameters in thi:ca

Argument Type Description

N Il Number of variables. Set by the user.

NA Il Size of the bundler,), NA > 2. Set by the user. The
range2 < NA < 10 is recommended.

MCU Il Upper limit for maximum number of stored correction

pairs (n,), MCU > 3. Set by the user. The range
3 < MCU < 20 is recommended.

MC U Maximum number of stored correction pairs.{),
MC < MCU.
On input: Initial maximum number of stored correction
pairs. Set by the user. Also the initial value may be
altered by the routine if eithevlC > MCUor MC < 0. In
the first casé/IC = MCU and in the latter caselC = 3.
The range3 < MC < 15 is recommended.
On output: Number of correction pairs used at the

1To useMakef i | e to delete the executable filé mbmand all the object files. o created by
make command, typemmake cl ean.



solution.

X(N) RU  Vector of variablesN\-dimensional array).
On input: Starting point for the optimization. Set by
the user.
On output: Final solution.

F RO  Value of the objective function at the final solution.

RPAR(8) RI Real parameters (8-dimensional array). Set by the
user (see Section 4). With choiBPAR(1) =0
(I =1,...,8), the default values for parameters will
be used.
| PAR(7) 11 Integer parameters (7-dimensional array). Set by the
user (see Section 4). With choit®AR(1) =0
(I =1,...,7), the default values for parameters will
be used.
| QUT(3) 10  Outputinteger parameters (3-dimensional array):
| QUT(1) - Number of used iterations.
| QUT(2) — Number of used function evaluations.
| OUT(3) - Cause of termination (see Section 3).
TI ME RI Maximum CPU time in secondREAL argument).
Set by the user. [Tl VE < 0.0 the maximum time is
ignored.
RTIM2) RO  Time vector (2-dimension&®EAL array).
On output:RTI M 1) (i.e., the first component of the
array) contains the CPU time used (in seconds).
NW Il Dimension of the work vectoi/
NW> 1 + 9N+ 2N- NA + 3NA + 2N(MCU + 1)
+3(MCU+ 2)(MCU+1)/2 + 9(MCU + 1)
W NW RA  Array used as a workspace. This array must not be
altered by the user.

REMARK. The input parametelRPAR(1) (I =1,...,8)andl PAR(1) (I =
1,...,7) can be setto zero to obtain default parameters to be usede\do, if the
objective function is nonconvex, the valRRAR( 6) should be greater than 0.01.
Moreover, parameter PAR( 5) defines the standard output of the code. With
valuel PAR(5) = 0 only the error messages will be printed while, for instance,
with valuel PAR(5) = 1 the code prints the basic details in the final solution.
For more details of this (and other) parameter(s) see Sedtio

In addition to the main program that calls subroutlofeBMJ, the code re-
quires the user supplied subroutifENDER that defines the value of the objec-
tive function and its (arbitrary) subgradient at any giveimp. An example of this
routine using the collection of unconstrained nonsmoathgeoblems [6] (in file
t nsunc. f)is givenin filet | mom f . This subroutine should have the form
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SUBROUTI NE FUNDER(N, X, F, G | TERM

with the parameters defined as follows:

Argument Type Description

N Il Number of variables.

X(N) RI Vector of variablesN-dimensional array).

F RO  Value of the objective function &¢.

G N) RO  Subgradient of the objective functionXa(N-dimen-

sional array).
| TERM | O Returnvalue:
0 - Everything is ok.
—3 —Failure in function or subgradient calculations.

Besides of these subroutines the code udeisA. FUNCTI ON ETI VE that de-
termines the CPU time used and, thus, enables the termiradtemuser specified
maximum time Tl ME). FunctionETI ME is a FORTRAN library routine avail-
able for most computing systems (for some f77-compilersHé7 option may
be required). IETI ME is not available (or a better local timing system exists) the
user will have to commen{or rewrite) the line calling this function. That is, one
line in subroutineé=ETI ME that is the last subroutine in filavsub. f . Moreover,
if no other timing system exists, the maximum time parameétdvE should be
set to zero.

The progress of LMBM can be monitored using standard outpotga to the
screen. The following is the sample output of the prograrh WRAR( 5) = 1:

NIl T= 128 NFE= 244 F= 0.88570382E-07
VK= 0. 1932E-06 K= 0.9660E-07 |TERW 1

Here,NI T andNFE are the number of iterations and function evaluations used,
is the value of the objective function at the terminatid,andX are the values
of the stopping parameters, ahfERM = | OQUT( 3) is the cause of termination
(see Section 3). UsinNgPAR( 5) = 4 similar information is printed out after each
iteration. For more details of printing options see Section

3 Termination and Error Messages

For smooth functions, a necessary condition for a local mimn is that the gra-
dient has to be zero and by continuity it becomes small wheamn@elose to an
optimal point. This is no longer true in nonsmooth case wheneplace the gra-
dient by an arbitrary subgradient. Due to the subgradiegteggtion, we have

2Type letter “c” at the beginning of each line.
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quite a useful approximation to the gradient at our disposahely the aggregate
subgradient. However, as a stopping criterion, the direct f&&t < ¢, for some

e > 0, is often too uncertain. Therefore, we use the tEMmDé — —ETC} and
the aggregate subgradient locality meastite improve the accuracy df¢||>4.
Hence, the stopping paramet& is defined by

WK=& d+23 )

This first part of our stopping criterion is similar to thattbie original variable

metric bundle method. However, in practice the limited mgmapproximation

D is not very accurate and computational experiments havwerstitat some ac-
cidental terminations may occur (that is, the optimizatiay terminate before
the minimum point has been actually found). Thus, we addeztarsl stopping
parameteiQK, which does not depend on the matiix The second stopping
parameter is similar to that in proximal bundle methods,(se®, [17]), that is,

1y~
K= &+0 3)
Now, the stopping criterion is given by:

If WK < RPAR(4) andX < RPAR( 5),
for givenRPAR( 4) ,RPAR(5) > 0, then stop.

In addition to this stopping criterion controlled by parders RPAR(4) and
RPAR( 5), the code is designed to terminate when the change in the-obje
tive function values is sufficiently small (controlled byrpmetersRPAR( 1),
RPAR(2), and | PAR(4)) and when the maximum number of iterations
(I PAR( 2) ), function calls [ PAR( 3)) or the maximum time Tl MVE) is ex-
ceeded. Moreover, the code may terminate because of ditenta. In all
the cases the cause of termination will be returned in thé @ingput parame-
ter| QUT( 3) (i.e., in the third component of the array). This paramed¢ums

an integer with the following meaning:

| QUT(3) Cause of termination

1 The problem has been solved with desired accuracy. That is,
VK < RPAR(4) andX < RPAR(5) , whereWK andK are
defined by (2) and (3), respectively .

2 Changes in the objective function values are sufficientlglbm
(in serious steps). That if; — F,4| < RPAR(1) in| PAR(4)

3We recall thatD is the current variable metric update that, in smooth caseresent the
approximation of the inverse of the Hessian matrix drd the search direction.

4Th}ga aggregate valué§andB are computed only if the last step was a null step. Otherwise,
we seté = € € 9f(x) andg = 0.
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subsequent iterations.

The change in the objective function value is sufficientha#

(in serious step). That i — F,;4| < RPAR(2) - SMALL
-max(|Fuaql, |F|, 1), whereSMALL is the smallest positive
number such that.0 + SMALL > 1.0 (automatically generated
by the code).

Number of function calls- | PAR( 3) .

Number of iterations- | PAR( 2) .

Time limit TI ME exceeded.

The value of the objective functidnis lower that the minimum
acceptable function valuePAR( 3) .

Internal error: two consecutive restarisr TMAX < TM Nin

two subsequent iterations (hefleV N = 10~'? is an internal
parameter an@MAX that depends on user specified parameter
RPAR( 8) is generated by the code). This error may be pre-
vented by more careful choosing of the param&feAR( 8) .
Internal error: number of restarts is greater that the marim
number of restart8AXNRS (MAXNRS = 2000 is an internal
parameter).

Failure in function or subgradient calculations (assigogd

the user).

Internal error: Failure in attaining the demanded accurabgat
is, VK — WK,;4| < SMALL in MAXEPS subsequent null steps
(MAXEPS = 20 is an internal parameter).

Invalid input parameters. IFPAR(5) > 0 the verbose error
message specifying the error will be printed.

Not enough working space. The dimenshwWof the work
vectorWshould be increased (see Section 2 for proper value).

REMARK. During computations the final output paramet&UT( 3) is called

| TERMand it should be equal to zero. Otherwise, the code will teate. Thus,
in subroutinedFUNDER (supplied by the user) the paramet@fERMshould be set
to zero (instead of one) if everything is alright.

4 Selection of Parameters

The code includes two arrays of input paramef®P&AR and| PAR. In this sec-
tion these parameters are introduced and some advise f@etbetion of these
parameters are given.

The real parameteRPAR( 1) ,l1 =1,...,8, have the following meanings:

SWe restart the computation (i.e., the number of stored ctome pairs is reset to zero) in the
case the direction vectatis almost orthogonal to the aggregate subgradjent

8



Argument

Description

RPAR( 1)

RPAR( 2)

RPAR( 3)

RPAR( 4)

RPAR( 5)

RPAR( 6)

RPAR( 7)

RPAR( 8)

Tolerance for changes in function valu®RAR( 1) is used

to determine whether a significant progress in serious steps
occurs or not (seeQUT( 3) = 2). ChoosingRPAR(1) <0
forces the default valuBPAR( 1) = 10~% instead.

Second tolerance for changes in function values (see

| QUT(3) = 3). Note that with this tolerance, the computation
will terminate due to just one sufficiently small change ia th
function values after a serious step. Thus, to shun prematur
terminations very large values of this parameter should be
avoided (note however, that this parameter is multiplied by
SMALL). This parameter and the corresponding termination
test may be ignored by choosiRPAR( 2) < 0. Choosing
RPAR( 2) = 0 forces the default valuBPAR( 2) = 10? instead.
Minimum acceptable function value. ChoosiRBAR( 1) = 0
forces the default valuBPAR( 1) = 10~%° instead.

Tolerance for the first termination paramet¥ (see

| QUT(3) = 1). ChoosingRPAR(4) < 0 forces the default
valueRPAR(4) = 10~° instead.

Tolerance for the second termination paramét€(see

| QUT(3) = 1). Prevents the premature terminations arising
from the limited memory matrix updating. This second
termination criterion is somewhat difficult to satisfy and,
thus, the values larger or equalRBPAR( 4) are recommended.
ChoosingRPAR( 5) < 0 forces the default value

RPAR(5) = RPAR(4) instead.

Distance measure parameter. Used for the calculation®of th
subgradient locality measure. Small values on range @+
are recommended for convex problems while larger values on
range0.01 — 1.0 are recommended for nonconvex problems.
ChoosingRPAR( 6) < 0 forces the default value

RPAR( 6) = 0.5 instead.

Line search parametdi;< RPAR( 7) < 0.25. Parameter
RPAR( 7) affects on the acceptance of new serious step: the
smallerRPAR( 7) leads for smaller difference in the function
values to be acceptable. ChoosRAR( 7) < 0 forces the
default valueRPAR( 7) = 10~* instead.

Maximum step sizel < RPAR( 8) . ParameteRPAR( 8)
reduces the step size such that it plays an important role in
the vicinity of a nonsmooth point. It may influence the
efficiency of the method considerably and, thus, it should be
tuned carefully. ChoosinBPAR( 8) < 0 forces the default
valueRPAR( 8) = 1.5 instead.

9



The integer parameter$PAR(1) ,1 =1,...,7, have the following meanings:

Argument Description

| PAR(1) Exponent for distance measure. Used for the calculations of
the subgradient locality measure. ChoodifRAR( 1) <0
forces the default valuePAR( 1) = 2 instead.

| PAR(2)  Maximum number of iterations. Choosihg?AR(2) <0
forces the default valuePAR( 2) = 10 000 instead.

| PAR(3) Maximum number of function evaluations. Choosing
| PAR( 3) < 0 forces the default valuePAR( 3) = 20 000
instead.

| PAR(4) Maximum number of iterations with changes of function
values smaller thaRPAR( 1) (seel OUT(3) = 2).
Choosingl PAR(4) < 0 forces the default value
| PAR(4) = 10 instead.

| PAR(5)  Printout specification:

—1 —No printout.

0 —Print only the error messages.

1 —Print basic details of the final solution.

2 — Print basic details of the final solution and the
most serious warning messages.

3 - Print the whole final solution including the
components oK and the most serious warning
messages.

4 — Print details (including warning messages) of
every iteration excluding the componentsXof

5 —Print details of every iteration including the
components oK and the most serious warning
messages.

| PAR(6)  Selection of the method (for more details of alternatives se
Subsection 4.1):
0 - Limited memory bundle method.
1 - L-BFGS bundle method.
| PAR(7)  Selection of the scaling strategy for variable metric updat
(for more details of alternatives see Subsection 4.2):

0 - Scaling at every iteration wit! u/u”u, where
s andu denotes the difference on current and
auxiliary iteration points and subgradients,

respectively.
1 - Scaling at every iteration with! s /s’ u.
2 —Interval scaling withs” u/u"u.

10



3 —Interval scaling withs” s /s u.

4 — Preliminary scaling wits” u/u” u.
5 — Preliminary scaling wits” s /s u.
6 — No scaling.

The selection of the method and the scaling strategy willdszdbed in next two
subsections.

4.1 Selection of Method

In basic LMBM (with selectiod PAR( 6) = 0) both the limited memory BFGS
and the limited memory SR1 formulae are used to update thablanmetric ma-
trices in the calculations of the search direction and aggeevalues (see figure 1).

In practice, the limited memory SR1 update requires some icadceilations
than the limited memory BFGS update (e.g., checking the ¢iondi needed for
the positive definiteness of the update) and, further, itiitecfrequently skippetd
due to violation of positive definiteness or an additionatitey procedure that is
used to guarantee the global convergence of the method.[3 héfrefore, a ver-
sion where SR1 update is not used at all was developed [5].vEsson is called
L-BFGS bundle method (LBB) and it may be used by choo$iR§R( 6) = 1.

In LBB, the limited memory BFGS update is used after a seritefs and the
update is simply skipped after each null step. Due to limitesimory approach
the matrixD = D,, has to be recalculated also when the update is skipped.
However, the additional testing procedure used with lichiteemory SR1 update
is not needed (the convergence properties of LBB are, resleds, similar to
those of the basic LMBM [5]) and the positive definitenesshef ipdate can be
guaranteed without additional calculations.

The procedures used in LBB are very similar to the basic LMBe only
differences are in the limited memory matrix calculations.( in the calcula-
tion of the search direction and the aggregate values). d¥ere the interval
scaling strategyl(PAR( 7) = 2, see Section 4.2) is recommended, since here
this approach has found to be more advantageous than sealevgry iteration
(I PAR(7) =0).

4.2 Selection of Scaling

In this subsection, some possibilities to scale the limitesmory variable metric
updates will be described. We will concentrate on the sgaitrategies similar to
those developed for standard variable metric updates ésge[12, 19, 21]) and
use a simple scaling matrix that is a scalar multiple of tleaidy matrix (i.e.91).

5That is, the new correction pair is not stored but the sameection pairs are used as in the
previous iteration.

11



Two different scaling parametetsare used with the limited memory BFGS
update. The first is defined by the formula

T

u- s
V= (4)
and the second is given by
sl's
= 5
v uls ©)

Here, s denotes the difference on current and auxiliary iteratiomfs andu
denotes the difference on current and auxiliary subgraslieespectively. Both of
them are obtained at the previous iteration of the algoriffuommore details, see
[5. 7]).

Formulae (4) and (5) are unsuitable for scaling the limitezhmary SR1 up-
date, since they might make the update formula undefineds,The value) = 1
is always used with the limited memory SR1 update.

With the limited memory BFGS update the scaling parametégrarid (5) are
combined with the valué = 1 using some predefined scaling strategy controlled
by parameteil PAR( 7). The following scaling strategies are available in the
implementation of LMBM:

| PAR(7) Scaling strategy

0,1 Scaling at every iteratiofAS). The scaling parametéris
calculated by (4) (it PAR(7) = 2)or (5) (if | PAR(7) = 3)
at every iteration.

2,3 Interval scaling(IS). The scaling parametéris calculated by
(4) (if | PAR(7) =0)or (5) (if| PAR(7) = 1) at every
iteration. If the scaling parametérdoes not lie in the interval
(¥, 7,], we set) = 1. Here,0 < 9, < ¢, andd,, > 2 are the
given lower and upper bounds for the scaling paraméter

4,5 Preliminary scaling(PS). The scaling parametéiis calculated
by (4) (if | PAR(7) = 4) or (5) (if | PAR( 7) = 5) after the
number of current correction pairs is reset to zero. Othsawi
we sety = 1. The number of stored correction pairs is reset to
zero at the first iteration and in the case the direction vatie
almost orthogonal to the aggregate subgrad§eintwhich case
we restart the computation.

6 No scaling(NS). Scaling parametér = 1 at every iteration.

In interval scaling (IS), the internal parameter valugs= 0.6 andv, = 6.0 for
the scaling parameter (4) and= 0.5 andd,, = 5.0 for the scaling parameter (5)
have been chosen experimentally.

12



The basic LMBM is obtained by selectihd?AR( 6) = 0 andl PAR(7) =0
(i.e., the default parameters). For LBBRAR(6) = 1) the interval scaling
strategyl PAR( 7) = 2 is recommended. Scaling of updates has no influence on
the global convergence of LMBM (or LBB).

5 Problem Example

In this section the solution process of LMBM is demonstrdtgdolving a simple
nonsmooth (small-scale) test problem LQ [23]. That s,
minimize  f(x) = max{—x; — @9, —x; — 12 + (23 + 23 — 1)}
subjectto = = (z1,79) € R
The optimum point for this problem is8* = (1/+/2,1/+/2) and the optimal value

of the function isf(x*) = —+/2. The given starting point for the optimization
process isc = (—0.5, —0.5).

5.1 Program

In what follows we present the main program callingBMJ and the subroutine
FUNDER that defines the value and the subgradient of the objectivifun given
above.

The parameters for the solver were fixed as follows. The dizeeobundle
me (or NA) was set to 2, the upper limit for maximum number of storedemr
tion pairsm, (or MCU) was set to 15 and the initial maximum number of stored
correction pairsn, (or MC) was set to 7. The toleran€¥AR( 4) for the first ter-
mination parameter was set106~° (i.e., we demand approximately 5 right digits
in the solution) and the tolerané®AR( 5) for the second parameter was set to
1.0 (different choices of this parameter are analyzed at theoéBdibsection 5.2).
The distance measuRPAR( 6) was set to 0.0 since LQ is a convex problem.
Finally, the maximum tim&'l VE was selected to be big enough (i.e., 30.0 sec)
such that optimization will not terminate due to time lin@therwise, the default
values of the parameters were used (see, Section 4). Thee isjtialized these
parameters to be equal to zero.

R ek kR R SR Ik R Ik Ik S R Ik kS R ARk Ik kS R Rk Ik e

* PROGRAM TLMBM =

Test programfor linmted nmenory bundl e subroutine for
| ar ge- scal e unconstrai ned nonsnmooth optim zation.

O S N R S
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PROGRAM TLMBM

Paraneters
| NTEGER N, NA, MCU, NW
PARAMETER(
N = 2,
NA = 2,
MCU = 15,
NW= 1 + 9xN + 2xN«NA + 3*NA + 2+N¢( MCU+1) +
3x (MCU+2) « ( MCU+1) / 2 + 9% ( MCU+1))

Ro Ro Ro Ro Ro

Scal ar Argunents
| NTEGER MC
DOUBLE PRECI SI ON F

Array Argunents
| NTEGER | PAR(7), | QUT( 3)
DOUBLE PRECI SI ON W NW , X(N), RPAR( 8)

Local Scal ars
| NTEGER |

CPU-ti me
REAL TI ME, RTI M 2)

Ext er nal Subrouti nes
EXTERNAL LNMBMU

Maxi mum ti me
TI ME = 30. 0E+00

Initial nunber of stored corrections
MC =7

Initiation of X
X(1) = -0.50D+00
X(2) = -0.50D+00

Choi ce of integer paraneters
DO10 I = 1,7

| PAR(lI) =0
CONTI NUE

Printout specification
| PAR(5) =5

14



* Choi ce of real paraneters
DO20 1 =1,8
RPAR(1) = 0.0D+00
20 CONTI NUE

* Desi red accuracy
RPAR(4) = 1.0D- 05
RPAR(5) = 1.0D+00
* Sol ution
CALL LMBMU(N, NA, MCU, MC, NW X, F, RPAR, | PAR, | OUT, Tl ME,
& RTIM W
STOP
END

LRk S Sk I S I R Ik S S S SRRk Ik I I b S S I S

*

*

*  SUBROUTI NE FUNDER =

*

Conput ation of the value and the subgradient of the
obj ective function LQ

*

*

Napsu Karmitsa 2007

SUBROUTI NE FUNDER(N, X, F, G, | TERM

*

Scal ar Argunents
| NTEGER N, | TERM
DOUBLE PRECI SI ON F

* Array Argunents
DOUBLE PRECI SI ON G(*), X(*)

* Local Scal ars
DOUBLE PRECI SI ON TMP

*

LQ Function and subgradi ent eval uation
F = -X(1)-X(2)
TMP = - X(1)-X(2)+(X(1)*X(1)+X(2)*X(2)-1.0D+00)

IF (F .GE. TMP) THEN

Q1) = -1.0D+00
G(2) = -1.0D+00

15



ELSE
F=Tw

G(1) = -1.0D+00 + 2. 0D+00%X(1)

X 2)
ENDI F

| TERM = O

RETURN
END

-1. 0D+00 + 2. 0D+00% X( 2)

Rk kI S SR R Rk kI R R S R Rk Ik kS b b kR Ik R R R Ik kI S R
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The output of LMBM (withl PAR(5) = 5) is the following:

Entry to LMBM
NIT= 1 NFE= 1 F= 0.
X= -0.5000000E+00 - 0.
NI T= 2 NFE= 2 F=-0.
X= 0. 5000000E+00 O.
NI T= 3 NFE= 3 F=-0.
X= 0. 5000000E+00 O.
NI T= 4 NFE= 4 F=-0.
X= 0. 6388889E+00 O.
NI T= 5 NFE= 5 F=-0.
X= 0. 6388889E+00 O.
NI T= 6 NFE= 6 F=-0.
X= 0.6925624E+00 O.
NI T= 7 NFE= 7 F=-0.
X= 0.6925624E+00 O.
NIl T= 8 NFE= 8 F=-0.
X= 0.7092223E+00 O.
NI T= 9 NFE= 9 F=-0.
X= 0. 7069558E+00 O.
NI T= 10 NFE= 10 F=-0.
X= 0.7071156E+00 O.
NI T= 11 NFE= 11 F=-0.
X= 0.7071065E+00 O.
Exit from LMBM
Nl T= 12 NFE=

10000000E+01
5000000E+00
10000000E+01
5000000E+00
10000000E+01
5000000E+00
12777778E+01
6388889E+00
12777778E+01
6388889E+00
13851247E+01
6925624E+00
13851247E+01
6925624E+00
14124521E+01
7092223E+00
14139115E+01
7069558E+00
14142063E+01
7071156E+00
14142131E+01
7071065E+00

12 F=-0.14142136E+01
| TERME 1

VK= 0.6301E-07 K= 0.1716E+00
X = 0.7071068E+00 0.7071068E+00

Note that this standard output does not give the computtiome

can be printed simply by adding a line

PRI NT*,’ Used tinme = ', RTIM1)

at the end of main prograifLVBM
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. 3878E- 04

. 1279E- 04

. 1000E+01
. 1000E+01
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. 1000E+01
. 2414E+00
. 1000E+01
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. 1000E+01
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In this test run we ha®PAR( 5) = 1.0 and the problem was solved with the
desired accuracy (i.el., TERM=1). If the default valudRPAR( 5) = RPAR( 4)
was used, then the solver terminated after 15 iterationsesine value of the
objective function did not change (i.d..,TERM = 3) Nevertheless, the result is
obtained with more that 5 right digits. In this case, the lasds of the output
reads as follows:

Abnormal exit: The value of the function does not change.
NIT= 15 NFE= 16 F=-0.14142136E+01

WK= 0. 2146E-11 XK= 0.1000E+01 |TERM= 3
X= 0.7071068E+00 0.7071068E+00

On the other hand, if we ignore the termination WithRERM = 3 (i.e., we set

RPAR(2) < 0.0) we again obtailn TERM= 1 (with approximately the same
accuracy as before) but only after 64 function evaluatidrisen the last lines of
the output are

Nl T= 20 NFE= 64 F=-0.14142136E+01
WK= 0. 3247E-15 K= 0.1623E-15 |ITERM= 1
X = 0.7071068E+00 0.7071068E+00

These examples show the difficulty in satisfying conditigfa< ¢ for some small
e > 0. However, ignoring this test may sometimes lead to prersatenmmina-
tions. Nevertheless, the practical experiments have sliostralso in the case of
| TERM= 2 or 3 the results are usually obtained with the desired acgufaAK
is small.

6 Numerical Experiments

In this section we compare the limited memory bundle sol\dBIM to the prox-
imal bundle solver PBNCGC . The solver PBNCGC has been usadasach-
mark since the proximal bundle methods are the most frefuesed bundle
methods in nonsmooth optimization. The tested algorithMNEB&C is from
the software package NSOLIB (NonSmooth Optimization LIBraee [15]).
The solver utilizes the subgradient aggregation stratédyL@ and it uses the
guadratic solvelQPDF4 based on the dual active-set method [11] to solve the
guadratic direction finding problem. For a detailed desmpof the solver see
[15, 16, 17].

The experiments were performed in a SGI Origin 2000/128 maopeputer
(MIPS R12000, 600 Mflop/s/processor). Both the algorithms LNIBnd PB-
NCGC were implemented in FORTRAN77 with double-precisiatharetic.

In what follows, we first compare LMBM to PBNCGC using somedsaic
nonsmooth minimization problems. Then, we bring into congaa the different

17



scaling strategies and the different versions of the basthad. Finally, we ana-
lyze the performance of the solvers with two practical noostin image restora-
tion (or image denoising) problems [8, 9]. A more extensiuengrical analysis
concerning the performance of LMBM and its comparison wiame other ex-
isting bundle methods in large-scale minimization protderan be found in [6].
Moreover, more experiments of using LMBM in image denoisapgplications
can be found in [14].

In the test results to be reported, we say that optimizagominated success-
fully if for LMBM (and its different modifications) we ha TERM= 1, 2, or, 3
(see return values of IOUT(3) in Section 3) and WitRERM= 2 and 3 the result
obtained was less than two significant digits greater thard#sired accuracy of
the solution. For PBNCGC the corresponding terminatiotedd were applied.
In addition, we terminated the experiments if the CPU timpsta exceeded half
an hour. Also in these cases, the results were accepted/ifvbie less than two
significant digits greater than the desired accuracy of theisn. Otherwise, we
say that optimization failed.

The results are analyzed using the performance profilesdated in [3]. As
performance measures, we use computation times and nuoflfanction evalu-
ations. There are two important facts to be kept in mind teelagood interpreta-
tion of the performance profiles. The valuefr) at7 = 0 gives the percentage
of test problems for which the corresponding solvés the best and the value of
ps(7) at the rightmost abscissa is the percentage of test prolifeahshe corre-
sponding solveg can solve (this does not depend on the measured performance)
Finally, the relative efficiency and reliability of each get can be directly seen
from the performance profiles: the higher is the particulare the better is the
corresponding solver. For more information of performape#iles, see [3].

Nonsmooth academic problems. The solvers LMBM and PBNCGC were
first tested with 10 nonsmooth academic minimization pnoislelescribed in [6]
(the problems can be downloaded in filasunc. f). Half of these problems
were convex and the rest were nonconvex. The number of Vesiatas 1000,
and the solvers were tested with relatively small sizes eftitindles, that is,
me = 10 andme = 100. In what follows, we denote these different variants
by LMBM(10), LMBM(100), PBNCGC(10), and PBNCGC(100). FoMBM

, the following values of the parameters were used:

MC=7 MWU=7 RPAR(4) =10° RPAR(5) =10° and
RPAR( 6) = 0.0 for convex andRPAR( 6) = 0.5 for nonconvex problems.

For PBNCGC the similar parameters were employed wheneysicaple. Oth-
erwise, the default parameters of the solvers were used.
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Figure 2: Nonsmooth problems witl00 variables.

The results of the experiments are summarized in Figure Bigare 2(a) we see
that LMBM(10) was the most efficient solver on 60% of the peobs. It also
solved the rest of the problems really fast while, with PBNC ®vith both sizes
of bundles) there was a great variation in the computatioesiof different prob-
lems. LMBM(100) was very efficient with these large-scalelppems as well, al-
though, it usually needed slightly more computation timenth MBM(10). The

computation time elapsed with LMBM was on the average ab0titdes shorter
than that of PBNCGC .

The numbers of function evaluations used with LMBM(100) aRé-
NCGC(100) were approximately the same (see Figure 2(b)xh WBNCGC
the required number of function evaluations was signifigdatger when the size
of the bundle was small (that isy. = 10). This was usually true also for LMBM
but with LMBM the difference was not so substantial. Howewepractice, this
means that for problems with expensive objective functiot subgradient eval-
uations, it is better to use larger bundles and, thus, fetgesitions and function
evaluations.

Different scaling of updates. Next, we compared different scaling of limited
memory variable metric updates. In order to do this, we coedbithe basic lim-
ited memory bundle solver LMBM(10) (i.e, = 10) with the different scaling
strategies (see Section 4.2). In what follows, we use theeatdiions (NS) for no
scaling, (PS) for preliminary scaling, (AS) for scaling aegy iteration, and (IS)
for interval scaling. In addition, we denote by “1” the sogliparameter defined
in (4) and by “2” the scaling parameter defined in (5). Note ti¢h this notation,
the basic limited memory bundle solver is denoted by LMBM{AS

The experiment was done by using a set of 20 nonsmooth acadeimi-
mization problems with 1000 variables (for details of thelpems, see [5]). The
parameter values were chosen similarly to previous exirbut the distance
measure paramet&PAR( 6) , which depends on the convexity of the objective
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Figure 3: Results with different scaling of updates.

function, was chosen experimentally individual to the epidblem. That is, all
the problems were minimized with four different values of frarameter and the
best results were selected to be reported here (we first etelok accuracy of the
result and then the computation time elapsed). The testedwaf the distance
measure parameter weRPAR( 6) = 0.0, 0.25, 0.5, and0.9.

The results of the experiments are summarized in Figure 3lirfgcat every
iteration with the scaling parameter (4) (i.e., LMBM(ASWas clearly the most
efficient scaling strategy tested (on 60% of problems, sgarEi3(a)). Unfor-
tunately, it was also the most unreliably, and the solvdedaio solve three of
the problems when this scaling strategy was used. Note,Jewiat all these
failures can be prevented by a suitable choice of the pammet

Scaling at every iteration with the scaling parameter (®).,(LMBM(AS2))
was the second best choice when comparing the computatias t{see Fig-
ure 3(a)). Moreover, LMBM(AS2) failed to solve only one pleim in the test set.
However, the average computation time elapsed with LMBMA&as about five
times longer than that with LMBM(AS1).

All the other scaling strategies tested behaved quite artypilvhen compared
to each other. With the (NS) strategy the solver failed teesohe problem but in
all the other cases, the solver succeeded to solve all thegons in the test set.
Unfortunately, the average computation times elapsedtivitbe scaling strategies
increased approximately sixfold to that used with (AS1).

Naturally, the differences between the computation tintegssed with the dif-
ferent scaling strategies correspond to the differencésdem the numbers of
function evaluations required (see Figure 3).

We conclude that the different scaling of the limited memeayiable met-
ric updates may, in some cases, lead to more accurate rbstitsdoes not, in
general, improve the behavior of the method. Moreover, #rmeskind of im-
provement on the accuracy properties may be obtained witdrefud tuning of
the parameters.
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Different versions. Next, we compared the different versions of the method.
As before, the experiment was done by using a set of 20 nortbnmoimimiza-
tion problems with 1000 variables (for details of the prolde see [5]). In what
follows we denote by LMBM the basic limited memory bundle huzt, LBB
the limited memory BFGS bundle method and ALMBM the adaptieesion of
the method (i.e., the version in which the maximum numbetarfesl correction
pairs can change). With the adaptive version, we have usethitial maximum
number of stored correction paik4C equal to 7 (the same as that with the basic
version LMBM ) and the upper limit for the maximum number obred cor-
rection pairdviCU equal to 50. Moreover, with LBB the interval scaling strateg
(I PAR( 7) = 2) was used. Otherwise, the parameter values similar to tiemse
with different scaling of updates were chosen.

R
% [ |2 ;
i

— LMBM — LMBM
— LBB —— LBB
ALMBM ALMBM

0 1 2 3 4 5 0 1 2 3 4 5 6
T T

(a) CPU time (b) Function evaluations

Figure 4: Results with different versions.

The results of the experiments are summarized in Figure 4infipe basic ver-
sion LMBM was usually the most efficient one (that is, on 55%haf problems)

but also the most unreliable of the solvers tested (see &sgi(a) and 4(b)). The
adaptive version ALMBM succeed to solve two of the three f@ols where the
basic version failed but, then, it lost slightly on the e#fiety. The L-BFGS bundle
solver LBB succeeded to solve all the problems. Howeveh WBB, there was

quite a big variation in the computation times (as well ashim humber of func-

tion evaluations) needed for different problems and, oratiegage, LBB was the
most time-consuming of different versions.

Image restoration problems. Finally, we tested the different modifications
of LMBM and the proximal bundle solver PBNCGC with two convexage
restoration problems [8, 9], which are typical nonsmootbdascale optimization
problems arising in optimal control applications. In whaltdws, we denote by
(P1) the problem described in [9] and by (P2) the problem rilesd in [8]. Both
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of the problems are so-called noise reduction problems nodfse reduction prob-

lems are formulated as minimization problems consistinglefist squares fit and
a nonsmooth bounded variational type regularization téomn(ore details of the

formulations, see [8, 9]).

The solvers were tested with, = 10 for different modifications of LMBM
andm, = 100 for PBNCGC (since the previous experiments have shown that
a larger bundle usually works better with PBNCGC). The stogpgarameter
RPAR(4) = 10~* was used with all the solvers and the value of the distance
measure paramet&PAR( 6) was set to zero (since the objective functions are
convex). We tested the basic version of LMBM with different maximuomm
bers of stored correction pairs, thatM; = MCU = 7 andMC = MCU = 15. In
what follows, we denote these different variants by LMBMérid LMBM[15],
respectively. Otherwise, the default parameters of theeselwere used.

In Figure 5, we give the computation times elapsed for thélpras with
different number of variables. Furthermore, we give someenspecified results
for the problems with100, 300, and 1000 variables in Tables 1 and 2, where
NI T and NFE denote the numbers of iterations and function evaluaticeslu
respectively, andr denotes the value of the objective function at termination.
addition to the results obtained in our experiment, we givééble 1) the reported
final values of the objective function for problem (P1) ob& with the special
active set method (ACS) [9]. The active set method has nat lagplied for
problem (P2) in [8] and, thus, in Table 2, we only give the hssobtained in our
experiment.

Based on the numerical results, we conclude the superioritiielimited
memory bundle solver LMBM and its modifications when comipgithe compu-
tation times: in all the cases, they used significantly lesd @Re than the proxi-
mal bundle solver PBNCGC (see Figure 5). With large numbe&aadébles, they
also usually needed less iterations and function evalustiocan PBNCGC (see
Tables 1 and 2). However, the minima found with these solweutd be slightly
greater than those of PBNCGC (especially, in case of LBB Tadtes 1 and 2).
In all image restoration problems but one with 100 variafites optimization with
LMBM (and its modifications) was terminated because theevalithe objective
function did not change (i.el, TERM = 2 or 3). Thus, even if the value of stop-
ping parameteRPAR( 4) was decreased the results obtained would not become
any smaller. Nevertheless, the results obtained with LM BMally became more
accurate when the maximum number of stored correction paissincreased or,
especially, when the adaptive version ALMBM was used (séxeBal and 2).

Moreover, in most cases, the results obtained for probled) (Rith
LMBM[7], LMBM[15], and ALMBM were smaller than those obtagéa with
the active-set method ACS used in [9] (see Table 1), and hsttally and with

"The similar parameters for PBNCGC were used.
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Figure 5: CPU times elapsed for the image restoration prahlem

Table 1: Results for the image restoration problem (P1).

Solverh 100 300 1000
NI T/NFE F NI T/NFE F NI T/NFE F

ACS - 0.7981 - 2.7586 - 9.8950
PBNCGC 186/187 0.7976 1388/1389 2.7580 16777/16778 9.7617
LMBM[7] 442/669 0.7979 1707/1919 2.7666 6343/6373  9.8152
LMBM[15] 598/1451 0.7976 3980/5184 2.7632 8285/8508 9.8042
LBB 863/3714 0.7981 1819/6492 2.7682 6848/18721 9.9196
ALMBM 736/4953 0.7976 2601/5762 2.7602 11812/13326 9.7694

Table 2: Results for the image restoration problem (P2).

Solverh 100 300 1000
NI T/NFE F NI T/NFE F NI T/NFE F

PBNCGC 249/250 0.5973 1597/1598 2.2517 17383/17384 7.9571
LMBM[7] 764/1062 0.5974 1476/1597 2.2603 10028/10073 7.9958
LMBM[15] 640/1515 0.5973 3324/4535 2.2568 9871/10054 7.9944
LBB 639/2833 0.5976 1713/6205 2.2635 4692/12305 8.0823
ALMBM 772/4721 0.5972 4814/10531 2.2536 10981/12388 7.9771
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respect to the reconstruction error (that is, the averagw eetween the true
signal and the obtained result [8, 9]) all the results of LMBM LMBM][15],
ALMBM, and LBB were comparable to the results of the proximahdle solver
PBNCGC (for both the problems). In fact, in all large-scadeses the recon-
struction errors obtained with the different modificatiaighe limited memory
bundle method were smaller than those obtained with thamadbundle method
PBNCGC.

We can conclude that LMBM and its modifications were very gffit for
large-scale nonsmooth optimization. For academic prodheith 1000 variables,
LMBM was on the average about 40 times faster than the prd>boradle solver
PBNCGC. Moreover, LMBM found the (local) minimum in a rellabway for
both convex and nonconvex optimization problems. For theat&ling image
restoration problems the differences in the computatioresi were even more
perceptible: the limited memory bundle solver LMBM was at®itimes faster
than PBNCGC already with 300 variables (see Figure 5).

7 Conclusions

In this paper, a limited memory bundle algorithm LMBM for rsmnooth large-
scale optimization has been described. The code is writtéfORTRAN77 and
it is available online at

http://napsu.karmitsa.fi/lmbm/

The numerical experiments confirm that LMBM is efficient fath convex and
nonconvex large-scale nonsmooth optimization problemgh lAfge numbers of
variables it used significantly less CPU time than the prokiowedle method
tested.
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