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Abstract
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Licen tiate thesis, 79 pages and 4 App endices

Univ ersit y of Jyv• askyl• a, 2002

Man y practical optimization applications in v olv e nonsmo oth (that is, not

necessarily di�eren tiable) functions of man y v ariables. On the one hand, the

direct application of smo oth gradien t-based metho ds ma y lead to a failure

due to the nonsmo oth nature of the problem. On the other hand, none of

the curren t nonsmo oth optimization metho ds is v ery e�cien t in large-scale

settings. In this thesis, w e in tro duce a new limited memory v ariable metric

bundle metho d for nonsmo oth large-scale optimization. W e also giv e some

encouraging results from n umerical exp erimen ts.

Keyw ords: Nonsmo oth optimization, large-scale optimization, bundle

metho ds, v ariable metric metho ds, limited memory metho ds.
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1 In tro duction

The classical theory of optimization presumes certain di�eren tiabilit y and

strong regularit y assumptions (see, e.g., Fletc her (1987)). Ho w ev er, these

assumptions are to o demanding for man y practical applications, since the

functions in v olv ed are often nonsmo oth (that is, not necessarily di�eren-

tiable). The source of nonsmo othness ma y b e the ob jectiv e function itself,

its p ossible in terior function or b oth. F or example, piecewise linear tax mo d-

els in economics (see Lemar � ec hal (1989)) and the phase c hanges of material

in the con tin uous casting of steel (see, e.g., Miettinen et al. (1998)) t ypically

con tain v arious discon tin uities and irregularities in the original phenomenon.

In optimal con trol problems (see, e.g., M• ak el• a and Neittaanm• aki (1992)) the

nonsmo othness is usually caused b y some extra tec hnological constrain ts. In

addition, there exist so-called sti� problems that are analytically smo oth but

n umerically nonsmo oth. This means that the gradien t v aries to o rabidly and,

th us, the problems b eha v e lik e nonsmo oth problems.

In this thesis, w e consider the unconstrained minimization of nonsmo oth but

lo cally Lipsc hitz con tin uous ob jectiv e functions. This means that the ob-

jectiv e function is not required to ha v e con tin uous deriv ativ es. The direct

application of smo oth gradien t-based metho ds to nonsmo oth problems ma y

lead to a failure in con v ergence, in optimalit y conditions or in gradien t ap-

pro ximation (see, e.g., Lemar � ec hal (1989)). On the other hand, the direct

metho ds, for example, P o w el's metho d (see, e.g., Fletc her (1987)) emplo y-

ing no deriv ativ e information, are quite unreliable and b ecome ine�cien t

when the size of the problem increases. Th us, nonsmo oth optimization deals

with a broader class of problems than smo oth optimization in the sense that

nonsmo oth optimization tec hniques can b e successfully applied to smo oth

problems but not vice v ersa (see, e.g., Clark e (1983)).

Optimization metho ds are t ypically iterativ e. The basic idea of iterativ e

minimization metho ds is b y starting from a giv en initial p oin t x

1

2 R

n

to

generate a sequence ( x

k

) � R

n

con v erging to a (lo cal) minim um p oin t x

�

of the ob jectiv e function f , that is x

k

! x

�

whenev er k ! 1 . The next

iteration p oin t x

k +1

is de�ned b y the form ula x

k +1

= x

k

+ t

k

d

k

, where d

k

is

a descen t direction suc h that there exist " > 0 suc h that f ( x

k

+ t d

k

) < f ( x )

for all t 2 (0 ; " ] and t

k

is the step size suc h that t

k

� arg min

t> 0

f ( x + t d

k

).

F or smo oth ob jectiv e functions a descen t direction ma y b e generated b y ex-

ploiting the fact that the direction opp osite to the gradien t is lo cally the

steep est descen t direction. Then, the step size can b e determined b y using

line searc h, whic h usually emplo ys some e�cien t univ ariate smo oth optimiza-

tion metho d or some p olynomial in terp olation. With smo oth functions the
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necessary condition for lo cal optimalit y is that the gradien t m ust b e zero at

eac h lo cal solution and b y con tin uit y it b ecomes small when w e are close to

an optimal p oin t. This fact pro vides a useful stopping criterion for smo oth

iterativ e metho ds.

In nonsmo oth problems, w e ha v e to use so-called generalized gradien ts (or

subgradien ts) instead of gradien ts. This allo ws us to generalize the e�ec-

tiv e smo oth gradien t-based metho ds for nonsmo oth problems. The metho ds

for solving nonsmo oth optimization problems can b e divided in to t w o main

classes: subgradien t metho ds and bundle metho ds. Both of these metho ds

are based on the assumptions that the functions in v olv ed are lo cally Lipsc hitz

con tin uous and only the v alue of the function and its arbitrary subgradien t

at eac h p oin t are a v ailable. The basic idea b ehind the subgradien t metho ds

is to generalize smo oth metho ds b y replacing the gradien t b y an arbitrary

subgradien t. Due to this simple structure, they are widely used metho ds in

nonsmo oth optimization. Ho w ev er, there exist some serious dra wbac ks in

these metho ds. Firstly , a nondescen t searc h direction ma y o ccur, b ecause

the direction opp osite to an arbitrary subgradien t need not b e a descen t

one. Th us, the standard line searc h op eration can not b e applied for step

size selection. Secondly , due to the fact that an arbitrary subgradien t do es

not necessarily b ecome small in the neigh b orho o d of an optimal p oin t, there

exists no an implemen table stopping criterion. F or more information of the

subgradien t metho ds w e refer to Shor (1985).

A t the momen t, bundle metho ds are regarded as the most e�ectiv e and

reliable metho ds for nonsmo oth optimization (see, e.g., M• ak el• a and Neit-

taanm• aki (1992)). They are based on the sub di�eren tial theory dev elop ed

b y Ro c k afellar (1970) and Clark e (1983), where the classical di�eren tial the-

ory is generalized for con v ex and lo cally Lipsc hitz con tin uous functions, re-

sp ectiv ely .

The basic idea of bundle metho ds is to appro ximate the sub di�eren tial (that

is, the set of subgradien ts) of the ob jectiv e function b y gathering the subgra-

dien ts from previous iterations in to a bundle. The history of bundle metho ds

w as initiated with the " -steep est descen t metho d in tro duced in Lemar � ec hal

(1976). The idea of this metho d is to com bine the cutting plane metho d

(see Kelley (1960)) with the conjugate subgradien t metho d (see Lemar � ec hal

(1975)). The main di�cult y of this metho d is the selection of the appro xi-

mation tolerance that con trols the radius of the ball where the the cutting

plane mo del is though t to b e a go o d appro ximation to the ob jectiv e function.

T o a v oid this di�cult y the idea of the generalized cutting plane metho d w as

in tro duced in Lemar � ec hal (1978) and the ideas of this metho d w ere further

dev elop ed in the b o ok of Kiwiel (1985). The basic idea of the generalized
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cutting plane metho d is to form a con v ex piecewise linear appro ximation

to the ob jectiv e function b y using linearizations generated b y the subgradi-

en ts. In his b o ok, Kiwiel also presen ted t w o strategies to b ound the n um b er

of stored subgradien ts, namely the subgradien t selection and the subgra-

dien t aggregation. In spite of the di�eren t bac kgrounds of these metho ds

b oth Lemar � ec hal's " -steep est descen t and Kiwiel's generalized cutting plane

metho ds generate the searc h direction b y solving quadratic direction �nding

problems that are closely related. Although the generalized cutting plane

metho d a v oids the di�culties of the " -steep est descen t metho d, there exits a

great disadv an tage also in this metho d: It has b een found to b e v ery sensi-

tiv e to the scaling of the ob jectiv e function (that is, m ultiplication of f b y a

p ositiv e constan t) (see M• ak el• a (1998)).

The next impro v emen t of bundle metho ds w as the dev elopmen t of the pro x-

imal bundle metho d b y Kiwiel (1990) and the bundle trust region metho d

b y Sc hramm and Zo w e (1992). The pro ximal bundle metho d is based on the

pro ximal p oin t algorithm of Ro c k afellar (1976) and the w ork of Auslender

(1987) while the idea of the bundle trust region metho d is to com bine the

bundle idea with the classical trust region metho d (see, e.g., Fletc her (1987)).

There exist strong similarities b et w een these metho ds and, in fact, they use

appro ximately the same algorithm that di�ers only in tec hnical details.

Later, v arious di�eren t bundle metho ds ha v e b een prop osed. Among them

are tilted bundle metho ds (see Kiwiel (1991)), where the cutting plane mo del

is replaced b y a so-called tilted cutting plane mo del and the bundle-Newton

metho d (see Luk � san and Vl � cek (1998)) using second-order information to

construct a quadratic mo del of the ob jectiv e function. F or thorough o v erview

of v arious bundle metho ds w e refer to M• ak el• a (2002).

In their presen t form, bundle metho ds are e�cien t for small- and medium-

scale problems. Ho w ev er, their computational demand expands in large-scale

problems with more than 1000 v ariables. This is explained b y the fact that to

b e computationally e�cien t bundle metho ds need relativ ely large bundles. In

other w ords, the size of the bundle has to b e appro ximately the same as the

n um b er of the v ariables and, th us, the quadratic direction �nding problem

b ecome v ery time-consuming. In v ariable metric bundle metho ds (see Luk � san

and Vl � cek (1999a), Vl � cek and Luk � san (1999)) this problem is a v oided b y using

the v ariable metric BF GS and SR1 up dates to determine the searc h direction.

The aggregation pro cedure is done using only three subgradien ts and, th us,

the size of the bundle do es not gro w with the dimension of the problem.

Ho w ev er, the v ariable metric bundle metho ds uses dense appro ximations of

the Hessian matrix to calculate the searc h direction and, th us, also these

metho ds b ecome ine�cien t when the dimension of the problem increases.
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W e can sa y that at the momen t, the only p ossibilit y to optimize nonsmo oth

large-scale problems is to use some subgradien t metho ds but, as said b efore,

these metho ds su�er from some serious disadv an tages. This means that there

is an eviden t need of reliable and e�cien t solv ers for nonsmo oth large-scale

optimization problems.

In this thesis, w e in tro duce a new limited memory v ariable metric bundle

metho d for large-scale nonsmo oth unconstrained minimization. The metho d

to b e presen ted is a h ybrid of the v ariable metric bundle metho d (see Luk � san

and Vl � cek (1999a), Vl � cek and Luk � san (1999)) and the limited memory v ari-

able metric metho d (see, e.g., Byrd et al. (1994)), where the latter has b een

dev elop ed for smo oth large-scale optimization. The new metho d do es not

ha v e to solv e an y time-consuming quadratic direction �nding problems ap-

p earing in the standard bundle metho ds and it uses just few v ectors to rep-

resen t the v ariable metric appro ximation of the Hessian matrix and, th us,

a v oids storing and manipulating large matrices as is the case in v ariable

metric bundle metho ds. These impro v emen ts mak e the limited memory v ari-

able metric bundle metho ds suitable for large-scale optimization, since the

n um b er of op erations used for the calculations of the searc h direction and the

aggregate v alues is only linearly dep enden t on the n um b er of v ariables while,

for example, with the original v ariable metric bundle metho d this dep endence

is quadratic.

Before in tro ducing the new metho d w e presen t some results from nonsmo oth

analysis and giv e a short description of some basic metho ds for (small-scale)

nonsmo oth optimization. T o mak e the basis of the new metho d more steady ,

w e also giv e a description of smo oth limited memory v ariable metric metho ds.

In order to get some impression ab out ho w the di�eren t optimization metho ds

(including our new metho d) op erate in practice, w e ha v e tested them with

large-scale minimization problems. Th us, in addition to the descriptions of

the metho ds w e are able to giv e some details of the p erformance of these

metho ds applied to large-scale optimization. The n umerical results to b e

presen ted demonstrate the usabilit y of the new metho d with b oth smo oth

and nonsmo oth large-scale minimization problems.

This thesis is organized as follo ws: In Chapter 2, w e �rst recall some nota-

tions and basic results from smo oth analysis. Then w e generalize di�eren tial

concepts for con v ex and lo cally Lipsc hitz con tin uous functions, resp ectiv ely ,

and presen t some basic results. A t the end of the c hapter, w e generalize the

classical optimalit y conditions to nonsmo oth case.

In Chapter 3, w e giv e a short description of some basic metho ds for (small-

scale) nonsmo oth optimization. Firstly , w e consider standard v ariable metric
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metho ds, whic h w ere originally dev elop ed for smo oth unconstrained opti-

mization. By replacing the gradien t b y an arbitrary subgradien t these meth-

o ds can b e used also for nonsmo oth optimization. Secondly , w e giv e a surv ey

of standard bundle metho ds. Thirdly , w e presen t v ariable metric bundle

metho ds that are h ybrids of v ariable metric and bundle metho ds. A t the end

of the c hapter, w e describ e the main ideas of the bundle-Newton metho ds

using second order information of the ob jectiv e function in the form of an

appro ximativ e Hessian matrix.

In Chapter 4, w e review some smo oth metho ds for large-scale optimization.

First, w e giv e the basic idea of the limited memory BF GS metho d as it is

presen ted in No cedal (1980). Then w e giv e compact matrix represen tations

of v ariable metric up dates and apply these represen tations to limited memory

v ariable metric metho ds.

In Chapter 5, w e in tro duce the new limited memory v ariable metric bundle

metho d for large-scale nonsmo oth unconstrained optimization and in Chap-

ter 6 w e analyze some n umerical exp erimen ts concerning the metho ds pre-

sen ted in Chapters 3, 4 and 5.

Finally , in Chapter 7, w e conclude b y giving a short summary of the p erfor-

mance of the metho ds describ ed in Chapters 3 and 4 as w ell as the promising

results obtained with the new metho d in tro duced in Chapter 5.

2 Theoretical Bac kground

In this c hapter, w e �rst giv e some notations and basic results from smo oth

analysis. Then w e generalize di�eren tial concepts for con v ex, not necessar-

ily di�eren tiable functions. W e de�ne subgradien ts and sub di�eren tials and

presen t some basic results. After that w e generalize the con v ex di�eren-

tial theory to lo cally Lipsc hitz con tin uous functions and de�ne so-called " -

sub di�eren tials that appro ximate the ordinary sub di�eren tials. In the third

part of this c hapter, w e generalize the classical optimalit y conditions: W e

giv e the necessary conditions for a lo cally Lipsc hitz con tin uous function to

attain its minim um in an unconstrained case. Moreo v er, w e de�ne some no-

tions of linearizations for lo cally Lipsc hitz con tin uous functions and presen t

their basic prop erties.

The pro ofs of this c hapter are omitted since they can b e found in M• ak el• a

and Neittaanm• aki (1992).
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2.1 Notations and De�nitions

All the v ectors x are considered as column v ectors and, resp ectiv ely , all the

transp osed v ectors x

T

are considered as ro w v ectors. W e denote b y x

T

y the

usual inner pr o duct and b y k x k the norm in the n -dimensional real Euclidean

space R

n

, that is,

k x k = ( x

T

x )

1

2

=

 

n

X

i =1

x

2

i

!

1

2

;

where x 2 R

n

and x

i

2 R is the i :th comp onen t of the v ector x .

An op en ball with cen ter x 2 R

n

and radius � > 0 is denoted b y B ( x ; � ),

that is,

B ( x ; � ) = f y 2 R

n

j k y � x k < � g :

A set S � R

n

is said to b e c onvex if

� x + (1 � � ) y 2 S

whenev er x and y are in S and � 2 [0 ; 1]. Geometrically this means that the

close d line-se gment

[ x ; y ] = f z 2 R

n

j z = � x + (1 � � ) y for � 2 [0 ; 1] g

is en tirely con tained in S whenev er its endp oin ts x and y are in S . If S

1

and

S

2

are con v ex sets in R

n

and �

1

; �

2

2 R , then the set �

1

S

1

+ �

2

S

2

is also

con v ex. If S

i

� R

n

are con v ex sets for i = 1 ; : : : ; m , then their in tersection

\

m

i =1

S

i

is also con v ex.

A linear com bination

P

k

i =1

�

i

x

i

is called a c onvex c ombination of elemen ts

x

1

; : : : ; x

k

2 R

n

if eac h �

i

� 0 and

P

k

i =1

�

i

= 1.

The in tersection of all the con v ex sets con taining a giv en subset S � R

n

is

called the c onvex hul l of set S and it is denoted b y con v S . F or an y S � R

n

,

con v S consists of all the con v ex com binations of the elemen ts of S , that is,

con v S = f x 2 R

n

j x =

k

X

i =1

�

i

x

i

;

k

X

i =1

�

i

= 1 ; x

i

2 S; �

i

� 0 g :

The con v ex h ull of set S is the smallest con v ex set con taining S and S is

con v ex if and only if S = con v S . F urthermore, the con v ex h ull of a compact

set is compact.
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A function f : R

n

! R is said to b e c onvex if

f ( � x + (1 � � ) y ) � �f ( x ) + (1 � � ) f ( y ) ; (2.1)

whenev er x and y are in R

n

and � 2 [0 ; 1]. If strict inequalit y holds in (2.1)

for all x ; y 2 R

n

suc h that x 6= y and � 2 (0 ; 1), the function f is said to b e

strictly c onvex .

A function f : R

n

! R is lo c al ly Lipschitz c ontinuous with constan t L > 0

at x 2 R

n

if there exists a p ositiv e n um b er " suc h that

j f ( y ) � f ( z ) j � L k y � z k

for all y ; z 2 B ( x ; " ). In what follo ws, w e use a shorter term lo cally Lipsc hitz.

A con v ex function f : R

n

! R is lo cally Lipsc hitz at x for an y x 2 R

n

.

A function f : R

n

! R is p ositively homo gene ous if

f ( � x ) = �f ( x )

for all � � 0 and sub additive if

f ( x + y ) � f ( x ) + f ( y )

for all x and y in R

n

. A function is said to b e subline ar if it is b oth p ositiv ely

homogeneous and subadditiv e. A sublinear function is alw a ys con v ex.

A function f : R

n

! R is said to b e upp er semic ontinuous at x 2 R

n

if for

ev ery sequence ( x

k

) con v erging to x the follo wing holds

lim sup

k !1

f ( x

k

) � f ( x )

and lower semic ontinuous if

f ( x ) � lim inf

k !1

f ( x

k

) :

A b oth upp er and lo w er semicon tin uous function is con tin uous.

A function f : R

n

! R is said to b e di�er entiable at x 2 R

n

if there exists a

v ector r f ( x ) 2 R

n

and a function " : R

n

! R suc h that for all d 2 R

n

f ( x + d ) = f ( x ) + r f ( x )

T

d + k d k " ( d ) ;

where the v ector r f ( x ) is the gr adient ve ctor of f at x and " ( d ) ! 0 when-

ev er k d k ! 0. The gradien t v ector r f ( x ) has the follo wing form ula

r f ( x ) =

�

@ f ( x )

@ x

1

; : : : ;

@ f ( x )

@ x

n

�

T

;

7



where comp onen ts

@ f ( x )

@ x

i

, i = 1 ; : : : ; n are called p artial derivatives of the

function f . If the function is di�eren tiable and all the partial deriv ativ es

are con tin uous, then the function is said to b e c ontinuously di�er entiable or

smo oth ( f 2 C

1

( R

n

)).

The limit

f

0

( x ; d ) = lim

t # 0

f ( x + t d ) � f ( x )

t

(if it exists) is called the dir e ctional derivative of f at x 2 R

n

in the direction

d 2 R

n

. The function d 7! f

0

( x ; d ) is p ositiv ely homogeneous and subad-

ditiv e, in other w ords, it is sublinear. If a function f is di�eren tiable at x ,

then the directional deriv ativ e exists in ev ery direction d 2 R

n

and

f

0

( x ; d ) = r f ( x )

T

d :

If, in addition, f is con v ex, then for all y 2 R

n

f ( y ) � f ( x ) + r f ( x )

T

( y � x ) :

A function f : R

n

! R is said to b e twic e di�er entiable at x 2 R

n

if there

exists a v ector r f ( x ) 2 R

n

and a symmetric matrix r

2

f ( x ) 2 R

n � n

and a

function " : R

n

! R suc h that for all d 2 R

n

f ( x + d ) = f ( x ) + r f ( x )

T

d +

1

2

d

T

r

2

f ( x ) d + k d k " ( d ) ;

where " ( d ) ! 0 whenev er k d k ! 0. The matrix r

2

f ( x ) is called the Hessian

of the function f at x and it is de�ned to consist of second partial deriv ativ es

of f , that is,

r

2

f ( x ) =

2

6

6

4

@

2

f ( x )

@ x

2

1

: : :

@

2

f ( x )

@ x

1

@ x

n

.

.

.

.

.

.

.

.

.

@

2

f ( x )

@ x

n

@ x

1

: : :

@

2

f ( x )

@ x

2

n

3

7

7

5

:

If the function is t wice di�eren tiable and all the second partial deriv ativ es are

con tin uous, then the function is said to b e twic e c ontinuously di�er entiable

( f 2 C

2

( R

n

)).

A matrix A 2 R

n � n

is called p ositive de�nite if A = A

T

, that is, A is

symmetric and

x

T

A x > 0

for all nonzero x 2 R

n

.
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Let A and B b e n � n matrices. Supp ose that

AB = B A = I ;

where I is the identity matrix . Then B is called an inverse of A and is denoted

b y A

� 1

. If A has an in v erse, then A is said to b e invertible or nonsingular .

Otherwise, A is said to b e singular .

A matrix A 2 R

m � n

is said to b e b ounde d , if its eigen v alues lie in the compact

in terv al that do es not con tain zero.

F rom no w on w e use some sp ecial notations for sp ecial matrices: the Hessian

matrix of the ob jectiv e function is denoted b y H , the appro ximation of the

Hessian is denoted b y B and the appro ximation of the in v erse of the Hessian

is denoted b y D .

2.2 Nonsmo oth Analysis

W e �rst de�ne the sub gr adient and the sub di�er ential of a con v ex function (see

Ro c k afellar (1970)). Then w e generalize these results to noncon v ex lo cally

Lipsc hitz con tin uous functions.

De�nition 2.2.1. The sub di�eren tial of a c onvex function f : R

n

! R at

x 2 R

n

is the set @

c

f ( x ) of ve ctors � 2 R

n

such that

@

c

f ( x ) = f � 2 R

n

j f ( y ) � f ( x ) + �

T

( y � x ) for al l y 2 R

n

g :

Each ve ctor � 2 @

c

f ( x ) is c al le d a subgradien t of f at x .

Theorem 2.2.2. L et f : R

n

! R b e a c onvex function. Then the dir e ctional

derivative exists in any dir e ction d 2 R

n

and it satis�es

f

0

( x ; d ) = inf

t> 0

f ( x + t d ) � f ( x )

t

:

Next w e presen t the relationship b et w een sub di�eren tials and the directional

deriv ativ es. It turns out that it is enough to kno w either of the concepts; one

can b e computed from the other.

Theorem 2.2.3. L et f : R

n

! R b e a c onvex function. Then for al l x 2 R

n

(i) f

0

( x ; d ) = max f �

T

d j � 2 @

c

f ( x ) g for al l d 2 R

n

,

(ii) @

c

f ( x ) = f � 2 R

n

j f

0

( x ; d ) � �

T

d for al l d 2 R

n

g ,

9



(iii) @

c

f ( x ) is a nonempty, c onvex and c omp act set such that @

c

f ( x ) �

B (0; L ) , wher e L > 0 is the Lipschitz c onstant of f at x .

Since for lo cally Lipsc hitz con tin uous functions there need not exist an y clas-

sical directional deriv ativ es, w e �rst de�ne a gener alize d dir e ctional derivative

(see Clark e (1983)). Then w e generalize the sub di�eren tial to noncon v ex lo-

cally Lipsc hitz con tin uous functions.

De�nition 2.2.4. (Clarke). L et a function f : R

n

! R b e lo c al ly Lipschitz

at a p oint x 2 R

n

. The generalized directional deriv ativ e of f at x in the

dir e ction d 2 R

n

is de�ne d by

f

�

( x ; d ) = lim sup

y ! x

t # 0

f ( y + t d ) � f ( y )

t

:

De�nition 2.2.5. (Clarke). L et a function f : R

n

! R b e lo c al ly Lipschitz

at a p oint x 2 R

n

. The sub di�er ential of f at x is the set of ve ctors � 2 R

n

such that

@ f ( x ) = f � 2 R

n

j f

�

( x ; d ) � �

T

d for al l d 2 R

n

g :

Each ve ctor � 2 @ f ( x ) is c al le d a sub gr adient of f at x .

The sub di�eren tial has the follo wing basic prop erties.

Theorem 2.2.6. L et a function f : R

n

! R b e lo c al ly Lipschitz at x 2 R

n

with c onstant L. Then

(i) f

�

( x ; d ) = max f �

T

d j � 2 @ f ( x ) g for al l d 2 R

n

,

(ii) @ f ( x ) is a nonempty, c onvex and c omp act set such that @ f ( x ) �

B (0; L ) .

The next theorem sho ws that the sub di�eren tial for lo cally Lipsc hitz con tin-

uous functions is a generalization of the sub di�eren tial for con v ex functions.

Theorem 2.2.7. L et f : R

n

! R b e a c onvex function. Then

(i) f

0

( x ; d ) = f

�

( x ; d ) for al l d 2 R

n

and

(ii) @

c

f ( x ) = @ f ( x ) .

The next t w o theorems sho w that the sub di�eren tial really is a generalization

of the classical deriv ativ e.
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Theorem 2.2.8. L et f : R

n

! R b e b oth lo c al ly Lipschitz and di�er entiable

at x 2 R

n

. Then

r f ( x ) 2 @ f ( x ) :

Theorem 2.2.9. If f : R

n

! R is c ontinuously di�er entiable at x 2 R

n

,

then

@ f ( x ) = f r f ( x ) g :

Theorem 2.2.10. (R ademacher). L et S � R

n

b e an op en set. A function

f : S ! R that is lo c al ly Lipschitz on S is di�er entiable almost everywher e

on S .

By Rademac her's Theorem w e kno w that a lo cally Lipsc hitz con tin uous func-

tion is di�eren tiable almost ev erywhere and, th us, the gradien t exists almost

ev erywhere. No w, the sub di�eren tial can b e reconstructed as a con v ex h ull

of all p ossible limits of gradien ts at p oin ts ( x

i

) con v erging to x .

The set of p oin ts in whic h a giv en function f fails to b e di�eren tiable is

denoted b y 


f

.

Theorem 2.2.11. L et f : R

n

! R b e lo c al ly Lipschitz at x 2 R

n

. Then

@ f ( x ) = con v f � 2 R

n

j ther e exists ( x

i

) � R

n

n 


f

such that

x

i

! x and r f ( x

i

) ! � g :

In nonsmo oth optimization, so-called bundle metho ds are based on the the-

ory of " -sub di�er entials . Next w e de�ne the Goldstein " -sub di�er entials for

noncon v ex functions.

De�nition 2.2.12. L et a function f : R

n

! R b e lo c al ly Lipschitz at x 2 R

n

and let " � 0 . Then the Goldstein " -sub di�eren tial of f is the set

@

G

"

f ( x ) = con v f @ f ( y ) j y 2 B ( x ; " ) g :

Each element � 2 @

G

"

f ( x ) is c al le d an " -subgradien t of the function f at x .

The follo wing theorem summarizes some basic prop erties of the Goldstein

" -sub di�eren tial.

Theorem 2.2.13. L et f : R

n

! R b e a lo c al ly Lipschitz function at x 2 R

n

with c onstant L . Then

(i) @

G

0

f ( x ) = @ f ( x ) ,

11



(ii) if "

1

� "

2

, then @

G

"

1

f ( x ) � @

G

"

2

f ( x ) , and

(iii) @

G

"

f ( x ) is a nonempty, c onvex and c omp act set such that k � k � L

for al l � 2 @

G

"

f ( x ) .

Corollary 2.2.14. L et f : R

n

! R b e a lo c al ly Lipschitz function at x 2 R

n

.

Then

@

G

"

f ( x ) = con v f � 2 R

n

j ther e exists ( y

i

) � R

n

n 


f

such that

y

i

! y ; r f ( y

i

) ! � and y 2 B ( x ; " ) g :

2.3 Optimalit y Conditions

In this section w e presen t some results connecting the theory of nonsmo oth

analysis and optimization. W e �rst de�ne global and lo cal minima of func-

tions. After that, w e generalize the classical �rst order optimalit y conditions

for unconstrained optimization. A t the end of this c hapter w e de�ne some no-

tions of linearizations for lo cally Lipsc hitz con tin uous functions and presen t

their basic prop erties.

W e consider a nonsmo oth unconstrained optimization problem of the form

(

minimize f ( x )

sub ject to x 2 R

n

;

(2.2)

where the ob jectiv e function f : R

n

! R is lo cally Lipsc hitz con tin uous at x

for all x 2 R

n

.

De�nition 2.3.1. A p oint x 2 R

n

is a global minim um of f , if it satis�es

f ( x ) � f ( y ) for al l y 2 R

n

:

De�nition 2.3.2. A p oint x 2 R

n

is a lo cal minim um of f , if ther e exists

" > 0 such that

f ( x ) � f ( y ) for al l y 2 B ( x ; " ) :

Theorem 2.3.3. L et f : R

n

! R b e a lo c al ly Lipschitz function at x 2 R

n

.

If f attains its minimum at x , then

0 2 @ f ( x ) :

De�nition 2.3.4. A p oint x 2 R

n

satisfying 0 2 @ f ( x ) is c al le d a critical

or a stationary p oin t of f .

12



W e giv e no w the necessary conditions for a lo cally Lipsc hitz con tin uous func-

tion to attain its lo cal minim um in an unconstrained case. F or a con v ex

ob jectiv e function these conditions are also su�cien t and the minim um is

global.

Theorem 2.3.5. L et f : R

n

! R b e lo c al ly Lipschitz at x 2 R

n

. If f attains

its lo c al minimum at x , then

(i) 0 2 @ f ( x ) ,

(ii) f

�

( x ; d ) � 0 for al l d 2 R

n

.

Theorem 2.3.6. If f : R

n

! R is a c onvex function, then the fol lowing

c onditions ar e e quivalent:

(i) F unction f attains its glob al minimum at x .

(ii) 0 2 @

c

f ( x ) .

(iii) f

0

( x ; d ) � 0 for al l d 2 R

n

.

No w w e presen t an optimalit y condition with the help of " -sub di�eren tials.

Corollary 2.3.7. L et f : R

n

! R b e lo c al ly Lipschitz at x 2 R

n

. If f attains

its lo c al minimum at x , then

0 2 @

G

"

f ( x ) :

Let us next de�ne some notions of line arization for lo cally Lipsc hitz con tin-

uous functions and presen t their basic prop erties. With these linearizations

w e can construct a piecewise linear lo cal appro ximation to the unconstrained

optimization problem (2.2). This appro ximation is used in nonsmo oth opti-

mization metho ds in the next c hapter.

De�nition 2.3.8. L et the function f : R

n

! R b e lo c al ly Lipschitz at x 2 R

n

and let � 2 @ f ( x ) b e an arbitr ary sub gr adient. Then the � -linearization of f

at x is the function

�

f

�

: R

n

! R de�ne d by

�

f

�

( y ) = f ( x ) + �

T

( y � x )

for al l y 2 R

n

and the linearization of f at x is the function

^

f

x

: R

n

! R

such that

^

f

x

( y ) = max f

�

f

�

( y ) j � 2 @ f ( x ) g (2.3)

for al l y 2 R

n

.
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Theorem 2.3.9. L et the function f : R

n

! R b e lo c al ly Lipschitz at x 2 R

n

.

Then the line arization

^

f

x

is c onvex and

(i)

^

f

x

( x ) = f ( x ) ,

(ii)

^

f

x

( y ) = f ( x ) + f

�

( x ; y � x ) for al l y 2 R

n

and

(iii) @

c

^

f

x

( x ) = @ f ( x ) .

Theorem 2.3.10. L et f : R

n

! R b e a c onvex function. Then

(i) f ( y ) = max f

^

f

x

( y ) j x 2 R

n

g for al l y 2 R

n

and

(ii)

^

f

x

( y ) � f ( y ) for al l y 2 R

n

.

The fundamen tal di�cult y in iterativ e optimization metho ds is to �nd a

direction suc h that the function v alues will decrease when mo ving in this

direction. Next w e de�ne a desc ent dir e ction for a function f : R

n

! R .

De�nition 2.3.11. The dir e ction d 2 R

n

is said to b e a descen t direction

for f : R

n

! R at x 2 R

n

, if ther e exists " > 0 such that for al l t 2 (0 ; " ]

f ( x + t d ) < f ( x ) :

The next theorem sho ws ho w to �nd descen t directions for a lo cally Lipsc hitz

con tin uous function.

Theorem 2.3.12. L et f : R

n

! R b e lo c al ly Lipschitz at x 2 R

n

. The

dir e ction d 2 R

n

is a desc ent dir e ction for f if any of the fol lowing holds:

(i) f

�

( x ; d ) < 0 ,

(ii) �

T

d < 0 for al l � 2 @ f ( x ) ,

(iii) �

T

d < 0 for al l � 2 @

G

"

f ( x ) ,

(iv) d is a desc ent dir e ction for the line arization

^

f

x

at x .

The most promising nonsmo oth optimization metho ds are based on the fol-

lo wing theorem. It tells ho w to �nd a descen t direction for the linearization

function. By Theorem 2.3.12 this direction is a descen t direction also for the

original function.
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Theorem 2.3.13. L et f : R

n

! R b e lo c al ly Lipschitz at x 2 R

n

and let

�

�

2 @ f ( x ) exist such that �

�

= arg min f k � k j � 2 @ f ( x ) g . Consider the

pr oblem

(

minimize

^

f

x

( x + d ) +

1

2

k d k

2

subje ct to d 2 R

n

:

(2.4)

Then

(i) The pr oblem (2.4) has a unique solution d

�

2 R

n

such that d

�

= � �

�

,

(ii) f

�

( x ; d

�

) = �k d

�

k

2

,

(iii)

^

f

x

( x + � d

�

) =

^

f

x

( x ) � � k �

�

k

2

for al l � 2 [0 ; 1] ,

(iv) 0 62 @ f ( x ) ( ) d

�

6= 0 ,

(v) 0 2 @ f ( x ) ( )

^

f

x

attains its glob al minimum at x .

Finally , w e sa y a few w ords ab out con v ergence. In iterativ e optimization

metho ds w e try to generate a sequence ( x

k

) con v erging to a minim um p oin t x

�

of the ob jectiv e function f , that is x

k

! x

�

whenev er k ! 1 . If an iterativ e

metho d con v erges to a (lo cal) minim um x

�

from an y arbitrary starting p oin t

x

1

, it is said to b e glob al ly c onver gent . If it con v erges to a (lo cal) minim um

in some neigh b orho o d of x

�

, it is said to b e lo c al ly c onver gent .

De�nition 2.3.14. (R ate of the c onver genc e) A n iter ative metho d is said to

b e linearly con v ergen t to an optimal solution x

�

, if ther e exist � 2 [0 ; 1) and

M � 0 such that for al l k � M

k x

k +1

� x

�

k � � k x

k

� x

�

k :

A n iter ative metho d is said to b e sup erlinearly con v ergen t to an optimal solu-

tion x

�

, if ther e exist M � 0 and for some se quenc e ( �

k

) c onver ging to zer o,

ther e is

k x

k +1

� x

�

k � �

k

k x

k

� x

�

k

for al l k � M .
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3 Basic Metho ds of Nonsmo oth Optimiza-

tion

In this c hapter, w e giv e a short description of some basic metho ds for nons-

mo oth optimization. Firstly , w e consider standard v ariable metric metho ds,

whic h ha v e originally b een dev elop ed for smo oth unconstrained optimization.

By replacing the gradien t b y an arbitrary subgradien t these metho ds can b e

used also for nonsmo oth optimization. Secondly , w e giv e a surv ey of standard

bundle metho ds. A t the momen t, these metho ds are regarded as the most

e�ectiv e metho ds for nonsmo oth optimization. Next w e presen t the v ariable

metric bundle metho ds dev elop ed b y Luk � san and Vl � cek (Luk � san and Vl � cek

(1999a), Vl � cek and Luk � san (1999)). The metho ds presen ted are h ybrids of

v ariable metric and bundle metho ds. Finally w e describ e the main ideas of

bundle-Newton metho ds.

3.1 V ariable Metric Metho ds

Standard v ariable metric metho ds or quasi-Newton metho ds ha v e originally

b een dev elop ed for smo oth unconstrained optimization (see, e.g., Fletc her

(1987)). Ho w ev er, for example Lemar � ec hal (1982) has sho wn that these

metho ds are quite e�cien t and robust for nonsmo oth problems as w ell.

Let us �rst assume that the ob jectiv e function f : R

n

! R is a smo oth

function whose gradien t r f ( x ) is a v ailable for all x 2 R

n

. V ariable metric

metho ds are iterativ e metho ds based on Newton's metho d (see, e.g., Fletc her

(1987)). In these metho ds, the Hessian of the ob jectiv e function is appro x-

imated b y symmetric p ositiv e de�nite matrices B

k

( k 2 N is the iteration

n um b er). A t eac h iteration, the curren t appro ximation B

k

is up dated to

a new appro ximation B

k +1

satisfying the so-called se c ant or quasi-Newton

e quation

B

k +1

s

k

= u

k

; (3.1)

where s

k

= x

k +1

� x

k

, u

k

= r f ( x

k +1

) � r f ( x

k

) and x

k

is the curren t

iteration p oin t, x

k +1

is the next iteration p oin t and r f ( x

k

) and r f ( x

k +1

)

are the corresp onding gradien ts at those p oin ts, resp ectiv ely . The idea of

the secan t equation (3.1) is that the appro ximation of the Hessian B

k

acts

as close as p ossible lik e the true Hessian of the ob jectiv e function. In one

dimensional case, this means that the tangen t is appro ximated b y a secan t

(see Figure 1).
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Newton's Method

x x x xk+2 k+1 k

f'(x)

Quasi-Newton Method

x x xxk+1 k k-1

f'(x)

Figure 1: Solving equation r f ( x ) = 0.

The searc h direction d

k

can b e determined b y solving a linear system

B

k

d

k

= �r f ( x

k

) :

Alternativ ely , instead of matrices B

k

w e can appro ximate matrices D

k

= B

� 1

k

.

In this case, the searc h direction d

k

can b e computed directly b y

d

k

= � D

k

r f ( x

k

) ;

where D

k

is a symmetric p ositiv e de�nite appro ximation of the in v erse of the

Hessian.

The next iteration p oin t is giv en b y

x

k +1

= x

k

+ t

k

d

k

;

where the step size t

k

> 0 is c hosen b y some line searc h algorithm so that it

satis�es the W olfe conditions:

f ( x

k

+ t

k

d

k

) � f ( x

k

) � "

L

t

k

d

T

k

r f ( x

k

) (3.2)

and

d

T

k

r f ( x

k

+ t

k

d

k

) � "

R

d

T

k

r f ( x

k

) ; (3.3)

where "

L

2 (0 ; 1 = 2) and "

R

2 ( "

L

; 1) are some �xed line searc h parameters.

These conditions guaran tee that the step size t

k

that giv es a signi�can t re-

duction in f alw a ys exist and it can b e determined in a �nite n um b er of steps

(see, e.g., Fletc her (1987)).
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The appro ximation D

k

of the in v erse of the Hessian matrix is up dated recur-

siv ely b y the form ula

D

k +1

= 


k

 

D

k

+

�

k




k

1

b

k

s

k

s

T

k

�

1

a

k

D

k

u

k

u

T

k

D

k

+

�

k

a

k

�

a

k

b

k

s

k

� D

k

u

k

� �

a

k

b

k

s

k

� D

k

u

k

�

T

!

; (3.4)

where, as b efore, s

k

= x

k +1

� x

k

, u

k

= r f ( x

k +1

) � r f ( x

k

) and a

k

= u

T

k

D

k

u

k

,

b

k

= u

T

k

s

k

and where 


k

; �

k

and �

k

are some p ositiv e parameters (see, e.g.,

Luk � san and Sp edicato (2000)). The form ula (3.4) de�nes a three-parameter

class, the so-called Huang-Or en class of v ariable metric up dates (see, e.g.,

Huang (1970)).

If w e either assume �

k

and 


k

to b e �xed at ev ery iteration or if w e set

�

k

=

s

T

k

u

k

2( f

k

� f

k +1

+ s

T

k

r f

k +1

)

and (3.5)




k

= �

k

r

c

k

a

k

; (3.6)

where f

k

= f ( x

k

), f

k +1

= f ( x

k +1

), r f

k +1

= r f ( x

k +1

) and c

k

= s

T

k

D

� 1

k

s

k

,

then the form ula (3.4) de�nes a one-parameter class, the so-called sc ale d

Br oyden class (the original Bro yden class corresp onds to the v alues �

k

=




k

= 1) (see, e.g., Luk � san and Sp edicato (2000)).

There exist three classical v alues for parameter �

k

that are in common use.

By setting �

k

= 0, w e get the scaled Davidon-Fletcher-Powel (DFP) up date

D

k +1

= 


k

�

D

k

+

�

k




k

1

b

k

s

k

s

T

k

�

1

a

k

D

k

u

k

u

T

k

D

k

�

:

The original form ula w as �rst suggested as a part of a metho d b y Da vidon

(1959) and later it w as presen ted as describ ed here (with scaling factors

�

k

= 


k

= 1) b y Fletc her and P o w ell (1963).

By setting �

k

= 1 in (3.4), w e get the scaled Br oyden-Fletcher-Goldfarb-

Shanno (BF GS) up date

D

k +1

= 


k

�

D

k

+

�

�

k




k

+

a

k

b

k

�

1

b

k

s

k

s

T

k

�

1

b

k

�

D

k

u

k

s

T

k

+ s

k

u

T

k

D

k

�

�

: (3.7)

The original form ula with scaling factors �

k

= 


k

= 1 w as dev elop ed b y

Bro yden (1970), Fletc her (1970), Goldfarb (1970) and Shanno (1970) and
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since that, the BF GS metho d has b een generally considered to b e the most

e�ectiv e of man y v ariable metric metho ds (see, e.g., Fletc her (1987) and

No cedal (1992)).

Finally , b y setting �

k

= ( �

k

=


k

) = ( �

k

=


k

� a

k

=b

k

), w e get the scaled symmetric

r ank-one (SR1) up date

D

k +1

= 


k

 

D

k

+

�

�

k




k

�

a

k

b

k

�

� 1

1

b

k

�

�

k




k

s

k

� D

k

u

k

� �

�

k




k

s

k

� D

k

u

k

�

T

!

:

(3.8)

The original form ula w as �rst disco v ered b y Da vidon (1959) in his seminal

pap er of quasi-Newton metho ds and it w as re-disco v ered b y sev eral authors

in the late 1960s.

The details of up dating matrices B

k

and more information on v ariable metric

metho ds for smo oth optimization in general can b e found, for example, in

Fletc her (1987), Luk � san and Sp edicato (2000) and No cedal (1992).

Let us next lea v e the di�eren tiabilit y and supp ose only that the ob jectiv e

function is lo cally Lipsc hitz con tin uous. By replacing the gradien t r f ( x ) b y

an arbitrary subgradien t � the v ariable metric metho ds describ ed ab o v e can

also b e used for nonsmo oth optimization. The v alues from form ulae (3.5)

and (3.6) and parameter �

k

computed b y

�

k

=

max f 0 ;

p

c

k

=a

k

� ( b

k

)

2

= ( a

k

c

k

) g

1 � ( b

k

)

2

= ( a

k

c

k

)

(3.9)

ha v e turned out to b e suitable in nonsmo oth case (Luk � san and Vl � cek (2001)).

Ho w ev er, the form ula (3.6) should not b e used in all iterations. Con trolled

scaling prop osed in Luk � san (1990), whic h com bines the v alue of the for-

m ula (3.6) with the v alue 


k

= 1 has b een sho wn to b e more adv an tageous

(Luk � san and Vl � cek (2001)).

No w w e presen t a v ariable metric algorithm suitable also for nonsmo oth

optimization.

Algorithm 3.1. (V ariable Metric Metho d).

Data: Cho ose a �nal accuracy tolerance " > 0 and p ositiv e line searc h

parameters "

L

2 (0 ; 1 = 2) and "

R

2 ( "

L

; 1).

Step 0: ( Initialization. ) Cho ose a starting p oin t x

1

2 R

n

and a symmetric,

p ositiv e de�nite matrix D

1

, for example, D

1

= I . Compute f

1

=

f ( x

1

) and �

1

2 @ f ( x

1

). Set the iteration coun ter k = 1.
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Step 1: ( Dir e ction �nding. ) If k �

k

k � " , then stop. Otherwise, set d

k

=

� D

k

�

k

.

Step 2: ( Line se ar ch. ) Determine a step size t

k

satisfying the W olfe condi-

tions (3.2) and (3.3). Set x

k +1

= x

k

+ t

k

d

k

. Compute f

k +1

= f ( x

k +1

)

and �

k +1

2 @ f ( x

k +1

).

If j f

k +1

� f

k

j � " in sev eral consecutiv e iterations, then terminate

the computation.

Step 3: ( Up date. ) F orm the up dated matrix D

k +1

b y (3.4) with parame-

ters (3.5), (3.6) and (3.9) and with con trolled scaling. Increase k b y

one and go to Step 1.

It can b e pro v ed under mild assumptions (see, e.g., Byrd et al. (1987)) that

the v ariable metric metho d presen ted in Algorithm 3.1 is globally and su-

p erlinearly con v ergen t in the smo oth case. Although this result cannot b e

generalized for a nonsmo oth case, Algorithm 3.1 has b een found to b e surpris-

ingly robust for solving nonsmo oth problems (see, e.g., Lemar � ec hal (1982)

and Luk � san and Vl � cek (1999a, 2001)). In a nonsmo oth case, Algorithm 3.1

usually terminates in Step 2, since sequence ( k �

k

k ) do es not necessarily con-

v erge to zero (see Luk � san and Vl � cek (2001)).

3.2 Bundle Metho ds

Since a lo cally Lipsc hitz con tin uous function is di�eren tiable almost ev-

erywhere b y Rademac her's theorem (Theorem 2.2.10), then usually � =

f r f ( x ) g . F or a nonsmo oth ob jectiv e function f the gradien t r f ( x ) can

c hange discon tin uously and it ma y not b e small in the neigh b orho o d of the

minim um of the function. F or this reason, v alues f ( x

k

) and �

k

2 @ f ( x

k

)

at a single p oin t x

k

do not o�er su�cien t information of the lo cal b eha vior

of the function f . The basic idea of bundle metho ds is to appro ximate the

whole sub di�eren tial @ f ( x

k

) b y gathering together a bundle of subgradien ts

calculated close to the iteration p oin t x

k

.

In this section, w e describ e a general bundle metho d that pro duces a sequence

( x

k

) 2 R

n

that, in the con v ex case, con v erges to the global minim um of f

(if it exists). In the noncon v ex case, since the optimalit y condition of Theo-

rem 2.3.5 is not su�cien t without some con v exit y assumptions, the metho d

is only guaran teed to �nd a stationary p oin t of the ob jectiv e function. W e

assume that at eac h p oin t x 2 R

n

w e can ev aluate a v alue of the ob jectiv e

function f ( x ) and an arbitrary subgradien t � 2 @ f ( x ).
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3.2.1 Direction Finding

In this subsection, w e describ e ho w to �nd a searc h direction d

k

2 R

n

in the

iteration k for a lo cally Lipsc hitz con tin uous ob jectiv e function. W e assume

that in addition to the curren t iteration p oin t x

k

w e ha v e some auxiliary

p oin ts y

j

2 R

n

from previous iterations and subgradien ts �

j

2 @ f ( y

j

) for

j 2 J

k

, where the index set J

k

is a nonempt y subset of f 1 ; : : : ; k g .

In (2.3) w e ha v e de�ned the linearization of the ob jectiv e function f at x .

Ho w ev er, for this represen tation w e need to kno w the whole sub di�eren tial

@ f ( x ), whic h is normally unkno wn. Th us, w e ha v e to appro ximate it some-

ho w. By using the auxiliary p oin ts y

j

2 R

n

and the subgradien ts �

j

2 @ f ( y

j

)

for j 2 J

k

w e can de�ne a con v ex piecewise linear appro ximation of the orig-

inal ob jectiv e function f b y

^

f

k

( x ) = max f f ( y

j

) + �

T

j

( x � y

j

) j j 2 J

k

g ; (3.10)

whic h can b e written in the equiv alen t form

^

f

k

( x ) = max f f ( x

k

) + �

T

j

( x � x

k

) � �

k

j

j j 2 J

k

g ;

where

�

k

j

= f ( x

k

) � f ( y

j

) � �

T

j

( x � y

j

) for all j 2 J

k

(3.11)

is a so-called line arization err or . If the function f is con v ex, the lineariza-

tion error �

k

j

� 0 for all j 2 J

k

and f ( x ) �

^

f

k

( x ) (see, e.g., M• ak el• a and

Neittaanm• aki (1992)).

F or noncon v ex functions the linearization error (3.11) can b e negativ e. W e

use so-called sub gr adient lo c ality me asur es to generalize the linearization er-

rors for noncon v ex functions:

�

k

j

= max f j �

k

j

j ; 
 ( s

k

j

)

!

g � 0 ; (3.12)

where j 2 J

k

, 
 � 0 ( 
 = 0 if f is con v ex), ! � 1 and s

k

j

is a so-called

distanc e me asur e suc h that

s

k

j

=

(

k x

j

� y

j

k +

P

k � 1

i = j

k x

i +1

� x

i

k for j = 1 ; : : : ; k � 1 ;

k x

k

� y

j

k for j = k :

F or con v ex ob jectiv e functions the subgradien t lo calit y measures and the

linearization errors coincide (M• ak el• a and Neittaanm• aki (1992)).
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The linearization

^

f

k

is not suitable itself for determining a new appro ximation

of the function f in order to �nd its minim um. The minim um of

^

f

k

ma y not

exist, since the function

^

f

k

is piecewise linear and if it exists, it can b e to o far

from the minim um of the ob jectiv e function f . F or this reason, a stabilizing

term

1

2

( x � x

k

)

T

G

k

( x � x

k

), whic h k eeps the appro ximation lo cal enough, has

to b e added to function

^

f

k

. Th us w e obtain a piecewise quadratic function

f

k

Q

( x ) =

1

2

( x � x

k

)

T

G

k

( x � x

k

) +

^

f

k

( x ) ;

where G

k

is a nonsingular and symmetric n � n matrix. Some details of the

c hoice of the matrix G

k

are to b e presen ted in Subsection 3.2.4.

The searc h direction d

k

can b e determined b y minimizing the piecewise

quadratic function f

k

Q

( x ). This minimization problem is equiv alen t (see, e.g.,

M• ak el• a (2002)) to the quadratic subproblem (minimization pro ceeds o v er d

and v )

(

minimize

1

2

d

T

G

k

d + v

sub ject to � �

k

j

+ d

T

�

j

� v for all j 2 J

k

:

(3.13)

By dualit y this is equiv alen t to �nding Lagrange m ultipliers �

k

j

for j 2 J

k

that solv e the quadratic dual problem

8

>

>

>

>

>

<

>

>

>

>

>

:

minimize

1

2

 

P

j 2J

k

�

j

�

j

!

T

G

� 1

k

 

P

j 2J

k

�

j

�

j

!

+

P

j 2J

k

�

j

�

k

j

sub ject to

P

j 2J

k

�

j

= 1 and

�

j

� 0 ; for all j 2 J

k

:

(3.14)

The solution of the problem (3.13) can b e expressed in the form (see, e.g.,

M• ak el• a (2002))

d

k

= �

X

j 2J

k

�

k

j

G

� 1

k

�

j

and

v

k

= � d

T

k

G

k

d

k

�

X

j 2J

k

�

k

j

�

k

j

:

The direction �nding problem (3.13) seems no w to b e suitable for generating

a descen t direction. Ho w ev er, w e still ha v e to decide ho w to c ho ose the index

set J

k

. As men tioned in the b eginning of this subsection, the index set m ust
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b e a nonempt y subset of f 1 ; : : : ; k g . Th us, the simplest w a y migh t b e to

c ho ose directly

J

k

= f 1 ; : : : ; k g :

Ho w ev er, in practice this strategy imp oses serious problems with storage and

computations after a large n um b er of iterations. So, in practice the size of

the index set J

k

ha v e to b e b ounded, that is, jJ

k

j � m

�

, where jJ

k

j is the

n um b er of the elemen ts in the set J

k

. The set J

k

is usually determined suc h

that if the iteration n um b er k � m

�

, then the index set is c hosen directly

J

k

= f 1 ; : : : ; k g

and if k > m

�

, then the index set is c hosen suc h that

J

k

= J

k � 1

[ f k g n f k � m

�

g :

If J

k

6= f 1 ; : : : ; k g , one p ossibilit y to guaran tee the global con v ergence of the

bundle metho d is to use the follo wing sub gr adient aggr e gation str ate gy (see,

e.g., Kiwiel (1985)). W e de�ne the aggr e gate values f

k

a

, �

k

a

and s

k

a

as follo ws.

A t the �rst iteration let x

1

2 R

n

b e a starting p oin t supplied b y the user.

Then, w e initialize the algorithm b y

y

1

= x

1

;

f

1

a

= f

1

1

= f ( y

1

) ;

�

1

a

= �

1

2 @ f ( y

1

) ;

s

1

1

= s

1

a

= 0 and

J

1

= f 1 g :

A t iteration k + 1 the new aggregate v alues f

k +1

a

, �

k +1

a

and s

k +1

a

are de�ned

b y the form ulae

f

k +1

a

=

~

f

k

a

+ ( x

k +1

� x

k

)

T

~

�

k

a

;

�

k +1

a

=

~

�

k

a

and

s

k +1

a

= ~s

k

a

+ k x

k +1

� x

k

k ;

where the v alues of

~

f

k

a

,

~

�

k

a

and ~s

k

a

are obtained b y solving the Lagrange

m ultipliers �

k

j

for j 2 J

k

and �

k

a

of the direction �nding problem giv en

b elo w. Ho w ev er, �rst w e ha v e to de�ne the aggr e gate lo c ality me asur e b y

�

k

a

= max f j f ( x

k

) � f

k

a

j ; 
 ( s

k

a

)

!

g :
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No w, b y using these aggregate v alues, the searc h direction d

k

can b e deter-

mined b y minimizing the quadratic subproblem (minimization pro ceeds o v er

d and v )

8

>

<

>

:

minimize

1

2

d

T

G

k

d + v

sub ject to � �

k

j

+ d

T

�

j

� v for all j 2 J

k

and

� �

k

a

+ d

T

�

k

a

� v ;

(3.15)

whic h b y dualit y is equiv alen t to �nding Lagrange m ultipliers �

k

j

for j 2 J

k

and �

k

a

that solv e the problem

8

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

minimize

1

2

 

P

j 2J

k

�

j

�

j

+ �

a

�

k

a

!

T

G

� 1

k

 

P

j 2J

k

�

j

�

j

+ �

a

�

k

a

!

+

P

j 2J

k

�

j

�

k

j

+ �

a

�

k

a

sub ject to

P

j 2J

k

�

j

+ �

a

= 1 ;

�

j

� 0 ; for all j 2 J

k

and

�

a

� 0 :

(3.16)

Then, the solution of the problem (3.15) can b e expressed in the form (see,

e.g., Luk � san and Vl � cek (2000a))

d

k

= � G

� 1

k

~

�

k

a

and

v

k

= � d

T

k

G

k

d

k

�

~

�

k

a

;

where

~

�

k

a

=

X

j 2J

k

�

k

j

�

j

+ �

k

a

�

k

a

and

~

�

k

a

=

X

j 2J

k

�

k

j

�

k

j

+ �

k

a

�

k

a

:

In addition to the v alues

~

�

k

a

and

~

�

k

a

, the aggregate v alues

~

f

k

a

=

X

j 2J

k

�

k

j

f

k

j

+ �

k

a

f

k

a

and

~s

k

a

=

X

j 2J

k

�

k

j

s

k

j

+ �

k

a

s

k

a

are de�ned b y using the Lagrange m ultipliers �

k

j

� 0 for j 2 J

k

and �

k

a

� 0.
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3.2.2 Line Searc h

When the direction v ector d

k

has b een determined, w e need to calculate a

new appro ximation to the minim um of the ob jectiv e function. T o guaran tee

the global con v ergence of the bundle metho d it is not p ossible to simply set

x

k +1

= x

k

+ d

k

, but it is necessary to use some line searc h pro cedure whic h

generates t w o p oin ts

x

k +1

= x

k

+ t

k

L

d

k

and

y

k +1

= x

k

+ t

k

R

d

k

;

where 0 � t

k

L

� t

k

R

� 1 are step sizes. There exist sev eral di�eren t line searc h

pro cedures suitable for bundle metho ds (see, e.g., Kiwiel (1985)). In this

w ork, w e describ e one of them, since it is suitable also for the v ariable metric

bundle metho ds to b e describ ed in the next section.

First, w e searc h for a largest n um b er t

k

L

2 [0 ; 1] suc h that (compare with (3.2))

t

k

L

> 0 and f ( x

k +1

) � f ( x

k

) � � "

L

t

k

L

w

k

; (3.17)

where "

L

2 (0 ; 1 = 2) is a �xed line searc h parameter and w

k

> 0 is the

predicted descen t of f at x

k

(the parameter w

k

is used also as a stopping

parameter and w e giv e some details of it in next section). If suc h a step size

exists w e tak e a serious step :

t

k

R

= t

k

L

; and x

k +1

= y

k +1

:

Otherwise, w e tak e a nul l step if (compare with (3.3))

t

k

R

> t

k

L

= 0 and � �

k +1

+ d

T

k

�

k +1

� � "

R

w

k

; (3.18)

where "

R

2 ( "

L

; 1) is a �xed line searc h parameter and

�

k +1

= max f j f ( x

k

) � f ( y

k +1

) + ( y

k +1

� x

k

)

T

�

k +1

j ; 
 k y

k +1

� x

k

k

!

g :

In the case of a n ull step w e set

x

k +1

= x

k

and y

k +1

= x

k

+ t

k

R

d

k

:

In the case of a serious step there o ccurs a signi�can t decrease of the ob jectiv e

function. F or this reason, there is no need to detect the discon tin uities in

the gradien t and, th us, w e set �

k +1

2 @ f ( x

k +1

). If w e tak e a n ull step,
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w e do not up date the actual solution ( x

k +1

= x

k

) but information ab out

the ob jectiv e function is increased. In n ull steps there exists a discon tin uit y

in the gradien t of f . In this case, the last requiremen t in (3.18) ensures

that x

k

and y

k +1

lie on the opp osite sides of this discon tin uit y and the new

subgradien t �

k +1

2 @ f ( y

k +1

) will force a signi�can t mo di�cation to the next

direction �nding problem.

In the con v ex case, the line searc h pro cedure can b e replaced b y a simple

step size selection, whic h is either accepted (serious step) or not (n ull step)

(see, e.g., M• ak el• a (2002)).

3.2.3 Stopping Criterion

F or smo oth functions, a necessary condition for a lo cal minim um is that the

gradien t has to b e zero and b y con tin uit y it b ecomes small when w e are close

to an optimal p oin t. This is no longer true when w e replace the gradien t b y

an arbitrary subgradien t. Due to subgradien t aggregation w e ha v e quite a

useful appro ximation to the gradien t, namely the aggregate subgradien t

~

�

k

a

.

Ho w ev er, the direct test k

~

�

k

a

k < " for some " > 0 is to o uncertain, if the

curren t piecewise linear appro ximation is to o rough. Therefore, w e use the

stabilizing matrix G

k

and the aggregate subgradien t lo calit y measure

~

�

k

a

to

impro v e the accuracy of the norm of the aggregate subgradien t. The ag-

gregate subgradien t lo calit y measure

~

�

k

a

appro ximates the accuracy of the

curren t linearization: If the v alue of the lo calit y measure is large, then the

linearization is rough and if it is near zero then the linearization is quite accu-

rate and w e can stop the algorithm if the norm of the aggregate subgradien t

is small. Th us, the stopping parameter at iteration k is de�ned b y (see, e.g.,

Luk � san and Vl � cek (2000a))

w

k

=

1

2

(

~

�

k

a

)

T

( G

k

)

� 1

~

�

k

a

+

~

�

k

a

;

and the stopping criterion is

If w

k

< " , for giv en " > 0, then stop.

3.2.4 The Choice of Matrix G

k

The last op en question is ho w to c ho ose the stabilizing matrix G

k

. As men-

tioned in Subsection 3.2.1, all the matrices G

k

are supp osed to b e nonsingular

and symmetric. In addition, to ensure the global con v ergence of the bundle
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metho d, w e ha v e to assume that all the matrices G

k

are p ositiv e de�nite

and b ounded. Moreo v er, if the k -th step is a n ull step, then w e assume that

h

T

G

� 1

k +1

h � h

T

G

� 1

k

h; for all h 2 R

n

. These assumptions are relativ e strong,

but they can b e w eak ened for di�eren t v ersions of bundle metho ds.

There exist sev eral v ersions of bundle metho ds that di�ers mainly with the

c hoice of matrix the G

k

. F or example, in the most frequen tly used pr oxi-

mal bund le metho d (see, e.g., Kiwiel (1990) and M• ak el• a and Neittaanm• aki

(1992)), the matrix G

k

is diagonal and of the form G

k

= u

k

I . The restric-

tions giv en ab o v e are satis�ed if w eigh ts u

k

> 0 lie in the compact in terv al

that do es con tain zero and u

k +1

� u

k

is v alid in the n ull step. A thorough

o v erview of v arious bundle metho ds is giv en in M• ak el• a (2002).

3.2.5 Algorithm

No w w e presen t a general algorithm for bundle metho ds. In addition to the

algorithm giv en b elo w, the line searc h algorithm (Algorithm 3.3, p. 32) is

also needed.

Algorithm 3.2. (Bundle Metho d).

Data: Cho ose a �nal accuracy tolerance " > 0, p ositiv e line searc h param-

eters "

L

2 (0 ; 1 = 2) and "

R

2 ( "

L

; 1), a distance measure parameter


 > 0, a lo calit y measure parameter ! � 1 and the maxim um n um b er

of stored subgradien ts m

�

� 1.

Step 0: ( Initialization. ) Cho ose a starting p oin t x

1

2 R

n

and a symmetric,

p ositiv e de�nite matrix G

1

(for example G

1

= I ). Set

y

1

= x

1

and compute

f

1

= f ( y

1

) and

�

1

2 @ f ( y

1

) :

Set

s

1

1

= s

1

a

= 0 ; f

1

1

= f

1

a

= f

1

; �

1

a

= �

1

and J

1

= f 1 g . Set the iteration coun ter k = 1.
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Step 1: ( Dir e ction �nding ) Determine m ultipliers �

k

j

; j 2 J

k

and �

k

a

( �

k

a

6= 0

only if J

k

6= f 1 ; : : : ; k g ), aggregate v alues

~

�

k

a

;

~

�

k

a

;

~

f

k

a

; ~s

k

a

, a direc-

tion v ector d

k

and a v alue v

k

b y solving the quadratic optimization

problem (3.15) (the last constrain t is used only if J

k

6= f 1 ; : : : ; k g ).

Step 2: ( Stopping criterion ) Set

w

k

=

1

2

(

~

�

k

a

)

T

( G

k

)

� 1

~

�

k

a

+

~

�

k

a

:

If w

k

� " , then stop.

Step 3: ( Line se ar ch ) Determine step sizes t

k

L

2 [0 ; 1] and t

k

R

2 [ t

k

L

; 1] b y the

line searc h Algorithm 3.3. Set

x

k +1

= x

k

+ t

k

L

d

k

;

y

k +1

= x

k

+ t

k

R

d

k

and compute

f

k +1

= f ( y

k +1

) and

�

k +1

2 @ f ( y

k +1

) :

Step 4: ( Line arization Up dating ) Calculate the linearization v alues

f

k +1

j

= f

k

j

+ ( x

k +1

� x

k

)

T

�

j

; for j 2 J

k

;

f

k +1

a

=

~

f

k

a

+ ( x

k +1

� x

k

)

T

~

�

k

a

;

f

k +1

k +1

= f

k +1

+ ( x

k +1

� y

k +1

)

T

�

k +1

;

�

k +1

a

=

~

�

k

a

;

s

k +1

j

= s

k

j

+ k x

k +1

� x

k

k ; for j 2 J

k

;

s

k +1

a

= ~s

k

a

+ k x

k +1

� x

k

k ;

s

k +1

k +1

= k y

k +1

� x

k +1

k :

Step 5: ( Matrix Up dating ) Determine the matrix G

k +1

satisfying the assump-

tions discussed in Subsection 3.2.4.

Step 6: ( Up dating ) If jJ

k

j < m

�

, then set

J

k +1

= J

k

[ f k + 1 g :

If jJ

k

j = m

�

, then set

J

k +1

= J

k

[ f k + 1 g n f k + 1 � m

�

g :

Set k = k + 1 and go to Step 1.
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Under mild assumptions it can b e pro v ed that the n um b er of consecutiv e n ull

steps in Algorithm 3.2 is �nite and that ev ery cluster p oin t in the sequence

( x

k

) is a stationary p oin t of the ob jectiv e function (see, e.g., Kiwiel (1985)).

Note that Algorithm 3.2 requires relativ ely large bundles ( m

�

� n ) to b e

computationally e�cien t and, th us, the quadratic subproblem (3.15) is time-

consuming.

F or further study of bundle metho ds w e refer to Kiwiel (1985), M• ak el• a and

Neittaanm• aki (1992), Hiriart-Urrut y and Lemar � ec hal (1993) and Luk � san and

Vl � cek (2000a).

3.3 V ariable Metric Bundle Metho ds

In this section, w e presen t v ariable metric bundle metho ds b y Luk � san and

Vl � cek (Luk � san and Vl � cek (1999a), Vl � cek and Luk � san (1999)). The metho ds

presen ted are h ybrids of the v ariable metric metho d (Section 3.1) and the

bundle metho d (Section 3.2). W e presen t metho ds for b oth con v ex and

noncon v ex nonsmo oth unconstrained optimization problems. As the bundle

metho ds the v ariable metric bundle metho ds pro duce a sequence ( x

k

) 2 R

n

whic h, in the con v ex case, con v erges to the global minim um of the ob jectiv e

function f (if it exists). In the noncon v ex case, the metho d is only guaran teed

to �nd a stationary p oin t of the ob jectiv e function. W e assume that at eac h

p oin t x 2 R

n

w e can ev aluate a v alue of the ob jectiv e function f ( x ) and an

arbitrary subgradien t � 2 @ f ( x ).

The basic idea of v ariable metric bundle metho ds for nonsmo oth optimization

is to use some prop erties of bundle metho ds to impro v e the robustness and

e�ciency of the v ariable metric metho d. F urthermore, the time-consuming

quadratic subproblem (3.15) of bundle metho ds need not to b e solv ed.

There are three main di�erences b et w een v ariable metric bundle metho ds

and standard v ariable metric metho ds. The �rst di�erence is the use of n ull

steps. This admits obtaining su�cien t information of the nonsmo oth ob jec-

tiv e function in the cases the descen t condition (3.17) is not satis�ed. The

other di�erences are a simple aggregation of subgradien ts and the application

of lo calit y measures (3.12). These mo di�cations guaran tee the con v ergence

of the aggregate subgradien ts to zero and mak e it p ossible to ev aluate a

termination criterion.
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3.3.1 Direction Finding

In this subsection, w e describ e ho w to �nd a searc h direction d

k

b y using

the v ariable metric bundle metho ds. The basic idea in direction �nding is

the same as with standard v ariable metric metho ds (see Section 3.1) and the

appro ximations D

k

of the in v erse of the Hessian matrix are formed b y using

the usual v ariable metric up dates.

Ho w ev er, due to the use of n ull steps some mo di�cations ha v e to b e made:

After w e ha v e tak en a n ull step, the appro ximation D

k

of the in v erse of

the Hessian matrix is formed b y using the symmetric-rank-one (SR1) up-

date (3.8), since this up date form ula preserv es the b oundedness of generated

matrices as required for the pro of of global con v ergence (see Luk � san and

Vl � cek (1999a), Vl � cek and Luk � san (1999)). In addition, w e use an aggregate

subgradien t

~

�

k

to calculate the searc h direction

d

k

= � D

k

~

�

k

:

Because the b oundedness of the generated matrices is not required after a

serious step, the more e�cien t standard Bro yden-Fletc her-Goldfarb-Shanno

(BF GS) up date (3.7) is used together with the original subgradien t �

k

(note

that after a serious step

~

�

k

= �

k

2 @ f ( x

k

)). Th us, after a serious step, the

searc h direction d

k

is de�ned b y

d

k

= � D

k

�

k

:

3.3.2 Selection of Step Sizes

In this subsection, w e consider ho w to calculate a new iteration p oin t x

k +1

when the searc h direction d

k

has b een calculated. Similarly to bundle meth-

o ds w e use a pro cedure that generates t w o p oin ts: a new iteration p oin t x

k +1

and a new auxiliary p oin t y

k +1

.

In con v ex case, there is no need to use an y t w o-p oin t line searc h pro cedure

as in standard bundle metho ds (see Subsection 3.2.2). Th us, the determi-

nation of the auxiliary p oin ts y

k

di�ers from b oth standard bundle metho ds

and v ariable metric bundle metho ds for noncon v ex but lo cally Lipsc hitz con-

tin uous functions. In a con v ex case, the auxiliary p oin ts y

k

are determined

b y

y

1

= x

1

;

y

k +1

= x

k

+ t

k

d

k

; for all k � 1 ;
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where t

k

2 [ t

min

; t

max

] is an appropriately c hosen step size (for details, see

Luk � san and Vl � cek (1999a)) and t

max

> 1 and t

min

2 (0 ; 1) are the upp er and

lo w er b ound for the step size t

k

. An essen tial condition for a serious step to

b e tak en is to ha v e (compare with (3.17))

f ( y

k +1

) � f ( x

k

) � "

L

t

k

w

k

; (3.19)

where "

L

2 (0 ; 1 = 2) is a �xed line searc h parameter and w

k

> 0 represen ts the

desirable amoun t of descen t. The parameter w

k

is also used as a stopping

parameter (see, e.g., Vl � cek and Luk � san (1999)). If the required condition

(3.19) is satis�ed, then

x

k +1

= y

k +1

and a serious step is tak en. Otherwise, a n ull step is tak en, that is, x

k +1

= x

k

but information ab out the ob jectiv e function is increased.

In a noncon v ex case, the auxiliary p oin ts y

k

are determined quite similarly

to standard bundle metho ds (see Subsection 3.2.2), that is

y

1

= x

1

;

x

k +1

= x

k

+ t

k

L

d

k

; for all k � 1 ;

y

k +1

= x

k

+ t

k

R

d

k

; for all k � 1 ;

where t

k

R

2 (0 ; t

k

I

], t

k

L

2 [0 ; t

k

R

] are appropriately c hosen step sizes, t

k

I

2

[ t

min

; t

max

) is an initial step size and t

max

> 1 and t

min

2 (0 ; 1) are the upp er

and lo w er b ound for the initial step size t

k

I

, resp ectiv ely . The p ossibilit y of

using step sizes greater than 1 is useful here, b ecause the information ab out

the ob jectiv e function f , included in matrix D

k

, is not su�cien t for a prop er

step size determination in the nonsmo oth case. Ev en if the selection of the

initial step sizes t

k

I

is not needed for pro ving the global con v ergence, the

e�ciency of the algorithm is v ery sensitiv e to ho w it is realized. A detailed

description of the c hoice of the initial step size can b e found in Vl � cek and

Luk � san (1999).

An essen tial condition for a serious step to b e tak en in the case of a noncon v ex

ob jectiv e function is similar to that of bundle metho ds (see (3.17)). That is,

t

k

R

= t

k

L

> 0 and f ( x

k +1

) � f ( x

k

) � � "

L

t

k

L

w

k

; (3.20)

where, as in the con v ex case, "

L

2 (0 ; 1 = 2) is a �xed line searc h parameter and

w

k

> 0 represen ts the desirable amoun t of descen t. If the required condition

(3.20) is satis�ed, then

x

k +1

= y

k +1
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and a serious step is tak en. Also a condition for a n ull step to b e tak en is

similar to that of bundle metho ds (see (3.18)). Th us, a n ull step is tak en, if

t

k

R

> t

k

L

= 0 and � �

k +1

+ d

T

k

�

k +1

� � "

R

w

k

; (3.21)

where "

R

2 ( "

L

; 1) is a �xed line searc h parameter and �

k +1

is the lo calit y

measure similar to bundle metho ds (see (3.12)). In the case of a n ull step

x

k +1

= x

k

but information ab out the ob jectiv e function is increased.

Next w e presen t a line searc h algorithm, whic h is used to determine the

ultimate step sizes t

k

L

and t

k

R

in v ariable metric bundle metho ds for noncon v ex

lo cally Lipsc hitz functions (see Vl � cek and Luk � san (1999)). The algorithm

giv en b elo w can also b e used with standard bundle metho ds.

Supp ose that w e ha v e p ositiv e line searc h parameters "

L

2 (0 ; 1 = 2) and

"

R

2 ( "

L

; 1), a distance measure parameter 
 � 0 ( 
 = 0 if f is con v ex),

a lo calit y measure parameter ! � 1 and the desirable amoun t of descen t w

k

.

In addition, w e ha v e a lo w er b ound for serious steps t

min

2 (0 ; 1) and the

initial step size t

k

I

. Note that in bundle metho ds the initial step size t

k

I

is

�xed to 1.

Algorithm 3.3. (Line Searc h).

Step 0: ( Initialization. ) Set t

A

= 0 and t = t

U

= t

k

I

. Cho ose � 2 (0 ; 1 = 2),

"

A

2 (0 ; "

R

� "

L

) and "

T

2 ( "

L

; "

R

� "

A

).

Step 1: ( New values. ) Compute f ( x

k

+ t d

k

), � 2 @ f ( x

k

+ t d

k

) and

� = max f j f ( x

k

) � f ( x

k

+ t d

k

) + t d

T

k

� ) j ; 
 ( t k d

k

k )

!

g :

If f ( x

k

+ t d

k

) � f ( x

k

) � "

T

tw

k

, then set t

A

= t . Otherwise set t

U

= t .

Step 2: ( Serious Step. ) If

f ( x

k

+ t d

k

) � f ( x

k

) � "

L

tw

k

and either

t � t

min

or � > "

A

w

k

;

then set t

k

R

= t

k

L

= t and terminate the computation.

Step 3: ( Nul l Step. ) If

� � + d

T

k

� � � "

R

w

k

;

then set t

k

R

= t , t

k

L

= 0 and terminate the computation.
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Step 4: ( Interp olation. ) Cho ose

t 2 [ t

A

+ � ( t

U

� t

A

) ; t

U

� � ( t

U

� t

A

)]

b y using some in terp olation pro cedure and go to Step 1.

It can b e pro v ed under some semi-smo othness h yp othesis (see, e.g., Vl � cek

and Luk � san (1999)) that the Algorithm 3.3 terminates in a �nite n um b er of

iterations, �nding step sizes t

k

L

and t

k

R

satisfying f ( x

k +1

) � f ( x

k

) � � "

L

t

k

L

w

k

and, in case of t

k

L

= 0 (n ull step), also (3.21).

3.3.3 Aggregation

In this subsection, w e brie
y describ e the simple aggregation pro cedure used

with the v ariable metric bundle metho ds.

The aggregation pro cedure uses three subgradien ts and t w o lo calit y mea-

sures. W e denote b y m the lo w est index j satisfying x

j

= x

k

(index of

the iteration after the latest serious step). If w e ha v e the basic subgradien t

�

m

2 @ f ( x

k

), the auxiliary subgradien t �

k +1

2 @ f ( y

k +1

) and the curren t ag-

gregate subgradien t

~

�

k

, then the next aggregate subgradien t

~

�

k +1

is de�ned

as a con v ex com bination of these three subgradien ts:

~

�

k +1

= �

k

1

�

m

+ �

k

2

�

k +1

+ �

k

3

~

�

k

:

In addition, if w e ha v e the curren t lo calit y measure �

k +1

and the curren t

aggregate lo calit y measure

~

�

k

, then the next aggregate lo calit y measure

~

�

k +1

is de�ned as a con v ex com bination of these t w o lo calit y measures:

~

�

k +1

= �

k

2

�

k +1

+ �

k

3

~

�

k

:

The m ultipliers �

k

i

� 0 for i 2 f 1 ; 2 ; 3 g ,

P

3

i =1

�

k

i

= 1 can b e determined b y

minimizing a quadratic function ' that dep ends on the three subgradien ts

and the t w o lo calit y measures men tioned ab o v e. The quadratic function ' is

de�ned b y

' ( �

1

; �

2

; �

3

) = ( �

1

�

m

+ �

2

�

k +1

+ �

3

~

�

k

)

T

D

k

( �

1

�

m

+ �

2

�

k +1

+ �

3

~

�

k

) (3.22)

+ 2( �

2

�

k +1

+ �

3

~

�

k

) :

Th us, the quadratic subproblem (3.15) app earing in standard bundle meth-

o ds has b een reduced to the minimization of the simple function (3.22). Note

that the aggregate v alues are computed only if the last step w as a n ull step.

Otherwise, w e set

~

�

k +1

= �

k +1

2 @ f ( x

k +1

) and

~

�

k +1

= 0.
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3.3.4 Algorithm

No w w e presen t a v ariable metric bundle algorithm. The algorithm is suitable

for minimizing b oth con v ex and noncon v ex but lo cally Lip c hitz ob jectiv e

functions. Note that it can still b e simpli�ed a little for con v ex functions.

Algorithm 3.4. (V ariable Metric Bundle Metho d).

Data: Select p ositiv e line searc h parameters "

L

2 (0 ; 1 = 2) and "

R

2 ( "

L

; 1).

Cho ose a �nal accuracy tolerance " � 0, a distance measure param-

eter 
 � 0 ( 
 = 0 if f is con v ex) and a lo calit y measure parameter

! � 1.

Step 0: ( Initialization. ) Cho ose the starting p oin t x

1

2 R

n

and the p ositiv e

de�nite matrix D

1

(e.g., D

1

= I ). Set

y

1

= x

1

and

�

1

= 0 :

Compute

f

1

= f ( x

1

) and

�

1

2 @ f ( x

1

) :

Set the iteration coun ter k = 1.

Step 1: ( Serious step initialization. ) Set the aggregate subgradien t

~

�

k

= �

k

and the aggregate subgradien t lo calit y measure

~

�

k

= 0. Set the index

v ariable for n ull steps m = k .

Step 2: ( Stopping criterion. ) Set

w

k

=

~

�

T

k

D

k

~

�

k

+ 2

~

�

k

:

If w

k

� " , then stop.

Step 3: ( Line se ar ch. ) Set

d

k

= � D

k

~

�

k

:

(Note that after a serious step, w e ha v e

~

�

k

= �

k

).
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Determine step sizes t

k

L

and t

k

R

b y the line searc h Algorithm 3.3 to

tak e either a serious step or a n ull step (dep ending on whether (3.20)

or (3.21) holds). Calculate the corresp onding v alues

x

k +1

= x

k

+ t

k

L

d

k

;

y

k +1

= x

k

+ t

k

R

d

k

;

f

k +1

= f ( x

k +1

) ;

�

k +1

2 @ f ( y

k +1

) :

Set u

k

= �

k +1

� �

m

. If t

k

L

> 0 (serious step), set �

k +1

= 0 and go to

Step 6. Otherwise, calculate the lo calit y measure �

k +1

(see (3.12)).

Step 4: ( A ggr e gation. ) Determine m ultipliers �

k

i

� 0, i 2 f 1 ; 2 ; 3 g ,

P

3

i =1

�

k

i

=

1 that minimize the function

' ( �

1

; �

2

; �

3

) = ( �

1

�

m

+ �

2

�

k +1

+ �

3

~

�

k

)

T

D

k

( �

1

�

m

+ �

2

�

k +1

+ �

3

~

�

k

)

+ 2( �

2

�

k +1

+ �

3

~

�

k

) :

Set

~

�

k +1

= �

k

1

�

m

+ �

k

2

�

k +1

+ �

k

3

~

�

k

and

~

�

k +1

= �

k

2

�

k +1

+ �

k

3

~

�

k

:

Step 5: ( SR1 up date. ) Let v

k

= D

k

u

k

� t

k

R

d

k

. If

~

�

T

k

v

k

< 0, then set

D

k +1

= D

k

�

v

k

v

T

k

u

T

k

v

k

;

otherwise set D

k +1

= D

k

. Set k = k + 1 and go to Step 2.

Step 6: ( BF GS up date. ) If u

T

k

d

k

> 0, then set

D

k +1

= D

k

+

�

t

k

L

+

u

T

k

D

k

u

k

u

T

k

d

k

�

d

k

d

T

k

u

T

k

d

k

�

D

k

u

k

d

T

k

+ d

k

u

T

k

D

k

u

T

k

d

k

:

Otherwise, set D

k +1

= D

k

. Set k = k + 1 and go to Step 1.

In a con v ex case, the line searc h pro cedure in Step 3 can b e replaced b y a

simple step size selection, whic h is either accepted (serious step) or not (n ull

step). In the case of a n ull step, the v alue �

k +1

should b e the linearization

error f ( x

k

) � f ( y

k +1

) + t

k

d

T

k

�

k +1

corresp onding to bundle metho ds. Ho w ev er,

this leads to theoretical di�culties when the step size t

k

is greater than 1
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and, therefore, the linearization error is divided b y t

k

. In a noncon v ex case,

the lo calit y measure similar to bundle metho ds (3.12) is used.

The condition

~

�

T

k

v

k

< 0 ;

in Step 5 (or u

T

k

d

k

> t

k

R

d

T

k

D

� 1

k

d

k

), whic h implies that u

T

k

v

k

> 0, ensures

the p ositiv e de�niteness of the matrices D

k +1

obtained b y the SR1 up date.

Similarly , the condition

d

T

k

u

k

> 0

in Step 6 ensures the p ositiv e de�niteness of the matrices D

k +1

obtained b y

the BF GS up date ( d

T

k

u

k

> 0 holds whenev er f is con v ex). Therefore, all the

matrices generated b y Algorithm 3.4 are p ositiv e de�nite.

Under mild assumptions it can b e pro v ed that in Algorithm 3.4 ev ery cluster

p oin t in the sequence ( x

k

) is a stationary p oin t of the ob jectiv e function (see

Luk � san and Vl � cek (1999a) and Vl � cek and Luk � san (1999)).

As men tioned in Subsection 3.3.3, the aggregation pro cedure uses only three

subgradien ts and t w o lo calit y measures to compute the new aggregate v alues.

In practice, this means that the minim um size of the bundle m

�

is 2 and a

larger bundle is used only for the step size selection, whic h do es not require

time-consuming op erations (see Luk � san and Vl � cek (1999a) and Vl � cek and

Luk � san (1999)).

3.4 Bundle-Newton metho ds

Finally , w e describ e the main ideas of the second order bundle-Newton meth-

o ds. The idea of the bundle-Newton metho d is v ery similar to that of bundle

metho ds describ ed in Section 3.2. F or this reason, w e only describ e the most

essen tial di�erences of these metho ds. F or more details, w e refer to Luk � san

and Vl � cek (1998).

W e assume that at eac h p oin t x 2 R

n

w e can ev aluate, in addition to the

v alue of the function f ( x ) and an arbitrary subgradien t � 2 @ f ( x ), also an

n � n symmetric matrix B ( x ) appro ximating the Hessian matrix H ( x ) of

the ob jectiv e function. F or example, at the kink p oin t x (that is the p oin t

where the function fails to b e (t wice) di�eren tiable) of a piecewise t wice

di�eren tiable function, w e can set B ( x ) = H ( y ), where y b elongs to an

arbitrarily small neigh b orho o d of x .
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Instead of piecewise linear appro ximation (3.10) of f w e use a piecewise

quadratic appro ximation of the form

~

f

k

( x ) = max f f ( y

j

) + �

T

j

( x � y

j

) +

1

2

%

j

( x � y

j

)

T

B

j

( x � y

j

) j j 2 J

k

g

= max f f ( x

k

) + �

T

j

( x � x

k

) +

1

2

%

j

( x � x

k

)

T

B

j

( x � x

k

) � �

k

j

j j 2 J

k

g ;

where B

j

= B ( y

j

), %

j

2 [0 ; 1] is a damping p ar ameter and, as b efore, y

j

2

R

n

are some auxiliary p oin ts from previous iteration, �

j

2 @ f ( y

j

) are the

corresp onding subgradien ts of those p oin ts and J

k

is a nonempt y subset of

f 1 ; :::; k g . F or all j 2 J

k

the linearization error �

k

j

is de�ned as

�

k

j

= f ( x

k

) � f ( y

j

) � �

T

j

( x

k

� y

j

) �

1

2

%

j

( x

k

� y

j

)

T

B

j

( x

k

� y

j

) : (3.23)

Note that no w �

k

j

ma y b e negativ e ev en in the con v ex case. Therefore, the lin-

earization error (3.23) is replaced b y the subgradien t lo calit y measure (3.12)

with the di�erence that no w w e ha v e 
 > 0 and so w e preserv e the prop ert y

min

x 2 R

n

~

f

k

( x ) � f ( x

k

) (see Luk � san and Vl � cek (1998)).

The searc h direction d

k

can b e determined as a solution of the problem

(

minimize

~

f

k

( x

k

+ d )

suc h that d 2 R

n

:

(3.24)

Since there already exist some second order information in the mo del, no

regularizing quadratic term is required lik e in standard bundle metho ds (see

Section 3.2). The problem (3.24) is in fact a nonlinear min-max problem,

whic h can b e solv ed appro ximately b y the Lagrange-Newton metho d (see,

e.g., Fletc her (1987)). Th us, w e get a (smo oth) quadratic optimization prob-

lem of �nding the solution ( d

k

; v

k

) 2 R

n +1

of the problem

(

minimize

1

2

d

T

W

k

d + v

sub ject to � �

k

j

+ d

T

�

k

j

� v for all j 2 J

k

;

(3.25)

where �

k

j

is the subgradien t lo calit y measure, �

k

j

= �

j

+ %

j

B

j

( x

k

� y

j

),

W

k

=

X

j 2J

k � 1

�

k � 1

j

%

j

B

j

and �

k � 1

j

for j 2 J

k � 1

are the Lagrange m ultipliers of (3.25) from the previous

iteration k � 1. Since the metho d needs a p ositiv e de�nite matrix in (3.25),
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the matrix W

k

is replaced b y its p ositiv e de�nite mo di�cation when necessary

(see Luk � san and Vl � cek (1998)).

The line searc h pro cedure of the bundle-Newton metho d di�ers from that

giv en earlier for standard bundle metho ds and v ariable metric bundle meth-

o ds. The line searc h algorithm used with bundle-Newton metho d is presen ted

in Luk � san and Vl � cek (1998).

Under mild assumptions it can b e pro v ed that in bundle-Newton metho d

ev ery cluster p oin t in the sequence ( x

k

) is a stationary p oin t of the ob jectiv e

function (see Luk � san and Vl � cek (1998)).

4 Smo oth Large-Scale Optimization

Man y practical applications in v olv e large dimensions. E�cien t algorithms

for small-scale problems do not necessarily translate in to e�cien t algorithms

in the large-scale setting, since large-scale problems often in v olv e sparse ma-

trices. F or example, standard v ariable metric metho ds are unsuitable for

large-scale problems, since they utilize dense appro ximations of the Hessian

matrices. Ho w ev er, for v ariable metric metho ds, there exist three basic ap-

proac hes to optimize smo oth large-scale problems. The �rst idea consists of

exploiting the structure of partially separable functions. This approac h w as

initiated in Griew ank and T oin t (1982). The second approac h is to preserv e

the sparsit y pattern of the Hessian b y sp ecial up dates. This approac h w as

prop osed in T oin t (1977). The third p ossibilit y is that of limited memory

up dating, in whic h only a few v ectors are used and stored to represen t the

v ariable metric appro ximation of the Hessian matrix. This approac h w as �rst

in tro duced in No cedal (1980).

In this c hapter, w e presen t limited memory v ariable metric metho ds. In

man y cases, these metho ds are more useful than the t w o other approac hes,

since they do not require kno wledge of the sparsit y structure of the Hessian

(sparse v ariable metric up dates) and they ignore the structure of the problem

(partitioned v ariable metric metho ds) (see, e.g., No cedal (1997)). W e giv e

�rst the basic ideas of limited memory metho ds as they are giv en in No cedal

(1980). Then w e presen t compact matrix represen tations to v ariable met-

ric up dates and at the end of this c hapter w e apply these compact matrix

represen tations to the limited memory metho ds (see Byrd et al. (1994)). In

Chapter 5, the same ideas are used to construct a new metho d for nonsmo oth

large-scale optimization.

In this c hapter w e assume that the ob jectiv e function f : R

n

! R is a smo oth

function whose gradien t r f ( x ) is a v ailable for all x 2 R

n

.
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4.1 Limited Memory V ariable Metric Metho ds

V arious limited memory metho ds ha v e b een prop osed in the literature; some

of them com bine conjugate gradien t and quasi-Newton steps (see, e.g., Buc k-

ley and LeNir (1983)), and others are v ery closely related to quasi-Newton

metho ds (see, e.g., No cedal (1980) and Liu and No cedal (1989)). The basic

idea of limited memory metho ds is that the v ariable metric up date of the

appro ximated Hessian is not constructed explicitly . The up dates use the in-

formation of the last few iterations to de�ne a v ariable metric appro ximation.

In practice, this means that the appro ximations of the Hessian matrices are

not so accurate than those of standard v ariable metric metho ds but b oth the

storage space required and the n um b er of op erations used are signi�can tly

smaller.

The most commonly used limited memory metho d is the limited memory

BF GS metho d (L-BF GS). This metho d is v ery similar to the standard BF GS

metho d (see Section 3.1). The only di�erence is the matrix up date. Instead of

storing matrices D

k

appro ximating the in v erse of the Hessian matrix, w e store

m

c

correction pairs ( s

k

; u

k

). Here, m

c

is the n um b er of stored corrections

supplied b y the user (usually 3 � m

c

� 20), s

k

= x

k +1

� x

k

, u

k

= r f ( x

k +1

) �

r f ( x

k

) and x

k

is the curren t iteration p oin t, x

k +1

is the next iteration p oin t

and r f ( x

k

) and r f ( x

k +1

) are the corresp onding gradien ts at those p oin ts,

resp ectiv ely . When the a v ailable storage space is used up, the oldest pair

( s

k � m

c

; u

k � m

c

) is deleted and a new one is inserted. The stored correction

pairs are used to de�ne the matrices D

k

implicitly through the inverse BF GS

up date form ula giv en in the form (see, e.g., Fletc her (1987))

D

k +1

= V

T

k

D

k

V

k

+

1

b

k

s

k

s

T

k

; (4.1)

where

b

k

= u

T

k

s

k

and V

k

= I �

1

b

k

u

k

s

T

k

:

Supp ose no w that w e ha v e the curren t iterate x

k

and w e ha v e stored at most

m

c

pairs ( s

i

; u

i

), where i = 1 ; :::; k � 1, if k � m

c

, and i = k � m

c

; : : : ; k � 1,

if k > m

c

. W e �rst de�ne the basic matrix D

(0)

k

, whic h is usually a diagonal

matrix of the form D

(0)

k

= #

k

I (see, e.g., No cedal (1997)), where

#

k

=

u

T

k � 1

s

k � 1

u

T

k � 1

u

k � 1

:
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Then the basic matrix is up dated (at most) m

c

times b y using the BF GS

form ula (4.1) with the v ectors s

i

and u

i

. Th us, for k � m

c

, the appro ximation

D

k

of the in v erse of the Hessian matrix can b e written as

D

k

=

 

k � 1

Y

i =1

V

i

!

T

D

(0)

k

 

k � 1

Y

i =1

V

i

!

+

k � 1

X

l =1

1

b

l

 

k � 1

Y

i = l +1

V

i

!

T

s

l

s

T

l

 

k � 1

Y

i = l +1

V

i

!

(4.2)

and for k > m

c

, D

k

can b e written as

D

k

=

 

k � 1

Y

i = k � m

c

V

i

!

T

D

(0)

k

 

k � 1

Y

i = k � m

c

V

i

!

+

k � 1

X

l = k � m

c

1

b

l

 

k � 1

Y

i = l +1

V

i

!

T

s

l

s

T

l

 

k � 1

Y

i = l +1

V

i

!

: (4.3)

If D

(0)

k

is p ositiv e de�nite, then all the matrices de�ned b y (4.2) and (4.3)

are p ositiv e de�nite (pro vided u

T

i

s

i

> 0 for all i ) (see, e.g., No cedal (1980)).

W e shall no w presen t an algorithm for the limited memory BF GS metho d.

Algorithm 4.1. (L-BF GS Metho d).

Data: Cho ose a �nal accuracy tolerance " > 0, p ositiv e line searc h param-

eters "

L

2 (0 ; 1 = 2) and "

R

2 ( "

L

; 1) and the maxim um n um b er of

stored correction pairs m

c

> 1.

Step 0: ( Initialization. ) Cho ose the starting p oin t x

1

2 R

n

and the symmet-

ric, p ositiv e de�nite matrix D

(0)

1

, e.g. D

(0)

1

= I . Compute f

1

= f ( x

1

)

and r f

1

= r f ( x

1

). Set the iteration coun ter k = 1.

Step 1: ( Dir e ction �nding. ) If kr f

k

k � " , then stop. Otherwise, compute

d

k

= � D

k

r f

k

b y Algorithm 4.2.

Step 2: ( Line se ar ch. ) Determine step size t

k

> 0 satisfying the W olfe con-

ditions:

f ( x

k

+ t

k

d

k

) � f

k

� "

L

t

k

d

T

k

r f

k

and

d

T

k

r f ( x

k

+ t

k

d

k

) � "

R

d

T

k

r f

k

(try the step size t

k

= 1 �rst). Set x

k +1

= x

k

+ t

k

d

k

. Compute

f

k +1

= f ( x

k +1

) and r f

k +1

= r f ( x

k +1

).
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Step 3: ( Up date. ) If k > m

c

, delete the oldest correction pair ( s

k � m

c

; u

k � m

c

).

Compute and store s

k

= x

k +1

� x

k

and u

k

= r f

k +1

� r f

k

. Calculate

the basic matrix D

(0)

k +1

= #

k +1

I , where

#

k +1

=

u

T

k

s

k

u

T

k

u

k

:

Increase k b y one and go to Step 1.

Note that in Step 1 the matrices D

k

are not formed explicitly but the searc h

direction d

k

= � D

k

r f

k

is calculated recursiv ely . Supp ose no w that the

curren t iteration is k and that w e ha v e the n um b er of stored corrections

m

k

= min f k � 1 ; m

c

g and the m

k

pairs of di�erence v ectors ( s

i

; u

i

), whic h

w e lab el for simplicit y ( s

1

; u

1

) ; : : : ; ( s

m

k

; u

m

k

). In addition, w e ha v e an initial

p ositiv e de�nite diagonal matrix D

(0)

k

and the curren t gradien t r f

k

. W e no w

presen t an e�cien t algorithm for direction �nding b y No cedal (1980).

Algorithm 4.2. (Direction Finding I).

Step 0: Set y = r f

k

.

Step 1: F or i = m

k

to 1 set ( b ackwar d r e curr enc e )

�

i

=

s

T

i

y

u

T

i

s

i

(store �

i

) and set

y = y � �

i

u

i

:

Step 2: Set r = D

(0)

k

y .

Step 3: F or i = 1 to m

k

set ( forwar d r e curr enc e )

� =

u

T

i

r

u

T

i

s

i

and

r = r + ( �

i

� � ) s

i

:

Step 4: Set d

k

= � r .

Note that, if m

k

= 0, Steps 1 and 3 are not executed and, th us, the searc h

direction at the �rst iteration is d

k

= � D

(0)

1

r f

1

.
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This represen tation of the BF GS up date requires only O ( nm

c

) storage space.

Assuming m

c

� n this is m uc h less than the O ( n

2

) storage space required for

the standard BF GS implemen tation. The searc h direction can b e computed

implicitly using at most O ( nm

c

) op erations. Also this is m uc h less than the

O ( n

2

) op erations normally needed to compute � D

k

r f ( x

k

) when the whole

matrix D

k

is stored. This mak es the limited memory BF GS metho d suitable

for large-scale problems, since it has b een observ ed in practice that small

v alues of m

c

( m

c

2 [3 ; 7]) giv e satisfactory results (see, e.g., Liu and No cedal

(1989) and Gilb ert and Lemar � ec hal (1989)). F urthermore, the limited mem-

ory BF GS metho d giv en ab o v e has b een pro v ed to b e globally and linearly

con v ergen t on con v ex problems for an y starting p oin t (see, Liu and No cedal

(1989)).

4.2 Compact Represen tation of Matrices

The recursiv e form ula giv en in the previous section is v ery e�cien t for un-

constrained optimization. Ho w ev er, if w e wish to use up dates other than

BF GS or if w e need to solv e problems with constrain ts, there are man y ad-

v an tages of the compact represen tation of limited memory matrices (see, e.g.,

Byrd et al. (1994)). When constrain ts are presen t, the recursiv e form ula is

m uc h less economical for some of the required calculations. F or example,

the recursiv e form ula do es not tak e go o d adv an tage of the sparsit y of the

constrain ts. F urthermore, if w e w an t to use the direct appro ximation of the

Hessian, B

k

, instead of the in v erse D

k

, w e ha v e to use the compact represen-

tation of the matrices, since there exist no analogous recursion for the direct

appro ximation of the Hessian B

k

.

In this section, w e �rst consider the up dating pro cess in a general setting.

W e sho w that b oth the in v erse BF GS and the in v erse SR1 up dates can b e

presen ted in a compact matrix form. A t the end of this section w e apply

these results to limited memory metho ds for smo oth large-scale optimization

and in Chapter 5 the same ideas are used to construct a new metho d for

nonsmo oth large-scale optimization.

4.2.1 Compact Represen tation of BF GS and SR1 Up dates

In this subsection, w e describ e the represen tations of in v erse BF GS and in-

v erse SR1 up dates. W e sho w that b oth of these up dates can b e represen t in

a compact matrix form.
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So far, w e ha v e dealt with di�erence v ectors s

i

and u

i

and a v oided storing

an y matrices. No w w e de�ne the n � ( k � 1) matrices S

k

and U

k

b y

S

k

=

�

s

1

: : : s

k � 1

�

and (4.4)

U

k

=

�

u

1

: : : u

k � 1

�

;

where, as b efore, s

k

= x

k +1

� x

k

and u

k

= r f ( x

k +1

) � r f ( x

k

).

Let R

k

b e an upp er triangular matrix of order k � 1 giv en in the form

( R

k

)

ij

=

(

s

T

i

u

j

if i � j

0 otherwise,

(4.5)

and let C

k

b e a diagonal matrix of order k � 1 suc h that

C

k

= diag [ s

T

1

u

1

; : : : ; s

T

k � 1

u

k � 1

] : (4.6)

The follo wing theorem giv es a compact represen tation of the matrix D

k

ob-

tained after k � 1 in v erse BF GS up dates.

Theorem 4.2.1. L et the matrix D

1

b e symmetric and p ositive de�nite. As-

sume that the k � 1 p airs ( s

i

; u

i

)

k � 1

i =1

satisfy s

T

i

u

i

> 0 . L et the matrix D

1

b e

up date d k � 1 times by using the inverse BF GS up date formula (4.1) with the

p airs ( s

i

; u

i

)

k � 1

i =1

. Then the r esulting matrix D

k

is given by

D

k

= D

1

+

�

S

k

D

1

U

k

�

�

( R

� 1

k

)

T

( C

k

+ U

T

k

D

1

U

k

) R

� 1

k

� ( R

� 1

k

)

T

� R

� 1

k

0

� �

S

T

k

U

T

k

D

1

�

;

(4.7)

wher e S

k

, U

k

, R

k

and C

k

ar e de�ne d as in (4.4), (4.5) and (4.6).

Pro of. See Byrd et al. (1994).

Note that the conditions s

T

i

u

i

> 0, i = 1 ; : : : ; k � 1, in Theorem 4.2.1 ensure

that R

k

is nonsingular and, th us, (4.7) is w ell de�ned. This is consisten t

with the w ell-kno wn result that the BF GS up date form ula preserv es p ositiv e

de�niteness if s

T

i

u

i

> 0 for all i (see, e.g., Fletc her (1987)).

Theorem 4.2.1 giv es us a matrix represen tation of the appro ximation D

k

of

the in v erse of the Hessian matrix. The direct appro ximation B

k

can also b e

easily obtained. F or details, see Byrd et al. (1994).

Next w e pro v e that also the in v erse symmetric rank-one (SR1) up date can

b e presen ted in a matrix form. The inverse SR1 up date form ula is giv en b y

D

k +1

= D

k

�

( D

k

u

k

� s

k

)( D

k

u

k

� s

k

)

T

( D

k

u

k

� s

k

)

T

u

k

: (4.8)
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Note that this up date is w ell de�ned only if the denominator ( D

k

u

k

�

s

k

)

T

u

k

6= 0. In recen t implemen tations of the SR1 metho d, the up date

is simply skipp ed if the denominator is v ery small (see, e.g., F a y ez Khalfan

et al. (1993)). Since the SR1 up date do es not in general preserv e the p osi-

tiv e de�niteness of the generated matrices, there is no reason to enforce the

curv ature condition s

T

k

u

k

> 0 as with BF GS up date. Th us, w e consider the

sequence of up dates to an arbitrary symmetric matrix D

1

sub ject only to the

assumption that the up date is w ell de�ned.

The follo wing theorem is mo di�ed from the result obtained for the direct

SR1 appro ximation of the Hessian in Byrd et al. (1994).

Theorem 4.2.2. L et the symmetric matrix D

1

b e up date d k � 1 times by

me ans of the inverse SR1 up date formula (4.8) using the ve ctors ( s

i

; u

i

)

k � 1

i =1

,

and assume that e ach up date is wel l de�ne d, that is ( D

j

u

j

� s

j

)

T

u

j

6= 0 for

j = 1 ; : : : ; k . Then the r esulting matrix D

k

is given by

D

k

= D

1

� ( D

1

U

k

� S

k

)( U

T

k

D

1

U

k

� R

k

� R

T

k

+ C

k

)

� 1

( D

1

U

k

� S

k

)

T

; (4.9)

wher e S

k

, U

k

, R

k

and C

k

ar e de�ne d as in (4.4), (4.5) and (4.6), and the

matrix M

k

= ( U

T

k

D

1

U

k

� R

k

� R

T

k

+ C

k

) is nonsingular.

Pro of. W e pro v e this via induction. Supp ose k = 2. Then the righ t hand

side of (4.9) is

D

1

�

( D

1

u

1

� s

1

)( D

1

u

1

� s

1

)

T

( D

1

u

1

� s

1

)

T

u

1

= D

2

;

and so the base case is v alid.

No w, assume that (4.9) is v alid for some k . W e de�ne

Q

k

=

�

q

1

: : : q

k � 1

�

= D

1

U

k

� S

k

(4.10)

and

M

k

= U

T

k

D

1

U

k

� R

k

� R

T

k

+ C

k

: (4.11)

Note that the matrix M

k

is symmetric. W e can no w write the SR1 for-

m ula (4.9) as

D

k

= D

1

� Q

k

M

� 1

k

Q

T

k

:

Next w e sho w that (4.9) is v alid for k + 1.
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The next appro ximation of the Hessian, D

k +1

, can b e calculated b y applying

the SR1 up date (4.8) to D

k

. So, w e ha v e

D

k +1

= D

1

� Q

k

M

� 1

k

Q

T

k

�

�

D

1

u

k

� s

k

� Q

k

M

� 1

k

Q

T

k

u

k

� �

D

1

u

k

� s

k

� Q

k

M

� 1

k

Q

T

k

u

k

�

T

( D

1

u

k

� s

k

)

T

u

k

� u

T

k

Q

k

M

� 1

k

Q

T

k

u

k

= D

1

� Q

k

M

� 1

k

Q

T

k

�

�

q

k

� Q

k

M

� 1

k

w

k

� �

q

k

� Q

k

M

� 1

k

w

k

�

T

q

T

k

u

k

� w

T

k

M

� 1

k

w

k

= D

1

� Q

k

M

� 1

k

Q

T

k

�

1

�

k

�

q

k

q

T

k

� q

k

w

T

k

M

� 1

k

Q

T

k

� Q

k

M

� 1

k

w

k

q

T

k

+ Q

k

M

� 1

k

w

k

w

T

k

M

� 1

k

Q

T

k

�

= D

1

�

1

�

k

�

q

k

q

T

k

� q

k

w

T

k

M

� 1

k

Q

T

k

� Q

k

M

� 1

k

w

k

q

T

k

+ Q

k

�

�

k

M

� 1

k

+ M

� 1

k

w

k

w

T

k

M

� 1

k

�

Q

T

k

�

;

where w e ha v e de�ned

w

k

= Q

T

k

u

k

; (4.12)

and where the denominator

�

k

= q

T

k

u

k

� w

T

k

M

� 1

k

w

k

(4.13)

= ( D

k

u

k

� s

k

)

T

u

k

is non-zero b y assumption. W e ma y express this as

D

k +1

= D

1

�

1

�

k

�

Q

k

q

k

�

�

M

� 1

k

�

�

k

I + w

k

w

T

k

M

� 1

k

�

� M

� 1

k

w

k

� w

T

k

M

� 1

k

1

� �

Q

T

k

q

T

k

�

:

(4.14)

Note that the matrix

�

Q

k

q

k

�

= Q

k +1

.

F rom de�nitions (4.10), (4.11) and (4.12) w e see that the new matrix M

k +1

is giv en b y

M

k +1

= U

T

k +1

D

1

U

k +1

� R

k +1

� R

T

k +1

+ C

k +1

=

�

M

k

U

T

k

D

1

u

k

� S

T

k

u

k

( U

T

k

D

1

u

k

� S

T

k

u

k

)

T

u

T

k

D

1

u

k

� s

T

k

u

k

�

=

�

M

k

w

k

w

T

k

q

T

k

u

k

�

:
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By direct m ultiplication, using (4.10), (4.12) and (4.13) w e see that

�

M

k

w

k

w

T

k

q

T

k

u

k

� �

M

� 1

k

�

�

k

I + w

k

w

T

k

M

� 1

k

�

� M

� 1

k

w

k

� w

T

k

M

� 1

k

1

�

1

�

k

= I : (4.15)

Therefore, M

k +1

is in v ertible with M

� 1

k +1

giv en in the second matrix in (4.15),

but this is the same matrix that app ears in (4.14). Th us, w e see that (4.14)

is equiv alen t to (4.9) with k replaced b y k + 1. Hence, (4.9) is v alid also for

k + 1. �

4.2.2 Compact Represen tation of Limited Memory Matrices

In the previous subsection w e sho w ed that b oth the in v erse BF GS and the

in v erse SR1 up dates can b e presen ted in the compact matrix forms (4.7) and

(4.9), resp ectiv ely . No w, it is straigh t forw ard to describ e a limited memory

implemen tation for these up dates. W e k eep the m

c

most recen t correction

pairs ( s

i

; u

i

) in order to implicitly de�ne the appro ximation of the in v erse

of the Hessian matrix at eac h iteration. A t ev ery iteration this set of pairs

is up dated b y deleting the oldest pair ( s

k � m

c

; u

k � m

c

) and adding a new one

( s

k

; u

k

). W e assume that the maxim um n um b er of stored corrections m

c

is

constan t, ev en if it is p ossible to adapt all the form ulae of this section to the

case where m

c

is v arying at ev ery iteration (see, e.g., Kolda et al. (1998)).

W e de�ne n � m

k

correction matrices S

k

and U

k

b y

S

k

=

�

s

k � m

k

: : : s

k � 1

�

and (4.16)

U

k

=

�

u

k � m

k

: : : u

k � 1

�

;

where, as b efore, s

k

= x

k +1

� x

k

, u

k

= r f ( x

k +1

) � r f ( x

k

) and m

k

=

min f k � 1 ; m

c

g is the curren t n um b er of stored corrections.

W e assume that the basic matrix D

(0)

k

is giv en in the form D

(0)

k

= #

k

I ,

for some #

k

> 0, as is commonly done in practice (see, e.g., Gilb ert and

Lemar � ec hal (1989) and Liu and No cedal (1989)). F rom (4.7) w e see that the

in v erse limited memory BF GS up date can b e expressed as

D

k

= #

k

I +

�

S

k

#

k

U

k

�

�

( R

� 1

k

)

T

( C

k

+ #

k

U

T

k

U

k

) R

� 1

k

� ( R

� 1

k

)

T

� R

� 1

k

0

� �

S

T

k

#

k

U

T

k

�

;

(4.17)

where R

k

is the upp er triangular matrix of order m

k

giv en in the form

( R

k

)

ij

=

(

( s

k � m

k

� 1+ i

)

T

( u

k � m

k

� 1+ j

) if i � j

0 otherwise

(4.18)
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and where C

k

is the diagonal matrix of order m

k

suc h that

C

k

= diag [ s

T

k � m

k

u

k � m

k

; : : : ; s

T

k � 1

u

k � 1

] : (4.19)

When the new iteration p oin t x

k +1

is generated, the new correction matrices

S

k +1

and U

k +1

are obtained b y deleting the oldest corrections s

k � m

k

and

u

k � m

k

from S

k

and U

k

if m

k +1

= m

k

(that is, k > m

c

) and b y adding the

most recen t corrections s

k

and u

k

to the matrices.

Next w e describ e some pro cedures for the calculation of the searc h direction

d

k

= � D

k

r f ( x

k

) when the compact matrix represen tation of limited mem-

ory BF GS up dates is used. In addition to the t w o n � m

c

matrices S

k

and

U

k

, the m

c

� m

c

matrices U

T

k

U

k

, R

k

and C

k

are stored. Since in practice

m

c

is clearly smaller than n , the storage space required b y these three auxil-

iary matrices is insigni�can t but the sa vings in computation are considerable

when comparing with the standard BF GS implemen tation.

A t the k -th iteration w e ha v e to up date the limited memory represen tation

of D

k � 1

to get D

k

and calculate the searc h direction d

k

= � D

k

r f ( x

k

). T o

up date D

k � 1

w e delete a column from S

k � 1

and U

k � 1

and add a new column

to eac h of these matrices. Then w e mak e the corresp onding up dates to

R

k � 1

, U

T

k � 1

U

k � 1

and C

k � 1

. These up dates can b e done in O ( m

2

c

) op erations

b y sa ving a small amoun t of additional information, namely the m

c

-v ectors

S

T

k � 1

r f ( x

k � 1

) and U

T

k � 1

r f ( x

k � 1

) from the previous iteration. F or example,

the new triangular matrix R

k

is formed from R

k � 1

(see (4.18)) b y deleting

the �rst ro w and column if m

k

= m

k � 1

and b y adding a new column as the

righ t column and a new ro w as the last ro w. The new column is giv en b y

S

T

k

u

k � 1

= S

T

k

( r f ( x

k

) � r f ( x

k � 1

))

and the new ro w has zero in its �rst m

k

� 1 comp onen ts. The pro duct S

T

k

u

k � 1

can b e computed e�cien tly since w e already kno w m

k

� 1 comp onen ts of

S

T

k

r f ( x

k � 1

) from S

T

k � 1

r f ( x

k � 1

). W e only need to calculate s

T

k � 1

r f ( x

k � 1

)

and do the subtractions. The pro duct s

T

k � 1

r f ( x

k � 1

) can b e calculated in

O ( m

2

c

) b y using the form ula giv en in Byrd et al. (1994). The matrix U

T

k

U

k

can b e up dated in a similar w a y . In this case, b oth the new column and the

new ro w are giv en b y U

T

k

u

k � 1

.

No w w e giv e an e�cien t algorithm b y Byrd et al. (1994) for up dating the

matrix D

k

b y limited memory BF GS form ula and for computing the searc h

direction d

k

= � D

k

r f ( x

k

).

Let the curren t iteration p oin t b e x

k

and let the curren t n um b er of stored

corrections b e m

k

= min f k � 1 ; m

c

g . Supp ose that w e ha v e the previous
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corrections s

k � 1

and u

k � 1

, the curren t gradien t r f

k

= r f ( x

k

), the matri-

ces S

k � 1

, U

k � 1

, R

k � 1

, U

T

k � 1

U

k � 1

and C

k � 1

and the v ectors S

T

k � 1

r f

k � 1

and

U

T

k � 1

r f

k � 1

from the previous iteration. In addition, supp ose that the initial

matrix D

(0)

k

= #

k

I .

Algorithm 4.3. (Direction Finding I I).

Step 1: Obtain S

k

and U

k

b y up dating S

k � 1

and U

k � 1

.

Step 2: Compute m

k

-v ectors S

T

k

r f

k

and U

T

k

r f

k

.

Step 3: Compute m

k

-v ectors S

T

k

u

k � 1

and U

T

k

u

k � 1

b y using the fact

u

k � 1

= r f

k

� r f

k � 1

:

Step 4: Up date m

k

� m

k

matrices R

k

and U

T

k

U

k

.

Step 5: Up date C

k

b y deleting the �rst elemen t of C

k � 1

if m

k

= m

k � 1

and

adding s

T

k � 1

u

k � 1

= ( S

T

k

u

k � 1

)

m

k

as the last elemen t (note that C

k

is

a diagonal matrix and, th us, stored as a v ector).

Step 6: Compute #

k

:

#

k

=

u

T

k � 1

s

k � 1

u

T

k � 1

u

k � 1

:

Note that b oth u

T

k � 1

s

k � 1

and u

T

k � 1

u

k � 1

ha v e already b een calculated.

Step 7: Compute

p =

�

( R

� 1

k

)

T

( C

k

+ #

k

U

T

k

U

k

) R

� 1

k

( S

T

k

r f

k

) � #

k

( R

� 1

k

)

T

( U

T

k

r f

k

)

� R

� 1

k

( S

T

k

r f

k

)

�

:

Step 8: Compute

d

k

= � D

k

r f

k

= � #

k

r f

k

�

�

S

k

#

k

U

k

�

p :

Note that in the �rst iteration ( k = 1) the searc h direction is not calculated

b y the Algorithm 4.3 but it is directly de�ned as d

1

= �r f ( x

1

).

The algorithm giv en ab o v e requires the same amoun t of w ork p er iteration as

the t w o lo op recursion in Algorithm 4.2. Th us, the t w o algorithms are equally

e�cien t for unconstrained problems. In constrained optimization it is v ery

common to ha v e problems where the gradien ts of the constrain ts are sparse.

In these cases, the compact matrix represen tations are more useful than
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Algorithm 4.2, since Algorithm 4.2 do es not tak e adv an tage of the sparsit y

of the v ectors in v olv ed. F or further study of constrained optimization with

limited memory v ariable metric metho ds w e refer to Byrd et al. (1994), Byrd

et al. (1995) and Lalee et al. (1998).

So far, w e ha v e only giv en a represen tation to a limited memory BF GS up-

date. Ho w ev er, limited memory DFP and SR1 up dates can b e expressed in

the compact matrix form as w ell (see, e.g., Byrd et al. (1994), Kolda et al.

(1998) and Luk � san and Sp edicato (2000)). F or example, from 4.9 w e see that

the in v erse limited memory SR1 up date can b e written as

D

k

= D

(0)

k

� ( D

(0)

k

U

k

� S

k

)( U

T

k

D

(0)

k

U

k

� R

k

� R

T

k

+ C

k

)

� 1

( D

(0)

k

U

k

� S

k

)

T

;

(4.20)

where S

k

, U

k

, R

k

and C

k

are de�ned as in (4.16), (4.18) and (4.19). W e do

not giv e an y algorithms for computing pro ducts in v olving limited memory

SR1 matrices, b ecause the ideas are v ery similar to those describ ed ab o v e

with the limited memory BF GS metho d.

The compact represen tations of limited memory matrices based on the direct

appro ximations of the Hessian matrix instead of in v erses can also b e easily

obtained. F or details see, for example, Byrd et al. (1994).

5 Nonsmo oth Large-Scale Optimization

None of the general nonsmo oth metho ds presen ted in Chapter 3 is v ery e�-

cien t for large-scale optimization (see, e.g., M• ak el• a et al. (1999), K• arkk• ainen

et al. (2001)). This is supp orted b y n umerical tests concerning bundle meth-

o ds, v ariable metric bundle metho ds and the bundle-Newton metho d to b e

presen ted in Chapter 6. Standard v ariable metric metho ds and v ariable met-

ric bundle metho ds cannot b e used since they utilize dense appro ximations

of the Hessian matrices and bundle metho ds are not applicable b ecause they

need to solv e a rather exp ensiv e quadratic direction �nding (3.15) at ev-

ery iteration, whic h is a time-consuming pro cedure. F urthermore, w e w ere

not able to �nd an y general solv er for large-scale nonsmo oth optimization

problems from literature.

In this c hapter, w e presen t a new metho d for large-scale nonsmo oth uncon-

strained optimization. This metho d is a h ybrid of the v ariable metric bundle

metho d (Section 3.3) and the limited memory v ariable metric metho d (Sub-

section 4.2.2). W e go through the algorithm step b y step and describ e b oth

its theoretical prop erties and some details of the implemen tation. Note that
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w e recall man y form ulae and pro cedures giv en b efore to mak e this c hapter

more self-con tained.

The new metho d will b e called the limited memory v ariable metric bundle

metho d and its basic idea is v ery simple. W e use all the ideas of v ariable

metric bundle metho ds but the matrix up dating is done b y using the limited

memory approac h. Th us, w e ha v e a metho d that do es not ha v e to solv e the

time-consuming quadratic subproblem (3.15) app earing in standard bundle

metho ds and that uses only few v ectors to represen t the v ariable metric

appro ximation of the Hessian matrix. In this w a y , w e a v oid storing and

manipulating large n � n matrices as in v ariable metric bundle metho ds.

As men tioned in the b eginning of the Chapter 4, there exist three basic ap-

proac h to deal with the v ariable metric appro ximation of the Hessian matrix

in large-scale settings. W e c hose this limited memory approac h since it do es

not need an y information of the structure of problem or its Hessian and,

th us, the only assumptions required are that the ob jectiv e function f is lo-

cally Lipsc hitz con tin uous and that w e can ev aluate the v alue of the ob jectiv e

function f ( x ) and its arbitrary subgradien t � 2 @ f ( x ) at eac h p oin t x 2 R

n

.

5.1 Direction Finding and Matrix Up dating

In this section w e describ e ho w to up date the appro ximation D

k

of the in-

v erse of the Hessian matrix and �nd the searc h direction d

k

when the limited

memory v ariable metric bundle metho d is used. The basic idea of direction

�nding is the same as with the original v ariable metric bundle metho ds (see

Subsection 3.3.1), that is, d

k

= � D

k

~

�

k

but the appro ximations D

k

of the

in v erse of the Hessian matrix are formed b y using the compact matrix rep-

resen tation of limited memory up dates (see Subsection 4.2.2).

W e use the compact represen tation of limited memory matrices, since in ad-

dition to the BF GS up dating form ula w e need also the SR1 up dating form ula

and for SR1 up dates there exist no recursiv e up dating form ula analogous to

that giv en in Algorithm 4.2. Moreo v er, this approac h mak es the further de-

v elopmen t, where the new metho d is generalized for constrained problems,

m uc h easier.

First w e describ e ho w to up date limited memory matrices. W e recall ho w to

presen t the in v erse limited memory BF GS and the in v erse limited memory

SR1 up dates in a compact matrix form. After that w e giv e some ideas of ho w

the searc h direction d

k

can b e calculated b y using these di�eren t up dates.

After discussing these calculations separately , w e then link them together.
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As b efore, w e denote b y m

c

the maxim um n um b er of stored corrections sup-

plied b y the user (3 � m

c

� 20) and b y m

k

= min f k � 1 ; m

c

g the curren t

n um b er of stored corrections. W e k eep the m

c

most recen t correction pairs

( s

i

; u

i

) to implicitly de�ne the appro ximation of the in v erse of the Hessian

matrix at eac h iteration. A t ev ery iteration this set of pairs is up dated b y

deleting the oldest pair ( s

k � m

c

; u

k � m

c

), if m

k

= m

c

, and adding a new one

( s

k

; u

k

).

The n � m

k

correction matrices S

k

and U

k

are de�ned as in Subsection 4.2.2,

that is,

S

k

=

�

s

k � m

k

: : : s

k � 1

�

and

U

k

=

�

u

k � m

k

: : : u

k � 1

�

but no w the di�erence v ectors s

k

and u

k

are giv en b y

s

k

= y

k +1

� x

k

and (5.1)

u

k

= �

k +1

� �

m

;

where y

k +1

is the curren t auxiliary iteration p oin t, x

k

is the curren t iteration

p oin t and �

k +1

and �

m

are the corresp onding subgradien ts of these p oin ts

( m is the index of the iteration after the latest serious step).

As in (4.17), w e de�ne the in v erse limited memory BF GS up date b y the

form ula

D

k

= #

k

I +

�

S

k

#

k

U

k

�

�

( R

� 1

k

)

T

( C

k

+ #

k

U

T

k

U

k

) R

� 1

k

� ( R

� 1

k

)

T

� R

� 1

k

0

� �

S

T

k

#

k

U

T

k

�

;

(5.2)

where R

k

is an upp er triangular matrix of order m

k

giv en in the form

( R

k

)

ij

=

(

( s

k � m

k

� 1+ i

)

T

( u

k � m

k

� 1+ j

) if i � j

0 otherwise,

C

k

is a diagonal matrix of order m

k

suc h that

C

k

= diag [ s

T

k � m

k

u

k � m

k

; : : : ; s

T

k � 1

u

k � 1

]

and the m ultiplier #

k

> 0 is giv en b y

#

k

=

u

T

k � 1

s

k � 1

u

T

k � 1

u

k � 1

:
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In addition, the in v erse limited memory SR1 up date is de�ned as in (4.20).

That is,

D

k

= #

k

I � ( #

k

U

k

� S

k

)( #

k

U

T

k

U

k

� R

k

� R

T

k

+ C

k

)

� 1

( #

k

U

k

� S

k

)

T

; (5.3)

where the matrices S

k

, U

k

, R

k

and C

k

are de�ned as b efore. In our imple-

men tation, w e use the v alue #

k

= 1 for ev ery k with SR1 up date.

When the new auxiliary iteration p oin t y

k +1

is generated, the new correction

matrices S

k +1

and U

k +1

are obtained b y deleting the oldest corrections s

k � m

k

and u

k � m

k

from S

k

and U

k

if m

k +1

= m

k

(that is, k > m

c

) and b y adding

the most recen t corrections s

k

and u

k

to the matrices.

Next, w e describ e some pro cedures for up dating the compact represen tation

of limited memory matrices. In addition to the t w o n � m

c

matrices S

k

and

U

k

, the m

c

� m

c

matrices R

k

, U

T

k

U

k

and C

k

are stored. Since in practice m

c

is clearly smaller than n , the storage space required b y these three auxiliary

matrices is insigni�can t but the sa vings in computation e�ort are consider-

able. The computations needed to up date the matrices R

k

, U

k

and C

k

are

quite similar to those giv en in Subsection 4.2.2.

A t the k -th iteration w e ha v e to up date the limited memory represen tation

of D

k � 1

to get D

k

. Th us, w e delete a column from S

k � 1

and U

k � 1

and add

a new column to eac h of these matrices. Then w e mak e the corresp onding

up dates to R

k � 1

, U

T

k � 1

U

k � 1

and C

k � 1

. These up dates can b e done in O ( m

2

c

)

op erations b y sa ving the m

c

-v ectors S

T

k � 1

�

m

and U

T

k � 1

�

m

from the previous

iteration. The new triangular matrix R

k

is formed from R

k � 1

b y deleting the

�rst ro w and the �rst column if m

k

= m

k � 1

and b y adding a new column to

the righ t and a new ro w to the b ottom. The new column is giv en b y

S

T

k

u

k � 1

= S

T

k

( �

k

� �

m

)

and the new ro w has zero in its �rst m

k

� 1 comp onen ts. The matrix U

T

k

U

k

can b e up dated in a similar w a y . In this case, b oth the new column and

the new ro w are giv en b y U

T

k

u

k � 1

. The pro ducts S

T

k

u

k � 1

and U

T

k

u

k � 1

can

b e computed e�cien tly since w e already kno w m

k

� 1 comp onen ts of S

T

k

�

m

and U

T

k

�

m

from S

T

k � 1

�

m

and U

T

k � 1

�

m

, resp ectiv ely . W e only need to calculate

s

T

k � 1

�

m

and u

T

k � 1

�

m

and do the subtractions. The diagonal matrix C

k

is

up dated b y deleting the �rst elemen t of C

k � 1

and adding s

T

k � 1

u

k � 1

as the

last elemen t (note that C

k

is stored as a v ector).

After w e ha v e tak en a n ull step, the appro ximation D

k

of the in v erse of the

Hessian matrix is formed b y using the compact represen tation of SR1 up date

(5.3), since this up date form ula preserv es the b oundedness of the generated
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matrices. In addition, w e use an aggregate subgradien t

~

�

k

to calculate the

searc h direction

d

k

= � D

k

~

�

k

:

No w w e giv e an e�cien t algorithm for up dating the limited memory SR1 ma-

trix D

k

and for computing the searc h direction d

k

= � D

k

~

�

k

. This algorithm

is used whenev er the previous step w as a n ull step.

Supp ose that the n um b er of curren t corrections is m

k

and that w e ha v e the

curren t iteration p oin t x

k

, the previous corrections s

k � 1

and u

k � 1

, the curren t

(auxiliary) subgradien t �

k

2 @ f ( y

k

), the curren t aggregate subgradien t

~

�

k

(

~

�

k

6= �

k

in the case of a n ull step), the basic subgradien t �

m

2 @ f ( x

k

), the

n � m

k

matrices S

k � 1

and U

k � 1

, the m

k

� m

k

matrices R

k � 1

, U

T

k � 1

U

k � 1

and

C

k � 1

and the v ectors S

T

k � 1

�

m

and U

T

k � 1

�

m

a v ailable.

Algorithm 5.1. (SR1 Up dating and Direction Finding).

Step 1: If � d

T

k � 1

u

k � 1

�

~

�

T

k � 1

s

k � 1

� 0, then set S

k

= S

k � 1

, U

k

= U

k � 1

,

R

k

= R

k � 1

, U

T

k

U

k

= U

T

k � 1

U

k � 1

C

k

= C

k � 1

, S

T

k

�

m

= S

T

k � 1

�

m

and

U

T

k

�

m

= U

T

k � 1

�

m

and go to Step 6.

Step 2: Obtain S

k

and U

k

b y up dating S

k � 1

and U

k � 1

.

Step 3: Compute m

k

-v ectors S

T

k

�

k

and U

T

k

�

k

.

Step 4: Compute m

k

-v ectors S

T

k

u

k � 1

and U

T

k

u

k � 1

b y using the fact

u

k � 1

= �

k

� �

m

:

Store m

k

-v ectors S

T

k

�

m

and U

T

k

�

m

.

Step 5: Up date m

k

� m

k

matrices R

k

, U

T

k

U

k

and C

k

.

Step 6: Set #

k

= 1 : 0.

Step 7: Compute m

k

-v ectors S

T

k

~

�

k

and U

T

k

~

�

k

.

Step 8: Compute

p = ( #

k

U

T

k

U

k

� R

k

� R

T

k

+ C

k

)

� 1

( #

k

U

T

k

~

�

k

� S

T

k

~

�

k

) :

Step 9: Compute

d

k

= � #

k

~

�

k

+ ( #

k

U

k

� S

k

) p :
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The condition (see Step 1)

� d

T

i

u

i

�

~

�

T

i

s

i

< 0 for all i (5.4)

assures the p ositiv e de�niteness of matrices obtained b y the limited memory

SR1 up date.

The assertion ab o v e ma y need some argumen tation: Let us denote v

i

=

D

i

u

i

� s

i

. Th us, the condition (5.4) can b e equally expressed b y

~

�

T

i

v

i

< 0 for all i:

No w, the condition (5.4) implies that

d

T

i

u

i

= �

~

�

T

i

v

i

�

~

�

T

i

s

i

= �

~

�

T

i

v

i

� t

i

R

~

�

T

i

d

i

= �

~

�

T

i

v

i

+ t

i

R

~

�

T

i

D

i

~

�

i

(5.5)

> t

i

R

~

�

T

i

D

i

~

�

i

= t

i

R

~

�

T

i

D

i

B

i

D

i

~

�

i

= t

i

R

d

T

i

B

i

d

i

;

where B

i

= D

� 1

i

and t

i

R

> 0 is the step size.

F or all i > 1 the matrix B

i +1

de�ned b y the direct SR1 form ula is giv en b y

B

i +1

= B

i

+

( u

i

� t

i

R

B

i

d

i

)( u

i

� t

i

R

B

i

d

i

)

t

i

R

d

T

i

( u

i

� t

i

R

B

i

d

i

)

:

The matrix B

i +1

is p ositiv e de�nite if B

i

is p ositiv e de�nite and the denom-

inator is greater than zero, that is,

t

i

R

d

T

i

u

i

� ( t

i

R

)

2

d

T

i

B

i

d

i

> 0 :

The latter is ob viously guaran teed, if the condition (5.5) is v alid.

The nonsingular matrix D

i +1

is p ositiv e de�nite, if its in v erse B

i +1

is p ositiv e

de�nite and th us, the condition (5.4) guaran tees the p ositiv e de�niteness of

matrices formed b y the limited memory SR1 up date.

Because the b oundedness of generated matrices is not required after a serious

step, w e use the limited memory BF GS up date form ula (5.2) to compute

the appro ximation D

k

of the in v erse of the Hessian matrix and the searc h

direction d

k

is calculated b y using the original subgradien t �

k

2 @ f ( x

k

).

Th us, the searc h direction is de�ned b y

d

k

= � D

k

�

k

:
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Due to fact that after a serious step the aggregate subgradien t

~

�

k

= �

k

2

@ f ( x

k

) and

s

k � 1

= x

k

� x

k � 1

and

u

k � 1

= �

k

� �

k � 1

;

(note that in the case of a serious step this represen tation of s

k � 1

and u

k � 1

is not con
icting with (5.1)) the calculations used are v ery similar to those

giv en in Subsection 4.2.2. In fact, all those calculations can b e done b y re-

placing the gradien t r f ( x ) b y an arbitrary subgradien t � 2 @ f ( x ). Ho w ev er,

rather than up dating and in v erting the upp er triangular matrix R

k

at ev ery

iteration, w e up date and store the in v erse of R

k

, that is R

� 1

k

. The new trian-

gular matrix R

� 1

k

is formed from R

� 1

k � 1

b y deleting the �rst ro w and the �rst

column if m

k

= m

k � 1

and b y adding a new column to the righ t and a new ro w

to the b ottom. Let us denote b y ( R

� 1

k � 1

)

0

the ( m

k

� 1) � ( m

k

� 1) lo w er righ t

submatrix of R

� 1

k � 1

(that is, the matrix formed b y deleting the �rst ro w and

the �rst column from R

� 1

k � 1

) and b y ( S

T

k

u

k � 1

)

0

the �rst m

k

� 1 comp onen ts

of the v ector S

T

k

u

k � 1

. In addition, let �

k � 1

= 1 = ( s

T

k � 1

u

k � 1

). Then the new

up date R

� 1

k

is giv en b y

R

� 1

k

=

�

( R

� 1

k � 1

)

0

� �

k � 1

( R

� 1

k � 1

)

0

( S

T

k

u

k � 1

)

0

0 �

k � 1

�

:

No w w e giv e an e�cien t algorithm for up dating the limited memory BF GS

matrix D

k

and for computing the searc h direction d

k

= � D

k

�

k

. This algo-

rithm is used whenev er the previous step w as a serious step.

Supp ose that the n um b er of curren t corrections is m

k

and that w e ha v e

the curren t iteration p oin t x

k

, the previous corrections s

k � 1

and u

k � 1

, the

curren t subgradien t �

k

(

~

�

k

= �

k

in the case of a serious step), the previous

subgradien t �

k � 1

2 @ f ( x

k � 1

) the n � m

k

matrices S

k � 1

and U

k � 1

, the m

k

� m

k

matrices R

� 1

k � 1

, U

T

k � 1

U

k � 1

and C

k � 1

and the v ectors S

T

k � 1

�

k � 1

and U

T

k � 1

�

k � 1

a v ailable. In addition, supp ose that w e ha v e the previous m ultiplier #

k � 1

.

Algorithm 5.2. (BF GS Up dating and Direction Finding).

Step 1: If u

T

k � 1

s

k � 1

� 0, then set S

k

= S

k � 1

, U

k

= U

k � 1

, R

k

= R

k � 1

, U

T

k

U

k

=

U

T

k � 1

U

k � 1

C

k

= C

k � 1

and #

k

= #

k � 1

, compute S

T

k

�

k

and U

T

k

�

k

and

go to Step 7.

Step 2: Obtain S

k

and U

k

b y up dating S

k � 1

and U

k � 1

.

Step 3: Compute and store m

k

-v ectors S

T

k

�

k

and U

T

k

�

k

.
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Step 4: Compute m

k

-v ectors S

T

k

u

k � 1

and U

T

k

u

k � 1

b y using the fact

u

k � 1

= �

k

� �

k � 1

:

Step 5: Up date m

k

� m

k

matrices R

� 1

k

, U

T

k

U

k

and C

k

.

Step 6: If u

T

k � 1

u

k � 1

> 0, compute #

k

#

k

=

u

T

k � 1

s

k � 1

u

T

k � 1

u

k � 1

:

Note that b oth u

T

k � 1

s

k � 1

and u

T

k � 1

u

k � 1

ha v e already b een calculated.

Otherwise, set #

k

= 1 : 0.

Step 7: Compute t w o in termediate v alues

p

1

= R

� 1

k

S

T

k

�

k

;

p

2

= ( R

� 1

k

)

T

( C

k

p

1

+ #

k

U

T

k

U

k

p

1

� #

k

U

T

k

�

k

) :

Step 8: Compute

d

k

= #

k

U

k

p

1

� S

k

p

2

� #

k

�

k

:

Note that the condition (see Step 1)

u

T

i

s

i

> 0 for all i (5.6)

assures the p ositiv e de�niteness of matrices obtained b y the limited memory

BF GS up date (see e.g. Byrd et al. (1994)).

In order to use b oth the Algorithms 5.1 and 5.2 with the same stored in-

formation, some mo di�cations ha v e to b e done. Firstly , w e ha v e to up date

and store b oth matrices R

k

and R

� 1

k

at eac h iteration regardless of the up-

date form ula w e are using. In addition, since w e use the same correction

matrices S

k

and U

k

for calculations of b oth the BF GS and the SR1 up dates,

w e ha v e to test b oth the p ositiv e de�niteness conditions (5.4) and (5.6) in

eac h case b efore w e up date the matrices. Ho w ev er, the n umerical exp eri-

men ts sho w ed that the direct skipping of the up dates, if b oth the required

conditions are not satis�ed, leads to the situation where the BF GS up date is

usually skipp ed due to condition (5.4) required for SR1 up date. Therefore,

w e use the most recen t corrections s

k � 1

and u

k � 1

to calculate the new searc h

direction d

k

whenev er the required p ositiv e de�niteness condition is v alid but

the matrices are not up dated if b oth of the conditions (5.4) and (5.6) are not

satis�ed.

Both the Algorithms 5.1 and 5.2 uses at most O ( nm

c

) op erations to calculate

the searc h direction d

k

. Supp osing that m

c

� n this is m uc h less than O ( n

2

)

op erations needed with the original v ariable metric bundle metho d.
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5.2 Line Searc h

In this section, w e consider ho w to calculate a new iteration p oin t x

k +1

when

the searc h direction d

k

has b een calculated. Similarly to bundle metho ds

and v ariable metric bundle metho ds w e use the pro cedure that generates t w o

p oin ts: a new iteration p oin t x

k +1

and a new auxiliary p oin t y

k +1

.

The auxiliary p oin ts y

k

are determined similarly to the v ariable metric bundle

metho d for a noncon v ex ob jectiv e function. That is

y

1

= x

1

;

x

k +1

= x

k

+ t

k

L

d

k

; for all k � 1 ;

y

k +1

= x

k

+ t

k

R

d

k

; for all k � 1 ;

where t

k

R

2 (0 ; t

k

I

], t

k

L

2 [0 ; t

k

R

] are appropriately c hosen step sizes, t

k

I

2

[ t

min

; t

max

) is the initial step size and t

max

> 1 and t

min

2 (0 ; 1) are the

upp er and lo w er b ound for the initial step size t

k

I

. As with the original

v ariable metric bundle metho d, w e ha v e the p ossibilit y of using step size

greater than 1 here, since the information ab out the ob jectiv e function f ,

included in the compact represen tation of matrix D

k

, is not su�cien t for a

prop er step size determination in the nonsmo oth case. The initial step size

t

k

I

is selected exactly the same w a y as in the original v ariable metric bundle

metho d for noncon v ex ob jectiv e functions and a detailed description of the

selection of this step size can b e found in Vl � cek and Luk � san (1999).

As b efore, an essen tial condition for a serious step to b e tak en is to ha v e

t

k

R

= t

k

L

> 0 and f ( x

k +1

) � f ( x

k

) � � "

L

t

k

L

w

k

; (5.7)

where "

L

2 (0 ; 1 = 2) is a �xed line searc h parameter and w

k

> 0 represen ts

the desirable amoun t of descen t. The parameter w

k

is also used as a stop-

ping parameter and w e will describ e it in Subsection 5.4. If the required

condition (5.7) is satis�ed, then

x

k +1

= y

k +1

and a serious step is tak en. A n ull step is tak en, if

t

k

R

> t

k

L

= 0 and � �

k +1

+ d

T

k

�

k +1

� � "

R

w

k

; (5.8)

where "

R

2 ( "

L

; 1) is a �xed line searc h parameter and �

k +1

is the subgradien t

lo calit y measure similar to bundle metho ds, that is,

�

k +1

= max fj f ( x

k

) � f ( y

k +1

) + ( y

k +1

� x

k

)

T

�

k +1

) j ; 
 k y

k +1

� x

k

k

!

g ;

(5.9)
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where 
 � 0 ( 
 = 0 if f is con v ex) is a distance measure parameter and

! � 1 is a lo calit y measure parameter supplied b y the user.

In the case of a n ull step

x

k +1

= x

k

but information ab out the ob jectiv e function is increased.

The ultimate step sizes t

k

L

and t

k

R

for the limited memory v ariable metric

bundle metho d can b e determined b y using the line searc h algorithm quite

similar to Algorithm 3.3. In fact, the only di�erence to the algorithm giv en

b efore is that in order to a v oid man y consecutiv e n ull steps, w e ha v e added

an additional Step 2

1

2

:

Step 2

1

2

: ( A T est F or an A dditional Interp olation. ) If f ( x

k

+ t d

k

) > f ( x

k

)

and m < k and ind < 10, then set ind = ind + 1 and go to Step 4.

Here k is the n um b er of the curren t iteration, m is the index of the iter-

ation after the latest serious step and ind is the n um b er of the additional

in terp olation pro cedures already made at the iteration k .

In practice, the role of this additional step is that if w e ha v e already tak en a

n ull step at the previous iteration w e rather try to �nd a step size t suitable

for a serious step (that is, (5.7) is v alid) ev en if the condition (5.8) required

for a n ull step w as satis�ed.

5.3 Subgradien t Aggregation

In this section, w e describ e the aggregation pro cedure used with the limited

memory v ariable metric bundle metho d.

Lik ewise with the original v ariable metric bundle metho ds, the aggregate

v alues are computed only , if the last step w as a n ull step. Otherwise, w e set

~

�

k +1

= �

k +1

2 @ f ( x

k +1

) and

~

�

k +1

= 0.

In principle, the aggregation pro cedure used with the limited memory v ari-

able metric bundle metho d is the same as that with the original v ariable

metric bundle metho ds (see Subsection 3.3.3). This means that w e minimize

the simple quadratic function

' ( �

1

; �

2

; �

3

) = ( �

1

�

m

+ �

2

�

k +1

+ �

3

~

�

k

)

T

D

k

( �

1

�

m

+ �

2

�

k +1

+ �

3

~

�

k

) (5.10)

+ 2( �

2

�

k +1

+ �

3

~

�

k

)
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to get the Lagrange m ultipliers �

k

i

� 0 for i 2 f 1 ; 2 ; 3 g ,

P

3

i =1

�

k

i

= 1 that

are used to determine the new aggregate v alues

~

�

k +1

= �

k

1

�

m

+ �

k

2

�

k +1

+ �

k

3

~

�

k

and

~

�

k +1

= �

k

2

�

k +1

+ �

k

3

~

�

k

:

Here, as b efore, �

m

2 @ f ( x

k

) is the basic subgradien t, �

k +1

2 @ f ( y

k +1

) is the

the curren t auxiliary subgradien t,

~

�

k

is the curren t aggregate subgradien t and

�

k +1

is the curren t lo calit y measure and

~

�

k

is the curren t aggregate lo calit y

measure.

Ho w ev er, since the matrix D

k

is not formed explicitly here, the practical

implemen tation of the aggregation pro cedure di�ers from that of the original

metho d.

The aggregation pro cedure is computed as follo ws: W e minimize the function

(5.10), or ~' ( �

1

; �

2

) = ' ( �

1

; �

2

; 1 � �

1

� �

2

). If the in tersection of straigh t

lines @ ~' =@ �

1

= 0 and @ ~' =@ �

2

= 0 is not a feasible p oin t (that is the p oin t,

where �

k

i

� 0 for i 2 f 1 ; 2 ; 3 g and

P

3

i =1

�

k

i

= 1), the con v exit y of ~' implies

that w e can restrict our atten tion to the lines �

1

= 0, �

2

= 0 and �

1

+ �

2

= 1

( �

3

= 0) (see, Vl � cek and Luk � san (1999)). F or example, if w e ha v e the �rst

n ull step after an y serious step w e can apply the minimization along the line

�

1

= 0 due to

~

�

k

= �

k

= �

m

and

~

�

k

= 0. Th us, if u

T

k

D

k

u

k

> 0, w e set

�

k

2

= min

�

1 : 0 ; max

�

0 : 0 ;

d

T

k

u

k

� �

k +1

u

T

k

D

k

u

k

� �

:

Otherwise, w e set �

k

2

= 0 for d

T

k

u

k

� �

k +1

< 0 or �

k

2

= 1 for d

T

k

u

k

� �

k +1

� 0.

Note that w e ha v e already calculated d

k

, u

k

and �

k +1

. The pro duct u

T

k

D

k

u

k

can b e calculated e�cien tly b y using the limited memory BF GS represen ta-

tion of the matrix D

k

and the form ula giv en in Byrd et al. (1994). All these

calculations can b e done within O ( nm

c

) op erations.

In the case of more than one consecutiv e n ull steps, the aggregation has to

b e done b y using the limited memory SR1 up date. Due to the fact that

~

�

k

6= �

m

, the calculations needed to determine the Lagrange m ultipliers are

somewhat more complicated than those giv en ab o v e. Ho w ev er, also in this

case all the calculations can b e done within O ( nm

c

) op erations. With a large

n um b er of v ariables ( n � m

c

) this is m uc h less that O ( n

2

) op erations used

with the original v ariable metric bundle metho ds.

Similarly to the original v ariable metric bundle metho ds, the aggregation

pro cedure used with the limited memory v ariable metric bundle metho d uses
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only three subgradien ts and t w o lo calit y measures to calculate the new ag-

gregate v alues. Th us, the minim um size of the bundle is 2 and, as b efore, a

larger bundle is only used in the selection of the step sizes.

5.4 Stopping Criterion

Similarly to the other bundle metho ds (see Subsection 3.2.3), w e use the

aggregate subgradien t

~

�

k

to get some appro ximation of the gradien t of the

ob jectiv e function. As b efore, the direct test k

~

�

k

a

k < " for some " > 0 is to o

uncertain and, therefore, w e use the appro ximation D

k

of the in v erse of the

Hessian matrix and the aggregate subgradien t lo calit y measure

~

�

k

a

to impro v e

the accuracy of the norm of the aggregate subgradien t. Since in practice, the

matrix D

k

is not formed explicitly w e use the direction v ector d

k

= � D

k

~

�

k

instead. Th us, the stopping parameter at iteration k is de�ned b y

w

k

= � 2

~

�

T

k

d

k

+ 4

~

�

k

(5.11)

and the stopping criterion is

If w

k

< " , for giv en " > 0, then stop.

The m ultipliers 2 and 4 in (5.11) are c hosen exp erimen tally suc h that the

accuracy of the new metho d w ould b e appro ximately the same as with the

metho ds describ ed in Chapter 3.

5.5 Algorithm

W e are no w ready to presen t the limited memory v ariable metric bundle

metho d for nonsmo oth large-scale unconstrained optimization.

Algorithm 5.3. (L-V ariable Metric Bundle Metho d).

Data: Select p ositiv e line searc h parameters "

L

2 (0 ; 1 = 2) and "

R

2 ( "

L

; 1).

Cho ose a �nal accuracy tolerance " � 0, a distance measure param-

eter 
 > 0 ( 
 = 0 if f is con v ex) and a lo calit y measure parameter

! � 1. Cho ose the maxim um n um b er of stored corrections m

c

.

Step 0: ( Initialization. ) Cho ose a starting p oin t x

1

2 R

n

. Set �

1

= 0 and

y

1

= x

1

. Compute

f

1

= f ( x

1

) and

�

1

2 @ f ( x

1

) :

Set the iteration coun ter k = 1.
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Step 1: ( Serious step initialization. ) Set an aggregate subgradien t

~

�

k

= �

k

and an aggregate subgradien t lo calit y measure

~

�

k

= 0. Set an index

v ariable for n ull steps m = k .

Step 2: ( Dir e ction �nding. ) Compute

d

k

= � D

k

~

�

k

b y Algorithm 5.2, if m = k (BF GS up date) and b y Algorithm 5.1

otherwise (SR1 up date). Note that d

1

= �

~

�

1

.

Step 3: ( Stopping criterion. ) Set

w

k

= � 2

~

�

T

k

d

k

+ 4

~

�

k

:

If w

k

� " , then stop.

Step 4: ( Line se ar ch. ) Determine step sizes t

k

L

and t

k

R

to obtain either a

serious step or a n ull step (that is, either (5.7) or (5.8) is v alid). Set

the corresp onding v alues

x

k +1

= x

k

+ t

k

L

d

k

;

y

k +1

= x

k

+ t

k

R

d

k

;

f

k +1

= f ( x

k +1

) ;

�

k +1

2 @ f ( y

k +1

) :

Set u

k

= �

k +1

� �

m

and s

k

= y

k +1

� x

k

= t

k

R

d

k

. If t

k

L

> 0 (serious

step), set �

k +1

= 0, k = k + 1 and go to Step 1. Otherwise, calculate

the lo calit y measure �

k +1

b y (5.9).

Step 5: ( A ggr e gation. ) Determine m ultipliers �

k

i

� 0, i 2 f 1 ; 2 ; 3 g ,

P

3

i =1

�

k

i

=

1 that minimize the function

' ( �

1

; �

2

; �

3

) = ( �

1

�

m

+ �

2

�

k +1

+ �

3

~

�

k

)

T

D

k

( �

1

�

m

+ �

2

�

k +1

+ �

3

~

�

k

)

+ 2( �

2

�

k +1

+ �

3

~

�

k

) ;

where D

k

is obtained b y the BF GS up date, if m = k and b y the SR1

up date, otherwise. Set

~

�

k +1

= �

k

1

�

m

+ �

k

2

�

k +1

+ �

k

3

~

�

k

and

~

�

k +1

= �

k

2

�

k +1

+ �

k

3

~

�

k

:

Set k = k + 1 and go to Step 2.
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Note that in Steps 2 and 5 the matrices D

k

are not formed explicitly but the

searc h direction d

k

and the aggregate v alues

~

�

k +1

and

~

�

k +1

are calculated

using the di�erence matrices S

k

and U

k

(see Sections 5.1 and 5.3).

As said b efore, the limited memory v ariable metric bundle metho d uses the

simple aggregation pro cedure and requires only three subgradien ts and t w o

lo calit y measures to calculate the new aggregate v alues. Th us, the time-

consuming quadratic subproblem (3.15) app earing in standard bundle meth-

o ds need not to b e solv ed. F urthermore, b oth the searc h direction d

k

and

the aggregate v alues

~

�

k +1

and

~

�

k +1

can b e computed implicitly using at

most O ( nm

c

) op erations. Assuming m

c

� n this is m uc h less than O ( n

2

)

op erations needed with the original v ariable metric bundle metho d, whic h

stores and manipulates the whole matrix D

k

. These impro v emen ts mak e the

limited memory v ariable metric bundle metho d suitable for large-scale prob-

lems. This assertion is supp orted b y n umerical tests to b e presen ted in next

c hapter.

6 Numerical Exp erimen ts

In order to get some kind of an impression of ho w the di�eren t metho ds

describ ed earlier op erate in practice, w e tested them with sev eral problems.

In this c hapter w e �rst in tro duce the soft w are and the test problems used

and then w e dra w conclusions from n umerical exp erimen ts.

6.1 T ested Soft w are

In this section w e in tro duce the programs used in our exp erimen ts. All the

metho ds included are describ ed in Chapters 3, 4 and 5. The exp erimen ts

w ere p erformed in a SGI Origin 2000/128 sup ercomputer (MIPS R12000,

600 M
op/s/pro cessor). The algorithms w ere implemen ted in F OR TRAN77

with double-precision arithmetic. The pieces of soft w are tested are presen ted

in T able 1.

V ariable Metric Bund le Metho d. The tested v ariable metric bundle algorithm

PVAR is from the soft w are pac k age UFO (Univ ersal F unctional Optimization,

see Luk � san et al. (2000)). The basic ideas of the v ariable metric bundle

metho ds are describ ed in Section 3.3. F or more details, w e refer to Luk � san

and Vl � cek (1999a) and Vl � cek and Luk � san (1999).
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T able 1: T ested pieces of soft w are

Soft w are Author(s) Metho d

PVAR Luk � san & Vl � cek V ariable metric bundle

PNEW Luk � san & Vl � cek Bundle-Newton

PBUN Luk � san & Vl � cek Pro ximal bundle

PBNCGC M• ak el• a Pro ximal bundle

L-BFGS No cedal Limited memory BF GS

LVMBM Haarala L-V ariable metric bundle

Bund le-Newton Metho d. The tested bundle-Newton algorithm PNEW is also

from the soft w are pac k age UFO . The program utilizes the subgradien t aggre-

gation strategy of Kiwiel (1985) to b ound the n um b er of stored subgradien ts

and it emplo ys the solv er ULQDF1 implemen ting the dual pro jected gradien t

metho d prop osed in Luk � san (1984) for solving the quadratic subproblem.

The Hessian matrices w ere calculated n umerically using di�erence appro xi-

mations. The bundle-Newton metho d is shortly describ ed in Section 3.4. F or

a more detailed description w e refer to Luk � san and Vl � cek (1998).

Pr oximal Bund le Metho ds. The �rst tested pro ximal bundle algorithm PBUN

is also from the soft w are pac k age UFO . The program utilizes as w ell the sub-

gradien t aggregation strategy of Kiwiel (1985) and uses the solv er ULQDF1 to

solv e quadratic subproblems. The surv ey of the bundle metho ds is giv en in

Section 3.2. F or a more detailed description of the pro ximal bundle algorithm

PBUN w e refer to Vl � cek (1995) and Luk � san and Vl � cek (2000b).

The second tested pro ximal bundle algorithm PBNCGC is from the soft w are

pac k age NSOLIB (NonSmo oth Optimization LIBrary , see M• ak el• a (1993)).

Also this program utilizes the subgradien t aggregation strategy of Kiwiel

(1985). F or solving the quadratic subproblem, the program emplo ys the

quadratic solv er QPDF4 , whic h is based on the dual activ e-set metho d de-

scrib ed in Kiwiel (1986). F or a detailed description of the metho d see M• ak el• a

and Neittaanm• aki (1992).

Limite d memory BF GS Metho d . L-BFGS is a limited-memory quasi-Newton

program for smo oth large-scale unconstrained optimization. The program

has b een dev elop ed at the Optimization T ec hnology Cen ter as a join t v en ture

of Argonne National Lab oratory and the North w estern Univ ersit y . The basic

ideas of the smo oth limited memory v ariable metric metho ds are giv en in

Section 4.1 and for a detailed description of the metho d w e refer to No cedal

(1980) and Liu and No cedal (1989).
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Limite d Memory V ariable Metric Bund le Metho d. The limited memory v ari-

able metric bundle metho d LVMBM is our new metho d for nonsmo oth large-

scale unconstrained optimization. This metho d is describ ed in detail in Sec-

tion 5. The implemen tation of the program is our o wn exp ect the bundle

up dating and the step size selections, where w e ha v e used the original pieces

b y Luk � san and Vl � cek.

In ev ery program the optimization w as terminated if an y of the follo wing

conditions w as satis�ed:

� The maxim um n um b er of iterations w ere p erformed.

� The maxim um n um b er of function calls w ere p erformed.

� The problem w as solv ed with the desired accuracy , that is, w
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with the limited memory v ariable metric bundle metho d ( LVMBM )

and w

k

= kr f ( x ) k = max f 1 ; k x kg with the limited memory BF GS

metho d ( L-BFGS ).

In addition, for the UFO programs and for the limited memory v ariable metric

bundle program LVMBM the optimization w as terminated if

� j f

k +1

� f

k

j � 1 : 0 � 10

� 8

in 10 subsequen t iterations,

and for solely the UFO programs also if

� k x

k +1

� x

k

k � 1 : 0 � 10

� 16

in 20 subsequen t iterations.

6.2 T est Problems

The optimization problems used in the n umerical exp erimen ts are listed in

T able 2 together with references. All these problems can b e form ulated with

an y n um b er of v ariables ( n ).

None of the nonsmo oth optimization metho ds PVAR , PBUN , PNEW and PBNCGC

has b een dev elop ed for large-scale optimization. On the other hand, w e

w an ted to get some information of the b eha vior of the new metho d LVMBM

esp ecially with large-scale problems. F or this reason, w e used the smo oth
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T able 2: T est problems

No Problem References

1 Chained Rosen bro c k function Luk � san and Vl � cek (1999b)

2 Chained W o o d function Luk � san and Vl � cek (1999b)

3 Chained P o w el singular function Luk � san and Vl � cek (1999b)

4 Chained Cragg and Levy function Luk � san and Vl � cek (1999b)

5 Generalized Bro yden tridiagonal function Luk � san and Vl � cek (1999b)

6 Generalized Bro yden banded function Luk � san and Vl � cek (1999b)

7 7-dimensional generalization of the

Bro yden tridiagonal function Luk � san and Vl � cek (1999b)

8 Sparse mo di�cation of the Nazareth

trigonometric function Luk � san and Vl � cek (1999b)

9 Another trigonometric function Luk � san and Vl � cek (1999b)

10 T oin t trigonometric function Luk � san and Vl � cek (1999b)

11 Augmen ted Lagrangian function Luk � san and Vl � cek (1999b)

12 Generalization of the Bro wn function 1 Luk � san and Vl � cek (1999b)

13 Generalization of the Bro wn function 2 Luk � san and Vl � cek (1999b)

14 Discrete b oundary v alue problem Luk � san and Vl � cek (1999b)

15 Discretization of a v ariational problem Luk � san and Vl � cek (1999b)

16 Banded trigonometric problem Luk � san and Vl � cek (1999b)

17 V ariational problem 1 Luk � san and Vl � cek (1999b)

18 V ariational problem 2 Luk � san and Vl � cek (1999b)

19 V ariational problem 3 Luk � san and Vl � cek (1999b)

20 V ariational problem 4 Luk � san and Vl � cek (1999b)

21 V ariational problem 5 (Calv ar 1) Luk � san and Vl � cek (1999b)

22 V ariational problem 6 (Calv ar 2) Luk � san and Vl � cek (1999b)

23 Image restoration problem 1 K• arkk• ainen et al. (2000)

24 Image restoration problem 2 K• arkk• ainen et al. (2000)

25 Nonsmo oth c hained Rosen bro c k function Grothey (2001)

26 n1actfs Grothey (2001)

optimization metho d L-BFGS as a b enc hmark. Th us, the programs w ere

�rst tested with a set of smo oth minimization problems 1 { 22. A detailed

description of these smo oth problems used can b e found in Luk � san and Vl � cek

(1999b).

In addition, the programs for nonsmo oth optimization (all the programs in

T able 1 except L-BFGS ) w ere tested with four nonsmo oth minimization prob-

lems 23 { 26. A detailed description of con v ex image restoration problems

23 and 24 can b e found in K• arkk• ainen et al. (2000) and a description of

noncon v ex problems 25 and 26 can b e found in Grothey (2001).
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6.3 Numerical Results

The conclusions of the n umerical exp erimen ts are giv en in the next t w o sec-

tions where the smo oth and the nonsmo oth tests are discussed separately .

6.3.1 Smo oth Problems

The programs giv en in T able 1 w ere tested with the set of smo oth problems

with the n um b ers of v ariables 10, 100 and 1000 and in case of the limited

memory programs L-BFGS and LVMBM also with the n um b er of v ariables 10000.

W e tested the bundle metho ds PVAR , PNEW , PBUN , PBNCGC and LVMBM with

di�eren t sizes of bundles ( m

�

) and the limited memory metho ds L-BFGS and

LVMBM also with di�eren t n um b ers of stored corrections ( m

c

). The tested

sizes of bundles w ere 10 and n + 3 for bundle-Newton metho d PNEW and for

b oth pro ximal bundle metho ds PBUN and PBNCGC and 2 and n + 3 for v ariable

metric bundle metho ds PVAR and LVMBM . F or the limited memory metho ds

L-BFGS and LVMBM the maxim um n um b er of stored corrections w ere �rst set

to 3 and then to 7. In what follo ws, w e denote these di�eren t mo di�cations b y

L-BFGS(3) , L-BFGS(7) , LVMBM(3) and LVMBM(7) , when w e need to separate

them.

As a stopping criterion, w e used " = 10

� 6

in all the cases and the maxim um

n um b er of iterations w as set to 20000 with n � 1000 and to 50000 with

n = 10000. In b oth cases the maxim um n um b er of function ev aluations w as

set to 50000. The other parameters used w ere c hosen exp erimen tally (for

details see App endix C). The results are summarized in T ables 3 { 24 of

App endix A. Some of the results are also displa y ed in Figures 2 and 3. In

Figure 2, w e giv e the CPU time elapsed for the set of smo oth problems in

prop ortion to the n um b er of v ariables for all the programs with the small

bundle. In Figure 3, w e ha v e calculated the a v erage amoun t of iterations

needed for problems of di�eren t sizes. The problems where the optimization

has failed are not included in data. Since for almost ev ery tested program

there existed one problem in the set of problems whic h needed m uc h more

iterations than the others, w e also remo v ed in all cases the problem whic h

used most iterations.

All the tested programs w ork ed w ell for small- and medium-scale problems

( n � 100). Ho w ev er, when the dimension of the problems increased the

computational time of the metho ds other than those using limited memory

approac h expanded rapidly (see Figure 2).
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Figure 2: CPU time elapsed for the set of smo oth problems.

The smallest n um b er of used iterations w as usually with the bundle-Newton

program PNEW (see Figure 3). Ho w ev er, due to the matrix op erations eac h

individual iteration w as more costly than with the other metho ds tested. So,

the computational time of PNEW w as able to comp ete with the other metho ds

only with a small n um b er of v ariables. Ev en for the problem dimension

n = 100, the program PNEW w as clearly the most time-consuming of the

programs tested (see Figure 2).

Ev en if the program PVAR usually used less iterations and function calls than

the pro ximal bundle metho ds PBUN and PBNCGC , it used less CPU time only

with the n um b er of v ariables less or equal to 100 (see Figure 2). The rea-

son for this is that also the v ariable metric bundle metho d PVAR uses time-

consuming matrix op erations (nev ertheless not so man y as PNEW ).

Since the appro ximation of the in v erse of the Hessian matrix is not so accurate

with the limited memory v ariable metric bundle metho d LVMBM as in the

original v ariable metric bundle metho d PVAR , w e w ere exp ecting that the

amoun t of iterations used with the limited memory program LVMBM w ould

ha v e b een greater. Y et, quite surprisingly , the program LVMBM usually used
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less iterations than the program PVAR . This migh t b e due to the fact that

the line searc h of the program LVMBM do es not willingly tak e consecutiv e

n ull steps but rather tries to �nd the step size suitable for a serious step.

The computational times of these t w o metho ds w ere equal with the small

n um b er of v ariables ( n = 10) but, as said b efore, when the dimensions of the

problems increased the computational time of the program PVAR expanded

rapidly . F or all tested n um b ers of v ariables the new limited memory v ariable

metric bundle metho d LVMBM with the small bundle w as the most e�cien t

metho d (see Figure 2).

With all the tested n um b ers of v ariables the program LVMBM(7) (with

m

�

= 2) w as ab out 1.7 times faster than the other limited memory pro-

gram L-BFGS(7) . Since b oth the limited memory programs use only O ( nm

c

)

op erations to calculate the searc h direction, their computational times should

linearly dep end on n (with some �xed m

c

). Ho w ev er, as it can b e seen in

Figure 2, the computational times of these metho ds are not exactly linear.

This is due to the fact that with b oth the metho ds the n um b er of iterations

used increased with the dimension of the problem.

F or n = 100 the limited memory v ariable metric bundle program LVMBM(7)

(with m

�

= 2) w as ab out 3 times faster than the program PBUN (with m

�

=

10), 13 times faster than the program PBNCGC (with m

�

= 10), 7 times faster

than the program PVAR (with m

�

= 2) and 43 times faster than the program

PNEW (with m

�

= 10), and for n = 1000, the corresp onding v alues w ere 5, 21,

253 and 2093, resp ectiv ely .

Although the programs PBUN and PBNCGC are realizations of the same metho d,

the di�erence in their functioning is remark able. PBUN w as clearly more e�-

cien t when comparing the iteration n um b ers, function ev aluations and CPU

times. Ho w ev er, PBUN had sligh t di�culties to reac h the desired accuracy in

larger problems.

As it can b e seen in Figure 3, the n um b er of used iterations and function calls

of PNEW did not usually dep end on the dimension of the problem. Here the

c hained Rosen bro c k function (problem 1) w as an exception (see T ables 4, 11

and 18 of App endix A). On the other hand, when the dimension of the

problem b ecame ten times larger, PBUN needed ab out 5.2 times, PBNCGC ab out

5.9 times, PVAR ab out 7.2 times, LVMBM ab out 4.1 times and L-BFGS ab out

5.0 times more iterations and function ev aluations.

With b oth pro ximal bundle metho ds PBNCGC and PBUN the n um b er of itera-

tions usually decreased when the size of the bundle w as increased. Ho w ev er,

with large problems the CPU time grew with the size of the bundle. This

is due to the quadratic programming subproblem (3.15) whic h b ecomes v ery
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Figure 3: Av erage iterations used for the smo oth problems.

time-consuming when the size of the problem and the size of the bundle

increase. With the program PVAR there w as not so large a c hange in CPU

times when the size of the bundle w as increased as with the pro ximal bundle

programs PBUN and PBNCGC and with the bundle-Newton program PNEW . In

fact, the CPU time of PVAR w as appro ximately doubled in eac h case when

the size of the bundle w as increased from 2 to n + 3. This due to the fact

that the v ariable metric bundle metho d uses only three subgradien ts and t w o

lo calit y measures to solv e the quadratic subproblem (3.22). That means the

minim um size of the bundle is 2, and the larger bundle is used only for the

step size selections, whic h is not a time-consuming pro cedure. With the lim-

ited memory v ariable metric bundle program LVMBM the n um b er of iterations

w as appro ximately the same regardless of the size of the bundle but the com-

putational time expanded rapidly when the size of the bundle w as increased.

On closer consideration, w e noticed that the CPU time increase of LVMBM w as

alw a ys less than that of the original v ariable metric bundle program PVAR .

This is due to fact that the bundle up dating in these programs is exactly the

same and the line searc h in the program LVMBM �nds more serious steps and,

th us, the n um b er of iterations used is smaller than with the program PVAR .
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An yho w, with the program LVMBM the results obtained with the small bundle

( m

�

= 2) w ere in all cases as go o d as with the larger bundle and, th us, there

is no reason to use a larger bundle.

The iterations needed with the program LVMBM w ere appro ximately half of

that needed with the other limited memory program L-BFGS . Both of the

programs w ork ed w ell with b oth of tested n um b er of stored corrections m

c

=

3 and m

c

= 7. Ho w ev er, with the program L-BFGS the n um b er of iterations

used and the CPU time elapsed w ere alw a ys less with the larger n um b er of

stored corrections. The same e�ect can b e seen with the program LVMBM but

it is not so eviden t and the computational times are appro ximately the same

with b oth the n um b ers of stored corrections.

In order to see what kind of an e�ect the c hoice of parameter v alues had, the

smo oth problems 1 { 22 w ere also tested with the default parameters of the

programs. F or all the UFO programs PVAR , PBUN and PNEW and for b oth the

limited memory programs LVMBM and L-BFGS there exist some recommended

v alues for parameters in the implemen tation of these programs. In the im-

plemen tation of the pro ximal bundle metho d PBNCGC there exists no suc h

recommended v alues. Th us, the default parameters for PBNCGC used in our

exp erimen t w ere c hosen on the basis that they had b een found to b e go o d in

our previous w ork. In these exp erimen ts, the n um b er of v ariables w as set to

500 and w e tested the problems �rst with the default v alues of the parame-

ters (see App endix B) and then with the exp erimen tally c hosen v alues of the

parameters (see App endix C). The results are collected in T ables 25 { 30 of

App endix A.

With the v ariable metric bundle program PVAR there w ere �v e failures when

the default parameters w ere used. This program also had some di�culties to

recognize a go o d solution: Ev en though there w ere nine problems that ac-

cording to the termination parameter w ere solv ed with the desired accuracy ,

three of these results w ere clearly w orse than those obtained with the other

metho ds. Note that when parameters w ere tuned PVAR succeeded to solv e

all the problems prop erly .

With the bundle-Newton program PNEW , 18 problems from 22 w ere solv ed

with the desired accuracy when the default parameters w ere used. Three

of the problems that failed w ere terminated b ecause the v alue of x did not

c hange and t w o of these could not b e solv ed with the desired accuracy ev en

with the selected parameters. In addition, with one problem the optimization

w as terminated b ecause the v alue of the ob jectiv e function did not c hange.

This problem could not b e solv ed with the desired accuracy ev en with the
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selected parameters. Th us, with selected parameters the program PNEW suc-

ceeded to solv e 19 problems with the desired accuracy .

The pro ximal bundle program PBUN w as ma yb e the w orst program tested

when the default parameters w ere used. First of all, the program jammed

when trying to solv e problem 4. In addition, there w ere three failures in

the metho d and also this program had some di�culties to recognize a go o d

solution: Ev en though there w ere nine problems that according to the termi-

nation parameter w ere solv ed with the desired accuracy , six of these results

w ere clearly w orse than those obtained with the other metho ds. Note that

with selected parameters the program PBUN succeeded to solv e 20 problems

with the desired accuracy . Ho w ev er, also in this case the v alues of the ob jec-

tiv e functions w ere often sligh tly greater than those obtained with the other

metho ds.

The pro ximal bundle program PBNCGC , on the other hand, w as the b est

metho d to b e used with the default parameters. It failed to reac h the desired

accuracy only once and that w as b ecause the maxim um n um b er of function

calls w as not big enough. Otherwise, the program PBNCGC solv ed all the

problems with the desired accuracy also with the default parameters. The

n um b ers of used iterations and function calls w ere a little bit smaller when

the selected parameters w ere used.

The limited memory BF GS program L-BFGS solv ed 19 problems with the de-

sired accuracy when the default parameters w ere used. With three problems

the program had a failure during the line searc h. Tw o of these problems

could not b e solv ed ev en with the selected parameters. Th us, with selected

parameters the program L-BFGS succeed to solv e 20 problems with the de-

sired accuracy .

The new limited memory v ariable metric bundle program LVMBM w as quite

robust in our exp erimen ts. It solv ed 21 problems with the desired accuracy

b oth with the default and the selected parameters. With one problem the

program failed to reac h the desired accuracy but also in this case the v alue

of the ob jectiv e function w as as small as with the other metho ds. Ho w ev er,

the problems used in these exp erimen ts w ere the same that ha v e b een used

when testing the metho d in the construction phase and, th us, these results

should b e considered cautiously .

T o sum up, for smo oth problems the pro ximal bundle program PBNCGC found

the lo cal minim um in the most reliable w a y also with the small bundle. It w as

clearly the most robust program tested. Ho w ev er, with large-scale problems

it w as not computationally e�cien t.
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The pro ximal bundle program PBUN w as the most e�cien t of the preceding

nonsmo oth metho ds tested when the dimension of the problem w as greater

than 100. Ho w ev er, this metho d had some di�culties to reac h the desired

accuracy and it w as v ery sensitiv e to the c hoice of parameters.

The v ariable metric bundle program PVAR w as the most e�cien t metho d

tested for small problems (together with LVMBM ). Ho w ev er, its computational

time increased rapidly with the dimension of the problem. The metho d w as

quite reliable but also this metho d needed a careful c hoice of parameters.

The bundle-Newton program PNEW w as quite e�cien t with small problems.

It w as also reliable ev en with the default parameters. In most cases it found

the minim um with the smallest ob jectiv e function v alue. Ho w ev er, computa-

tional time of PNEW increased drastically with the dimension of the problem.

The limited memory BF GS program L-BFGS w as an e�cien t metho d b oth

with small- and large-scale problems. In man y cases, the minim um with the

smallest ob jectiv e function v alue w as found with this metho d. Ho w ev er, when

the dimension of the problems increased the program had some di�culties

with the line searc h and it failed to solv e some of the problems.

In all the cases, the limited memory v ariable metric bundle metho d LVMBM

with the small bundle w as the most e�cien t metho d tested. It found the

lo cal minim um in a reliable w a y and in our exp erimen ts it w as also v ery

robust.

6.3.2 Nonsmo oth Problems

The programs for nonsmo oth optimization (all the programs in T able 1 except

L-BFGS ) w ere tested also with four nonsmo oth minimization problems 23 {

26. The n um b ers of v ariables ( n ) used w ere 100, 300, 1000, 3000 and 10000

for con v ex problems 23 and 24 and 100 and 300 for noncon v ex problems 25

and 26.

As with smo oth problems, w e tested the programs with di�eren t sizes of bun-

dles ( m

�

) and in case of the limited memory v ariable metric bundle metho d

LVMBM also with di�eren t n um b ers of stored corrections ( m

c

). F or bundle-

Newton metho d PNEW and for b oth the pro ximal bundle metho ds PBUN and

PBNCGC the used sizes of bundles w ere 10, 50 and 100 and for v ariable metric

bundle metho ds PVAR and LVMBM the used sizes of bundles w ere 2, 50 and 100.

F or the program LVMBM the maxim um n um b ers of stored corrections w ere set

to 3, 7 and 15 and, as b efore, w e denote these di�eren t mo di�cations b y

LVMBM(3) , LVMBM(7) and LVMBM(15) .
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In our exp erimen ts, w e used the follo wing v alues of parameters:

� F or con v ex problems 23 and 24, the distance measure parameter


 = 0 : 0 w as used with the programs PBUN , PBNCGC and LVMBM .

With the bundle-Newton program PNEW the distance measure param-

eter 
 = 0 : 1 w as used since the v alue of 
 has to b e p ositiv e. Also the

distance measure exp onen t ! w as set to 2 with the program PNEW .

With the program PVAR the con v ex v ersion of the program w as used.

� F or noncon v ex problems 25 and 26 the noncon v ex v ersion of the

program PVAR w as used. The distance measure parameter 
 = 0 : 50

w as used with all the programs. Also for these problems the distance

measure exp onen t ! w as set to 2 with the program PNEW .

� F or the pro ximal bundle programs PBUN and PBNCGC the line searc h

parameter "

L

= 0 : 05 w as used for problems 23 and 24. Otherwise,

"

L

= 0 : 01 (default v alue) w as used.

F or the limited memory v ariable metric bundle program LVMBM the

line searc h parameter "

L

= 0 : 05 w as used for problems 23 { 25. F or

problem 26, the default v alue "

L

= 0 : 01 w as used.

� F or all UFO programs ( PVAR , PNEW and PBUN ) the maxim um step size

XMAX w as set to 1000 (default v alue) for problems 23 and 24 and to

2 for others.

F or limited memory v ariable metric bundle program LVMBM the max-

im um step size XMAX w as set to 10 for problem 25. Otherwise, the

default v alue XMAX = 2 w as used.

� The maxim um n um b er of iterations and function ev aluations w ere

set to 20000 and 50000 for PVAR , LVMBM , PBUN and PBNCGC , and to

2000 and 5000 for PNEW , resp ectiv ely .

With the largest problems ( n = 10000) b oth the maxim um n um b er

of iterations and the maxim um n um b er of function ev aluations w ere

set to 50000.

� The stopping criterion w as " = 10

� 5

when the n um b er of v ariables

w as 100 and " = 10

� 4

in all the other cases.

All the programs w ere tested with all the problems when the n um b er of

v ariables w as smaller or equal to 300. With larger problems w e stopp ed the

exp erimen ts if the CPU time used exceeded one hour. In practice this mean t
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that the program PNEW w as tested only with medium-scale problems ( n = 100

and n = 300) and the largest problems solv ed with the program PVAR had

the n um b er of v ariables n = 1000. F or the pro ximal bundle metho ds PBUN

and PBNCGC the used maxim um n um b er of iterations (20000) w as not big

enough to solv e the problems with more than 1000 v ariables. Th us, the larger

problems (problems 23 and 24, n � 3000) w ere tested only with the new

limited memory v ariable metric bundle metho d LVMBM . The largest problems

(problems 23 and 24, n = 10000) w ere tested only with bundles of small and

medium sizes ( m

�

= 2 and m

�

= 50).

The results of the exp erimen ts are summarized in T ables 31 { 44 of Ap-

p endix A. Some of the results are also displa y ed in Figures 4 and 5. In

Figure 4, w e giv e the CPU times of problem 23 v ersus the n um b er of v ari-

ables for all the programs with the small bundle. The results where the

maxim um n um b er of iterations w as not big enough are not included on the

data. In Figure 5, w e giv e the n um b er of iterations used for problem 23.

These results are displa y ed for all the programs with all the used sizes of

bundles and for 100, 300 and 1000 v ariables.
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Figure 4: CPU time elapsed for the problem 23.
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Figure 5: Iterations used for the problem 23.

F rom the n umerical results w e can conclude the sup eriorit y of the limited

memory v ariable metric bundle program LVMBM when comparing the compu-

tational times. In all the cases, it used less CPU time and iterations than the

other metho ds. Ho w ev er, the minim um of the ob jectiv e function found with

this metho d w as usually a little bit greater than with the other metho ds.

The results of the programs obtained with the other nonsmo oth problems

b eha v ed quite similarly to those of problem 23 (see Figures 4 and 5). F or

example, with the problem 24 for n = 100 the limited memory v ariable

metric bundle program LVMBM(7) (with m

�

= 2) w as ab out 6 times faster

than the program PVAR (with m

�

= 2), 70 times faster than the program PBUN

(with m

�

= 10), 110 times faster than the program PBNCGC (with m

�

= 10)

and 230 times faster than the program PNEW (with m

�

= 10). F or n =

300, the corresp onding v alues w ere 50, 110, 220 and 910, resp ectiv ely . F or

n = 1000 the program LVMBM(7) w as ab out 230 times faster than PVAR .

With the pro ximal bundle programs PBUN and PBNCGC the optimization w ere

terminated since the maxim um n um b er of iterations w as reac hed and, as said

b efore, the program PNEW w as not tested with n > 300.
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With the limited memory v ariable metric bundle program LVMBM the n um-

b er of iterations w as appro ximately the same regardless of the size of the

bundle ( m

�

) or the n um b er of stored corrections ( m

c

). As with smo oth prob-

lems, the computational time of the program increased with the size of the

bundle, but the results obtained with the small bundle w ere in all cases at

least as go o d as with the larger bundles and, th us, there is no reason to

use the size of the bundle greater than 2. With all the tested problems the

computational time of the program LVMBM increased also with the n um b er

of stored corrections. With nonsmo oth problems the v alues of the ob jectiv e

function obtained with the small n um b er of stored corrections ( m

c

= 3) w ere

in eac h case w orse than those obtained with larger n um b er of stored correc-

tions. This result w as ev en more eviden t with noncon v ex problems. In fact,

the new metho d had some di�culties to recognize a go o d solution in non-

con v ex case esp ecially with small n um b er of stored corrections. Th us, with

nonsmo oth and esp ecially with noncon v ex problems the n um b er of stored

corrections should b e at least 7.

The v ariable metric bundle program PVAR w ork ed w ell for problems with

no more than 1000 v ariables. In these cases, it used less CPU time than

the other metho ds except the program LVMBM and it usually needed few er

iterations than the other metho ds. It also found the minim um in the most

reliable w a y . Ho w ev er, when the dimension of the problems increased the

computational time of the program PVAR expanded rapidly .

Also with the bundle-Newton program PNEW the total amoun t of iterations

sta y ed quite lo w. Ho w ev er, eac h individual iteration w as so costly that PNEW

w as the most time-consuming of the metho ds tested already with the smallest

problems ( n = 100). In addition, in our exp erimen ts there w ere some failures

and inaccurate results with this program. Ho w ev er, M• ak el• a et al. (1999) ha v e

rep orted the sup eriorit y of the program PNEW when compared to the pro ximal

bundle programs PBUN and PBNCGC when solving hemiv ariational inequalities.

In their results the program PNEW w as the most e�cien t and the most reliable

metho d tested also with the large-scale problems.

In con trast to the results of smo oth problems, the program PBNCGC usually

required few er iterations and function ev aluations than the other pro ximal

bundle program PBUN . The program PBNCGC w as also quite reliable: if the

maxim um n um b er of iterations w as big enough, it found the lo cal minim um

in eac h case. With the program PBUN some inaccurate results o ccurred. With

b oth the pro ximal bundle programs the n um b er of iterations needed and the

computational times elapsed expanded rapidly with the dimension of the

problems. Eac h individual iteration of the program PBNCGC w as more costly
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than that of PBUN is and, th us, with medium-scale problems n � 300 the

program PBUN used less CPU time than the program PBNCGC .

All the tested programs solv ed the con v ex image restoration problems 23 and

24 prop erly for medium-scale cases ( n = 100 and n = 300) (see T ables 31,

32, 36 and 37 of App endix A). With the bundle-Newton program PNEW the

optimization w as usually terminated b ecause the v alue of x did not c hange

enough but also in these cases the minim um v alues of the ob jectiv e functions

w ere appro ximately as small as with the other programs.

F or n = 1000, the v ariable metric bundle programs PVAR and LVMBM with

all sizes of bundle and the pro ximal bundle program PBNCGC with the largest

bundle solv ed the problems 23 and 24 with the desired accuracy . F or the other

pro ximal bundle program PBUN and for the program PBNCGC with smaller bun-

dles the maxim um n um b er of iterations (20000) w as reac hed. Th us, w e tested

the pro ximal bundle programs PBUN and PBNCGC also with 50000 iterations.

In these cases, the CPU time used b y program PBNCGC exceeded one hour

and for program PBUN ev en this amoun t of iterations w as not big enough.

F or n = 3000 and n = 10000, the only metho d tested w as the new limited

memory v ariable metric bundle program LVMBM . The program solv ed b oth

problems 23 and 24 prop erly also in these larger cases.

F or n = 100, the v ariable metric bundle metho d PVAR with all sizes of bun-

dle, b oth the pro ximal bundle metho ds PBUN and PBNCGC with the largest

bundle and the limited memory v ariable metric bundle metho d LVMBM with

the largest n um b er of stored corrections succeeded to solv e the nonsmo oth

c hained Rosen bro c k problem 25 with the desired accuracy (see T able 41 of

App endix A). With 3 stored corrections the limited memory v ariable met-

ric bundle program LVMBM had some serious di�culties to recognize a go o d

solution. That is that according to termination parameter the problem w as

solv ed with the desired accuracy but the v alue of the ob jectiv e function at

termination w as m uc h w orse than that obtained with the other programs.

With 7 stored corrections the results obtained with the program LVMBM w ere

already clearly b etter than those obtained with 3 stored corrections and, as

men tioned ab o v e, with 15 stored corrections the program LVMBM succeeded

to solv e problem 25 with the desired accuracy .

F or n = 300, only the program PVAR succeeded to solv e problem 25 prop erly ,

although also this program had some di�culties to recognize a go o d solution

when the smallest bundle w as used. As b efore, the v alues of the ob jectiv e

function obtained with the program LVMBM w ere m uc h larger than they should

ha v e b een and with 3 stored corrections they w ere not ev en close to an optimal

solution (see T able 42 of App endix A).
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With problem 26 the programs PBUN and LVMBM con v erged to a di�eren t lo cal

minim um than the other programs. In these cases, the optimization w as

terminated b ecause the v alue of the ob jectiv e function did not c hange. The

programs PBNCGC and PVAR con v erged to the global minim um of the ob jectiv e

function and solv ed the problem with the desired accuracy . The program

PNEW failed to minimize this problem (see T ables 43 { 44 of App endix A).

The new limited memory v ariable metric bundle metho d LVMBM w as clearly

the most e�cien t metho d tested for large-scale problems. F or con v ex prob-

lems the new metho d found the minim um of the ob jectiv e function in a

reliable w a y . In noncon v ex case, the new metho d had some di�culties to

recognize a go o d solution esp ecially with the small maxim um n um b er of

stored corrections. Th us, it seems that with nonsmo oth and esp ecially with

noncon v ex problems the maxim um n um b er of stored corrections should b e

at least 7. Also the accuracy of the metho d still needs some mo di�cations so

that it can b etter b e compared with the other metho ds. The other programs

tested w ere quite e�cien t for the smallest problems used in the exp erimen ts.

Ho w ev er, the computational times of these metho ds expanded rapidly with

the dimension of the problem.

7 Conclusions

In this thesis, w e ha v e considered the optimization of nonsmo oth but lo cally

Lipsc hitz con tin uous ob jectiv e functions with sp ecial emphasis on large-scale

problems. The existing bundle metho ds are reliable and e�cien t metho ds for

small- and medium-scale problems. Ho w ev er, in large-scale cases their com-

putational demand expands. On the other hand, the subgradien t metho ds

su�er from some serious disadv an tages and, th us, they are not necessarily

the b est c hoices for large-scale optimization. F urthermore, w e ha v e not b een

able to �nd an y general solv er for nonsmo oth large-scale problems from lit-

erature. Th us, there is an eviden t need for a reliable and e�cien t solv er for

nonsmo oth large-scale optimization problems.

In this thesis, w e ha v e describ ed some existing metho ds for nonsmo oth opti-

mization and one metho d for large-scale smo oth optimization. In addition,

w e ha v e in tro duced a new limited memory v ariable metric bundle metho d for

nonsmo oth large-scale optimization. W e ha v e also tested the p erformance of

these di�eren t optimization metho ds.

The new limited memory v ariable metric bundle metho d w ork ed w ell for

b oth the smo oth and the con v ex nonsmo oth optimization problems. In these

cases, it w as clearly the most e�cien t metho d tested when comparing the

computational times and it also found the (lo cal) minim um in a reliable
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w a y . With the smo oth problems, the new limited memory v ariable metric

bundle metho d LVMBM w as almost t wice as fast as the other limited memory

v ariable metric metho d L-BFGS that has b een dev elop ed for smo oth large-

scale minimization. In addition, for example for 1000 v ariables, the limited

memory v ariable metric bundle metho d LVMBM w as ab out 5 times faster than

the fastest of the bundle metho ds PBUN and 250 times faster than the orig-

inal v ariable metric bundle metho d PVAR . F or nonsmo oth problems, these

di�erences w ere ev en more p erceptible. F or example, for one problem with

300 v ariables, the limited memory v ariable metric bundle metho d LVMBM w as

ab out 60 times faster than the original v ariable metric bundle program PVAR ,

90 times faster than the pro ximal bundle program PBUN , 270 times faster than

the other pro ximal bundle program PBNCGC and 1300 times faster than the

bundle-Newton program PNEW .

With smo oth problems the accuracy of the new metho d w as comparable to

the other metho ds tested. Ho w ev er, with nonsmo oth problems the minim ums

found with the limited memory v ariable metric bundle metho d w ere usually

sligh tly greater than those of the other metho ds. Th us, the accuracy of the

metho d still needs some mo di�cations so that it can b etter b e compared with

the other metho ds. The new metho d also had some di�culties to recognize

a go o d solution in nonsmo oth noncon v ex case. This di�cult y w as most

eviden t with the small maxim um n um b er of stored corrections. Th us, with

nonsmo oth and esp ecially with noncon v ex problems the maxim um n um b er

of stored corrections should b e at least 7.

In summary , w e ha v e in tro duced a new metho d for large-scale nonsmo oth un-

constrained optimization. Although the new metho d is quite useful already ,

there is a lot of further w ork required b efore the idea is complete. P ossible

areas of future dev elopmen t include the follo wing:

� More nonsmo oth n umerical exp erimen ts.

� Implemen tation with b etter accuracy prop erties.

� Con v ergence analysis.

� Better implemen tation of bundle up dating and line searc h.

� Alternativ e w a ys of scaling the up dates (esp ecially , the SR1 up date).

� Constrain t handling (simple b ounds, linear constrain ts, nonlinear

constrain ts).

� P arallelized v ersion of the metho d.
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A Computational Results in T ables

The results of the smo oth problems 1 { 22 with 10, 100, 1000 and 10000

v ariables are collected in T ables 3 { 24. The parameters used are c hosen

exp erimen tally (for details see App endix C).

T o see what kind of an e�ect the c hoice of parameter v alues had, the smo oth

problems 1 { 22 w ere also solv ed with the default parameters of the programs.

The results are collected in T ables 25 { 30. The default parameter v alues

used can b e found in App endix B and the exp erimen tally c hosen parameter

v alues can b e found in App endix C. With the programs PVAR and PNEW the

sizes of the bundle w ere set to m

�

= 2 and m

�

= 10, resp ectiv ely , also with

the default v alues. In these exp erimen ts, the n um b er of v ariables w as set to

500.

The results of the nonsmo oth problems 23 { 26 with 100, 300, 1000, 3000

and 10000 v ariables are collected in T ables 31 { 44. The parameters used in

these exp erimen ts can b e found in Section 6.3.2.

In all the tables, n is the n um b er of v ariables, m

�

is the size of the bundle, No

is the problem n um b er, Ni denotes the n um b er of iterations used, Nf denotes

the n um b er of ob jectiv e function ev aluations used, Ng denotes the n um b er

of subgradien t ev aluations used (in case of the programs PVAR , PBUN , PBNCGC

and LVMBM this is the same as Nf ), f is the v alue of the ob jectiv e function

at termination and Iterm is the cause of the termination (see App endix D).

In addition, with the program L-BFGS w e denote the maxim um n um b er of

stored corrections b y m

c

.

The CPU times (Time) are giv en in seconds. F or the smo oth problems

the CPU times giv en are the total times used for the set of problems. F or

nonsmo oth problems the CPU times are giv en individually .
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T able 3: Numerical results of PVAR with 10 v ariables.

m

�

= 2 m

�

= 13

No Ni Nf f Iterm Ni Nf f Iterm

1 73 74 8 : 1 � 10

� 9

4 82 87 1 : 4 � 10

� 8

4

2 125 125 4 : 5 � 10

� 9

4 129 134 1 : 5 � 10

� 9

4

3 33 33 1 : 8 � 10

� 5

4 34 34 6 : 8 � 10

� 7

4

4 61 61 0 : 920932 4 101 146 0 : 920934 4

5 16 16 9 : 2 � 10

� 8

4 18 20 6 : 1 � 10

� 9

4

6 23 23 5 : 3 � 10

� 7

4 22 29 2 : 3 � 10

� 7

4

7 79 79 2 : 149359 4 47 47 3 : 019295 4

8 47 48 10 : 23278 4 51 53 10 : 23278 4

9 10 10 � 133 : 5106 4 18 20 � 133 : 5106 4

10 12 12 � 139 : 0000 4 25 27 � 139 : 0000 4

11 93 93 0 : 107766 4 125 130 0 : 107766 4

12 34 34 1 : 732180 4 52 61 1 : 732180 4

13 10 10 9 : 1 � 10

� 10

4 17 17 4 : 4 � 10

� 10

4

14 28 29 2 : 0 � 10

� 9

4 54 84 4 : 4 � 10

� 9

4

15 9 9 1 : 924609 4 9 9 1 : 924609 4

16 12 12 � 8 : 051392 4 20 27 � 8 : 051392 4

17 26 40 � 0 : 038526 2 24 51 � 0 : 038526 2

18 11 12 � 0 : 025142 4 11 12 � 0 : 025142 4

19 10 10 57 : 70502 4 10 10 57 : 70502 4

20 16 17 � 1 : 012303 4 16 20 � 1 : 012303 4

21 15 17 2 : 140725 4 16 20 2 : 140725 4

22 68 73 1 : 000000 4 51 62 1 : 000000 4

Time: 0 : 02 0 : 04

T able 4: Numerical results of PNEW with 10 v ariables.

m

�

= 10 m

�

= 13

No Ni Nf Ng f Iterm Ni Nf Ng f Iterm

1 59 60 660 3 : 986579 4 64 65 715 3 : 986579 4

2 130 131 1441 2 : 3 � 10

� 25

4 130 131 1441 2 : 3 � 10

� 25

4

3 39 40 440 1 : 3 � 10

� 9

2 39 40 440 1 : 3 � 10

� 9

2

4 36 38 408 0 : 920932 4 43 45 485 0 : 920932 4

5 18 19 209 2 : 6 � 10

� 12

4 18 19 209 2 : 6 � 10

� 12

4

6 22 23 253 7 : 5 � 10

� 12

4 22 23 253 7 : 5 � 10

� 12

4

7 10 11 121 3 : 019295 4 10 11 121 3 : 019295 4

8 31 32 352 10 : 23278 4 31 32 352 10 : 23278 4

9 7 8 88 � 133 : 5106 4 7 8 88 � 133 : 5106 4

10 7 8 88 � 139 : 0000 4 7 8 88 � 139 : 0000 4

11 70 73 783 0 : 107766 4 67 70 750 0 : 107766 4

12 11 12 132 1 : 732180 4 11 12 132 1 : 732180 4

13 12 13 143 6 : 7 � 10

� 27

4 12 13 143 6 : 7 � 10

� 27

4

14 4 5 55 5 : 2 � 10

� 22

4 4 5 55 5 : 2 � 10

� 22

4

15 3 4 44 1 : 924609 4 3 4 44 1 : 924609 4

16 9 10 110 � 8 : 051392 4 9 10 110 � 8 : 051392 4

17 4 5 55 � 0 : 038526 4 4 5 55 � 0 : 038526 4

18 2 3 33 � 0 : 025142 4 2 3 33 � 0 : 025142 4

19 2 3 33 57 : 70502 4 2 3 33 57 : 70502 4

20 7 8 88 � 1 : 012303 4 7 8 88 � 1 : 012303 4

21 7 8 88 2 : 140725 4 7 8 88 2 : 140725 4

22 41 43 463 1 : 000000 4 41 43 463 1 : 000000 4

Time: 0 : 10 0 : 11
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T able 5: Numerical results of PBUN with 10 v ariables.

m

�

= 10 m

�

= 13

No Ni Nf f Iterm Ni Nf f Iterm

1 427 434 5 : 7 � 10

� 7

2 253 257 2 : 9 � 10

� 7

2

2 188 189 1 : 1 � 10

� 5

4 268 269 2 : 3 � 10

� 7

2

3 132 133 2 : 7 � 10

� 6

4 60 61 3 : 1 � 10

� 5

4

4 46 47 0 : 920938 4 46 47 0 : 920938 4

5 25 27 3 : 1 � 10

� 11

4 25 27 3 : 1 � 10

� 11

4

6 21 22 2 : 3 � 10

� 7

4 21 22 2 : 3 � 10

� 7

4

7 17 18 3 : 019295 4 17 18 3 : 019295 4

8 341 346 10 : 23282 4 226 230 10 : 28055 4

9 13 14 � 133 : 5106 4 13 14 � 133 : 5106 4

10 26 27 � 139 : 0000 4 26 27 � 139 : 0000 4

11 231 233 0 : 107818 2 290 292 0 : 107796 2

12 84 85 1 : 732182 4 66 67 1 : 732186 4

13 12 13 8 : 8 � 10

� 16

4 12 13 8 : 8 � 10

� 16

4

14 95 101 6 : 4 � 10

� 5

4 116 123 3 : 4 � 10

� 5

4

15 40 41 1 : 924609 4 40 41 1 : 924609 4

16 16 17 � 8 : 051392 4 16 17 � 8 : 051392 4

17 26 27 � 0 : 038526 4 26 27 � 0 : 038526 4

18 25 27 � 0 : 025142 4 25 27 � 0 : 025142 4

19 16 17 57 : 70502 4 16 17 57 : 70502 4

20 21 23 � 1 : 012303 4 21 23 � 1 : 012303 4

21 29 30 2 : 140727 4 29 30 2 : 140727 4

22 33 38 1 : 000000 4 26 31 1 : 000000 4

Time: 0 : 10 0 : 09

T able 6: Numerical results of PBNCGC with 10 v ariables.

m

�

= 10 m

�

= 13

No Ni Nf f Iterm Ni Nf f Iterm

1 506 510 4 : 4 � 10

� 7

0 195 443 7 : 4 � 10

� 8

0

2 396 676 7 : 1 � 10

� 8

0 290 820 1 : 8 � 10

� 7

0

3 114 115 1 : 5 � 10

� 5

0 113 114 7 : 6 � 10

� 6

0

4 100 101 0 : 920938 0 100 101 0 : 920939 0

5 14 15 1 : 9 � 10

� 6

0 14 15 1 : 9 � 10

� 6

0

6 16 17 5 : 1 � 10

� 7

0 16 17 5 : 1 � 10

� 7

0

7 16 17 3 : 019295 0 16 17 3 : 019295 0

8 387 388 10 : 23278 0 283 284 10 : 23278 0

9 17 18 � 133 : 5106 0 17 18 � 133 : 5106 0

10 24 25 � 139 : 0000 0 24 25 � 139 : 0000 0

11 28 29 1 : 053642 0 28 29 1 : 053642 0

12 113 114 1 : 732180 0 92 93 1 : 732180 0

13 10 11 2 : 3 � 10

� 7

0 10 11 2 : 3 � 10

� 7

0

14 51 148 2 : 3 � 10

� 7

0 42 122 1 : 8 � 10

� 7

0

15 79 80 1 : 924609 0 85 86 1 : 924609 0

16 20 21 � 8 : 051392 0 20 21 � 8 : 051392 0

17 28 29 � 0 : 038526 0 28 29 � 0 : 038526 0

18 53 54 � 0 : 025142 0 51 52 � 0 : 025142 0

19 27 28 57 : 70502 0 27 28 57 : 70502 0

20 42 43 � 1 : 012303 0 45 46 � 1 : 012303 0

21 32 33 2 : 140725 0 32 33 2 : 140725 0

22 35 36 1 : 000000 0 25 26 1 : 000000 0

Time: 0.16 0.14
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T able 7: Numerical results of LVMBM(7) with 10 v ariables.

m

�

= 2 m

�

= 13

No Ni Nf f Iterm Ni Nf f Iterm

1 96 108 1 : 1 � 10

� 8

1 93 103 5 : 6 � 10

� 8

1

2 147 167 2 : 7 � 10

� 7

1 146 166 2 : 7 � 10

� 7

1

3 35 39 7 : 2 � 10

� 7

1 36 38 9 : 6 � 10

� 6

1

4 57 59 0 : 920933 1 55 58 0 : 920940 1

5 14 14 1 : 1 � 10

� 7

1 14 14 1 : 1 � 10

� 7

1

6 26 26 5 : 9 � 10

� 7

1 26 26 5 : 9 � 10

� 7

1

7 12 12 3 : 019295 1 12 12 3 : 019295 1

8 79 96 10 : 23278 1 73 87 10 : 23278 1

9 11 11 � 133 : 5106 1 11 11 � 133 : 5106 1

10 15 15 � 139 : 0000 1 15 15 � 139 : 0000 1

11 77 88 0 : 107766 1 76 86 0 : 107766 1

12 52 61 1 : 732180 1 47 56 1 : 732180 1

13 10 10 7 : 2 � 10

� 10

1 10 10 7 : 2 � 10

� 10

1

14 25 28 6 : 6 � 10

� 8

1 25 28 6 : 6 � 10

� 8

1

15 9 10 1 : 924609 1 9 10 1 : 924609 1

16 12 12 � 8 : 051392 1 12 12 � 8 : 051392 1

17 7 7 � 0 : 038526 1 7 7 � 0 : 038526 1

18 7 7 � 0 : 025142 1 7 7 � 0 : 025142 1

19 10 11 57 : 70502 1 10 11 57 : 70502 1

20 18 19 � 1 : 012303 1 18 19 � 1 : 012303 1

21 18 19 2 : 140725 1 18 19 2 : 140725 1

22 35 41 1 : 000000 1 45 50 1 : 000002 1

Time: 0 : 02 0 : 03

T able 8: Numerical results of LVMBM(3) with 10 v ariables.

m

�

= 2 m

�

= 13

No Ni Nf f Iterm Ni Nf f Iterm

1 102 120 7 : 8 � 10

� 8

1 114 126 1 : 7 � 10

� 7

1

2 258 322 2 : 7 � 10

� 6

1 255 281 2 : 3 � 10

� 6

1

3 37 40 2 : 1 � 10

� 5

1 45 50 1 : 1 � 10

� 5

1

4 58 59 0 : 920933 1 58 59 0 : 920933 1

5 14 14 1 : 1 � 10

� 7

1 14 14 1 : 1 � 10

� 7

1

6 26 26 5 : 9 � 10

� 7

1 26 26 5 : 9 � 10

� 7

1

7 12 12 3 : 019295 1 12 12 3 : 019295 1

8 129 159 10 : 23278 1 111 125 10 : 23279 1

9 11 11 � 133 : 5106 1 11 11 � 133 : 5106 1

10 16 16 � 139 : 0000 1 16 16 � 139 : 0000 1

11 70 94 0 : 108245 1 59 69 0 : 107787 1

12 50 57 1 : 732180 1 57 73 1 : 732180 1

13 10 10 8 : 5 � 10

� 10

1 10 10 8 : 5 � 10

� 10

1

14 29 32 6 : 2 � 10

� 6

1 29 32 6 : 2 � 10

� 6

1

15 10 11 1 : 924609 1 10 11 1 : 924609 1

16 12 12 � 8 : 051392 1 12 12 � 8 : 051392 1

17 7 7 � 0 : 038526 1 7 7 � 0 : 038526 1

18 7 7 � 0 : 025142 1 7 7 � 0 : 025142 1

19 10 11 57 : 70502 1 10 11 57 : 70502 1

20 18 19 � 1 : 012303 1 18 19 � 1 : 012303 1

21 19 19 2 : 140725 1 19 19 2 : 140725 1

22 24 27 1 : 000000 1 27 30 1 : 000000 1

Time: 0 : 02 0 : 03
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T able 9: Numerical results of L-BFGS with 10 v ariables.

m

c

= 3 m

c

= 7

No Ni Nf f Iterm Ni Nf f Iterm

1 94 108 4 : 7 � 10

� 14

0 76 93 5 : 4 � 10

� 16

0

2 416 467 8 : 3 � 10

� 14

0 212 243 1 : 5 � 10

� 13

0

3 147 226 2 : 7 � 10

� 13

0 93 133 5 : 5 � 10

� 14

0

4 186 280 0 : 920932 0 64 85 0 : 920932 0

5 17 22 1 : 2 � 10

� 12

0 16 19 1 : 5 � 10

� 12

0

6 23 24 1 : 1 � 10

� 12

0 23 24 2 : 0 � 10

� 13

0

7 17 19 3 : 019295 0 13 14 3 : 019295 0

8 292 324 10 : 23278 0 138 155 10 : 23278 0

9 16 20 � 133 : 5106 0 14 18 � 133 : 5106 0

10 25 27 � 139 : 0000 0 22 24 � 139 : 0000 0

11 347 390 0 : 107766 0 35 37 1 : 053883 0

12 78 85 1 : 732179 0 47 56 1 : 732179 0

13 11 12 1 : 7 � 10

� 15

0 10 11 1 : 4 � 10

� 13

0

14 194 261 9 : 0 � 10

� 12

0 55 79 6 : 2 � 10

� 13

0

15 26 32 1 : 924609 0 13 16 1 : 924609 0

16 18 20 � 8 : 051392 0 16 19 � 8 : 051392 0

17 14 15 � 0 : 038526 0 10 11 � 0 : 038526 0

18 15 17 � 0 : 025142 0 10 12 � 0 : 025142 0

19 16 19 57 : 70502 0 12 14 57 : 70502 0

20 29 32 � 1 : 012303 0 25 28 � 1 : 012303 0

21 30 33 2 : 140725 0 24 29 2 : 140725 0

22 21 27 1 : 000000 0 23 27 1 : 000000 0

Time: 0 : 04 0 : 03
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T able 10: Numerical results of PVAR with 100 v ariables.

m

�

= 2 m

�

= 103

No Ni Nf f Iterm Ni Nf f Iterm

1 451 452 1 : 9 � 10

� 8

4 967 1082 2 : 6 � 10

� 7

4

2 518 518 1 : 7 � 10

� 5

4 572 596 9 : 9 � 10

� 8

4

3 58 60 1 : 1 � 10

� 6

4 624 768 1 : 2 � 10

� 6

4

4 161 162 25 : 20614 4 185 203 25 : 20613 4

5 19 19 7 : 5 � 10

� 7

4 68 112 2 : 0 � 10

� 7

2

6 40 40 3 : 2 � 10

� 6

4 447 641 5 : 8 � 10

� 8

4

7 614 614 29 : 52503 4 342 381 24 : 33194 4

8 34 34 1039 : 416 4 85 93 1039 : 416 4

9 11 11 � 98 : 85603 4 11 11 � 98 : 85603 4

10 370 517 � 140 : 1000 4 235 250 � 140 : 1000 4

11 323 363 1 : 077664 4 547 707 1 : 077659 2

12 229 229 82 : 29126 4 330 377 82 : 29126 4

13 13 15 6 : 1 � 10

� 10

4 15 17 1 : 3 � 10

� 13

4

14 3 3 1 : 2 � 10

� 6

4 3 3 1 : 2 � 10

� 6

4

15 129 129 1 : 924023 4 116 116 1 : 924023 4

16 39 39 � 49 : 99978 4 123 147 � 49 : 99978 4

17 29 30 � 0 : 037998 4 45 57 � 0 : 037999 4

18 49 50 � 0 : 024580 4 94 94 � 0 : 024581 4

19 115 115 59 : 40673 4 101 101 59 : 40673 4

20 117 117 � 1 : 001340 4 359 441 � 1 : 001340 4

21 75 75 2 : 138266 4 137 155 2 : 138263 4

22 1094 1097 1 : 000004 4 185 188 1 : 000000 4

Time: 2.32 4.88

T able 11: Numerical results of PNEW with 100 v ariables.

m

�

= 10 m

�

= 103

No Ni Nf Ng f Iterm Ni Nf Ng f Iterm

1 438 439 44339 3 : 986624 4 438 439 44339 3 : 986624 4

2 227 233 23033 1 : 6 � 10

� 18

4 242 246 24546 1 : 7 � 10

� 23

4

3 36 37 3737 1 : 1 � 10

� 9

2 36 37 3737 1 : 1 � 10

� 9

2

4 38 42 3942 25 : 20613 4 38 42 3942 25 : 20613 4

5 19 20 2020 2 : 8 � 10

� 12

4 19 20 2020 2 : 8 � 10

� 12

4

6 26 27 2727 3 : 0 � 10

� 12

4 26 27 2727 3 : 0 � 10

� 12

4

7 10 11 1111 33 : 37543 4 10 11 1111 33 : 37543 4

8 15 16 1616 1039 : 416 4 15 16 1616 1039 : 416 4

9 9 10 1010 � 98 : 85603 4 9 10 1010 � 98 : 85603 4

10 68 88 6988 � 133 : 1000 4 92 115 9415 � 132 : 9000 4

11 53 54 5454 1 : 077659 4 69 70 7070 1 : 077659 4

12 11 12 1212 82 : 29126 4 11 12 1212 82 : 29126 4

13 13 14 1414 8 : 1 � 10

� 23

4 13 14 1414 8 : 1 � 10

� 23

4

14 4 5 505 6 : 8 � 10

� 25

4 4 5 505 6 : 8 � 10

� 25

4

15 4 5 505 1 : 924023 4 4 5 505 1 : 924023 4

16 10 11 1111 � 49 : 99978 4 10 11 1111 � 49 : 99978 4

17 4 5 505 � 0 : 037999 4 4 5 505 � 0 : 037999 4

18 2 3 303 � 0 : 024581 4 2 3 303 � 0 : 024581 4

19 2 3 303 59 : 40673 4 2 3 303 59 : 40673 4

20 8 9 909 � 1 : 001340 4 8 9 909 � 1 : 001340 4

21 9 10 1010 2 : 138263 4 9 10 1010 2 : 138263 4

22 129 140 13140 1 : 000000 4 148 157 15057 1 : 000000 4

Time: 14 : 98 37 : 62
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T able 12: Numerical results of PBUN with 100 v ariables.

m

�

= 10 m

�

= 103

No Ni Nf f Iterm Ni Nf f Iterm

1 1488 1489 4 : 0 � 10

� 5

4 1720 1722 5 : 0 � 10

� 5

4

2 1601 1602 6 : 1 � 10

� 7

2 1995 1999 2 : 6 � 10

� 8

2

3 164 165 4 : 1 � 10

� 6

2 75 76 5 : 1 � 10

� 5

4

4 65 67 25 : 20692 4 65 67 25 : 20692 4

5 22 23 1 : 7 � 10

� 7

4 22 23 1 : 7 � 10

� 7

4

6 23 24 7 : 9 � 10

� 8

4 23 24 7 : 9 � 10

� 8

4

7 24 27 33 : 37543 4 26 28 33 : 37543 4

8 45 46 1039 : 416 4 45 46 1039 : 416 4

9 11 12 � 98 : 85603 4 11 12 � 98 : 85603 4

10 163 164 � 140 : 1000 4 166 167 � 140 : 1000 4

11 358 362 1 : 078535 4 291 293 1 : 077677 4

12 221 222 82 : 29210 4 203 204 82 : 29136 4

13 11 12 3 : 0 � 10

� 12

4 11 12 3 : 0 � 10

� 12

4

14 21 26 1 : 2 � 10

� 6

2 21 26 1 : 2 � 10

� 6

2

15 277 280 1 : 924505 4 285 287 1 : 924444 4

16 56 57 � 49 : 99978 4 51 52 � 49 : 99978 4

17 323 325 � 0 : 037998 2 183 185 � 0 : 037995 4

18 170 173 � 0 : 024576 4 177 180 � 0 : 024558 4

19 232 234 59 : 40692 4 123 125 59 : 40683 4

20 254 256 � 1 : 001321 4 199 201 � 1 : 000899 4

21 188 190 2 : 139308 4 158 159 2 : 139909 4

22 20 35 17 : 97757 1 20 35 17 : 97757 1

Time: 0.93 4.10

T able 13: Numerical results of PBNCGC with 100 v ariables.

m

�

= 10 m

�

= 103

No Ni Nf f Iterm Ni Nf f Iterm

1 884 889 2 : 5 � 10

� 6

0 2593 3365 1 : 1 � 10

� 6

0

2 1729 1731 1 : 3 � 10

� 6

0 1224 1225 6 : 3 � 10

� 7

0

3 162 163 1 : 1 � 10

� 5

0 152 153 9 : 9 � 10

� 6

0

4 188 189 25 : 20614 0 189 190 25 : 20614 0

5 15 16 1 : 2 � 10

� 6

0 15 16 1 : 2 � 10

� 6

0

6 20 21 2 : 2 � 10

� 6

0 21 22 2 : 5 � 10

� 7

0

7 19 20 33 : 37543 0 19 20 33 : 37543 0

8 79 80 1039 : 416 0 75 76 1039 : 416 0

9 13 14 � 98 : 85603 0 13 14 � 98 : 85603 0

10 340 341 � 108 : 5000 0 313 314 � 108 : 5000 0

11 197 438 1 : 077659 0 204 317 1 : 077659 0

12 442 443 82 : 29126 0 423 424 82 : 29126 0

13 15 16 4 : 6 � 10

� 8

0 15 16 4 : 6 � 10

� 8

0

14 248 1004 1 : 0 � 10

� 6

0 97 399 1 : 2 � 10

� 6

0

15 3851 3852 1 : 924023 0 735 736 1 : 924023 0

16 75 76 � 49 : 99978 0 75 76 � 49 : 99978 0

17 204 409 � 0 : 037998 0 191 383 � 0 : 037998 0

18 254 509 � 0 : 024580 0 216 433 � 0 : 024580 0

19 335 336 59 : 40673 0 342 343 59 : 40673 0

20 327 328 � 1 : 001337 0 388 389 � 1 : 001339 0

21 327 645 2 : 138266 0 305 599 2 : 138265 0

22 896 897 1 : 000001 0 590 591 1 : 000000 0

Time: 4.36 21.52
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T able 14: Numerical results of LVMBM(7) with 100 v ariables.

m

�

= 2 m

�

= 13

No Ni Nf f Iterm Ni Nf f Iterm

1 694 857 9 : 8 � 10

� 8

1 594 647 2 : 3 � 10

� 7

1

2 1127 1305 9 : 4 � 10

� 6

1 1197 1280 5 : 4 � 10

� 6

1

3 52 56 8 : 2 � 10

� 6

1 52 56 8 : 3 � 10

� 6

1

4 65 66 25 : 20613 1 73 75 25 : 20613 1

5 14 14 9 : 5 � 10

� 8

1 14 14 9 : 5 � 10

� 8

1

6 22 22 6 : 5 � 10

� 7

1 22 22 6 : 5 � 10

� 7

1

7 16 17 33 : 37543 1 16 17 33 : 37543 1

8 42 44 1039 : 416 1 42 44 1039 : 416 1

9 11 11 � 98 : 85603 1 11 11 � 98 : 85603 1

10 116 175 � 140 : 1000 1 119 133 � 139 : 7000 1

11 100 117 1 : 077787 1 97 105 1 : 077659 1

12 138 140 82 : 29126 1 131 132 82 : 29126 1

13 7 7 4 : 5 � 10

� 8

1 7 7 4 : 5 � 10

� 8

1

14 2 2 1 : 2 � 10

� 6

1 2 2 1 : 2 � 10

� 6

1

15 63 65 1 : 924024 1 65 67 1 : 924024 1

16 39 39 � 49 : 99978 1 39 39 � 49 : 99978 1

17 32 33 � 0 : 037997 1 32 33 � 0 : 037997 1

18 51 53 � 0 : 024579 1 51 53 � 0 : 024579 1

19 68 69 59 : 40673 1 68 69 59 : 40673 1

20 127 129 � 1 : 001336 1 129 131 � 1 : 001335 1

21 85 85 2 : 138267 1 85 85 2 : 138267 1

22 98 107 1 : 000000 1 101 108 1 : 000001 1

Time: 0 : 35 1 : 17

T able 15: Numerical results of LVMBM(3) with 100 v ariables.

m

�

= 2 m

�

= 13

No Ni Nf f Iterm Ni Nf f Iterm

1 730 880 3 : 4 � 10

� 7

1 649 708 4 : 1 � 10

� 7

1

2 1120 1423 5 : 3 � 10

� 6

1 705 774 9 : 8 � 10

� 6

1

3 47 49 1 : 2 � 10

� 5

1 47 49 1 : 3 � 10

� 5

1

4 69 73 25 : 20613 1 59 61 25 : 20614 1

5 14 14 9 : 5 � 10

� 8

1 14 14 9 : 5 � 10

� 8

1

6 22 22 6 : 5 � 10

� 7

1 22 22 6 : 5 � 10

� 7

1

7 16 17 33 : 37543 1 16 17 33 : 37543 1

8 44 47 1039 : 416 1 43 45 1039 : 416 1

9 11 11 � 98 : 85603 1 11 11 � 98 : 85603 1

10 138 179 � 118 : 3000 1 120 137 � 125 : 5000 1

11 178 230 1 : 077674 1 255 291 1 : 077660 1

12 158 162 82 : 29126 1 144 150 82 : 29126 1

13 7 7 4 : 5 � 10

� 8

1 7 7 4 : 5 � 10

� 8

1

14 2 2 1 : 2 � 10

� 6

1 2 2 1 : 2 � 10

� 6

1

15 110 113 1 : 924026 1 87 90 1 : 924061 1

16 45 46 � 49 : 99978 1 45 46 � 49 : 99978 1

17 59 63 � 0 : 037997 1 55 58 � 0 : 037995 1

18 76 78 � 0 : 024579 1 79 82 � 0 : 024579 1

19 73 74 59 : 40674 1 73 74 59 : 40674 1

20 149 151 � 1 : 001339 1 135 136 � 1 : 001335 1

21 113 113 2 : 138269 1 113 113 2 : 138269 1

22 94 98 1 : 000002 1 100 104 1 : 000001 1

Time: 0 : 32 1 : 02
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T able 16: Numerical results of L-BFGS with 100 v ariables.

m

c

= 3 m

c

= 7

No Ni Nf f Iterm Ni Nf f Iterm

1 548 598 5 : 1 � 10

� 13

0 535 627 2 : 3 � 10

� 14

0

2 1045 1473 4 : 8 � 10

� 12

0 791 1151 4 : 1 � 10

� 12

0

3 197 214 2 : 2 � 10

� 12

0 150 163 7 : 3 � 10

� 12

0

4 222 233 25 : 20613 0 114 118 25 : 20613 0

5 22 23 1 : 9 � 10

� 12

0 21 22 2 : 9 � 10

� 12

0

6 35 37 2 : 7 � 10

� 12

0 35 37 1 : 8 � 10

� 12

0

7 27 31 33 : 37543 0 26 30 33 : 37543 0

8 65 70 1039 : 416 0 60 66 1039 : 416 0

9 13 16 � 98 : 85603 0 13 16 � 98 : 85603 0

10 352 375 � 108 : 9000 0 251 258 � 108 : 5000 0

11 354 392 1 : 077659 0 139 169 1 : 077659 0

12 238 255 82 : 29126 0 226 242 82 : 29126 0

13 11 12 1 : 5 � 10

� 14

0 11 12 1 : 2 � 10

� 14

0

14 6629 6942 9 : 0 � 10

� 9

0 2964 3038 6 : 7 � 10

� 10

0

15 { { { � 1 = 3 { { { � 1 = 3

16 74 80 � 49 : 99978 0 68 73 � 49 : 99978 0

17 156 166 � 0 : 037999 0 121 127 � 0 : 037999 0

18 262 273 � 0 : 024581 0 159 166 � 0 : 024581 0

19 214 228 59 : 40673 0 158 163 59 : 40673 0

20 309 326 � 1 : 001340 0 240 246 � 1 : 001340 0

21 310 320 2 : 138263 0 194 202 2 : 138263 0

22 249 257 1 : 000000 0 140 149 1 : 000000 0

Time: 0 : 93 0 : 65
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T able 17: Numerical results of PVAR with 1000 v ariables.

m

�

= 2

�

m

�

= 1003

No Ni Nf f Iterm Ni Nf f Iterm

1 14357 14374 6 : 3 � 10

� 9

4 5376 5425 9 : 2 � 10

� 8

4

2 2035 2036 53 : 58541 4 2812 2833 75 : 32483 4

3 99 101 3 : 1 � 10

� 5

4 2805 2884 9 : 6 � 10

� 7

4

4 8177 8667 269 : 5364 4 8460 8699 269 : 4996 4

5 18 18 1 : 2 � 10

� 6

4 28 40 2 : 1 � 10

� 7

4

6 308 308 4 : 2 � 10

� 5

4 261 282 8 : 2 � 10

� 8

4

7 5527 5724 188 : 7643 4 3235 3293 276 : 2918 4

8 116 121 761775 : 0 2 108 109 761775 : 0 2

9 28 28 316 : 4361 4 28 29 316 : 4361 4

10 4001 6137 � 139 : 2500 4 2770 2925 � 136 : 8500 4

11 2158 2354 10 : 77659 4 688 702 10 : 77659 4

12 1216 1249 982 : 2738 2 1073 1095 982 : 2736 2

13 22 23 2 : 2 � 10

� 11

4 17 20 5 : 4 � 10

� 12

4

14 3 3 1 : 3 � 10

� 9

4 3 3 1 : 3 � 10

� 9

4

15 1063 1063 1 : 924016 4 1026 1030 1 : 924016 4

16 229 242 � 427 : 4045 2 1242 1268 � 427 : 4045 4

17 341 531 � 0 : 037992 4 506 708 � 0 : 037992 4

18 454 907 � 0 : 024574 4 454 907 � 0 : 024574 4

19 1052 1070 59 : 59862 4 1034 1044 59 : 59862 4

20 4678 4687 � 1 : 000135 4 3496 3525 � 1 : 000135 4

21 676 1271 2 : 138670 4 1323 1324 2 : 138664 4

22 1162 1162 1 : 000121 4 1572 1574 1 : 000000 4

Time: 3886.62 ( � 1.1h) 8437.67 ( � 2.3h)

* m

�

= 4 in problems 1 and 2

T able 18: Numerical results of PNEW with 1000 v ariables.

m

�

= 10

No Ni Nf Ng f Iterm

1 4303 4305 4308305 3 : 986624 4

2 35 36 36036 3930 : 722 1

3 36 37 37037 1 : 2 � 10

� 9

2

4 57 58 58058 269 : 4995 4

5 21 22 22022 1 : 1 � 10

� 12

4

6 23 24 24024 4 : 2 � 10

� 12

4

7 10 11 11011 336 : 9372 4

8 8 15 9015 761775 : 0 4

9 26 30 27030 316 : 4361 4

10 139 140 140140 � 82 : 93942 1

11 82 83 83083 10 : 77659 4

12 11 12 12012 982 : 2736 4

13 14 15 15015 1 : 8 � 10

� 42

4

14 4 5 5005 1 : 2 � 10

� 26

4

15 4 5 5005 1 : 924016 4

16 11 12 12012 � 427 : 4045 4

17 4 5 5005 � 0 : 037992 4

18 2 3 3003 � 0 : 024574 4

19 2 6 3006 59 : 59862 4

20 11 12 12012 � 1 : 000135 4

21 10 11 11011 2 : 138664 4

22 116 130 117130 11 : 83995 1

Time: 32192.21 ( � 8.9h)
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T able 19: Numerical results of PBUN with 1000 v ariables.

m

�

= 10 m

�

= 1003

No Ni Nf f Iterm Ni Nf f Iterm

1 15293 15295 1 : 9 � 10

� 6

2 16059 16061 4 : 5 � 10

� 6

4

2 9655 9656 549 : 3333 4 9124 9125 269 : 2752 4

3 205 207 2 : 6 � 10

� 6

4 114 116 6 : 0 � 10

� 5

4

4 88 89 269 : 4998 4 88 89 269 : 4998 4

5 26 27 1 : 7 � 10

� 9

4 26 27 1 : 7 � 10

� 9

4

6 34 35 2 : 0 � 10

� 7

4 34 35 2 : 0 � 10

� 7

4

7 23 24 336 : 9372 4 23 24 336 : 9372 4

8 29 30 761775 : 0 2 29 30 761775 : 0 2

9 16 17 316 : 4361 4 16 17 316 : 4361 4

10 705 717 � 133 : 3841 4 1005 1006 � 130 : 6238 4

11 411 414 10 : 77798 4 405 408 10 : 77888 4

12 307 308 982 : 2737 4 310 311 982 : 2748 4

13 15 16 1 : 2 � 10

� 14

4 15 16 1 : 2 � 10

� 14

4

14 11 16 1 : 3 � 10

� 9

2 11 16 1 : 3 � 10

� 9

2

15 3607 3609 1 : 981668 4 4003 4007 1 : 983609 4

16 160 161 � 427 : 4044 4 166 168 � 427 : 4043 4

17 2728 2730 � 0 : 033888 4 2383 2384 � 0 : 036646 4

18 2494 2497 � 0 : 024183 4 2434 2436 � 0 : 023817 4

19 1850 1854 59 : 66069 4 2035 2038 59 : 65549 4

20 3054 3059 � 0 : 977521 4 2388 2389 � 0 : 989295 4

21 1333 1335 2 : 369362 4 1208 1210 2 : 309550 4

22 20 35 17 : 99977 1 20 35 17 : 99977 1

Time: 81.25 ( � 1.4min) 6752.60 ( � 1.9h)

T able 20: Numerical results of PBNCGC with 1000 v ariables.

m

�

= 10 m

�

= 1003

No Ni Nf f Iterm Ni Nf f Iterm

1 4683 4699 1 : 5 � 10

� 6

0 8373 15216 2 : 4 � 10

� 7

0

2 2627 2628 5 : 7 � 10

� 7

0 4406 4407 7 : 147128 0

3 153 154 8 : 7 � 10

� 6

0 162 163 6 : 7 � 10

� 6

0

4 200 201 269 : 4995 0 168 169 269 : 4996 0

5 22 23 2 : 0 � 10

� 6

0 22 23 2 : 0 � 10

� 6

0

6 21 22 8 : 8 � 10

� 7

0 21 22 8 : 8 � 10

� 7

0

7 28 29 336 : 9372 0 30 31 336 : 9372 0

8 34 35 761775 : 0 0 34 35 761775 : 0 0

9 14 26 316 : 4361 0 14 26 316 : 4361 0

10 2737 2740 � 130 : 6100 0 2318 2319 � 130 : 6300 0

11 220 509 10 : 77659 0 255 676 10 : 77659 0

12 428 429 982 : 2736 0 385 386 982 : 2736 0

13 13 14 4 : 1 � 10

� 9

0 13 14 4 : 1 � 10

� 9

0

14 2 12 1 : 3 � 10

� 9

0 2 12 1 : 3 � 10

� 9

0

15 9769 19539 1 : 924021 0 5937 11875 1 : 924020 0

16 258 259 � 427 : 4045 0 277 278 � 427 : 4045 0

17 5929 11859 � 0 : 037988 0 3494 6989 � 0 : 037989 0

18 4529 13545 � 0 : 024573 0 2442 7311 � 0 : 024573 0

19 6362 6363 59 : 59865 0 5739 5746 59 : 59863 0

20 6081 6082 � 1 : 000115 0 5475 5476 � 1 : 000129 0

21 4469 13464 2 : 138666 0 5137 15394 2 : 138666 0

22 17891 18157 1 : 000010 0 13124 13125 1 : 000002 0

Time: 318.32 ( � 5.3min) 36520.20 ( � 10.1h)
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T able 21: Numerical results of LVMBM(7) with 1000 v ariables.

m

�

= 2 m

�

= 13

No Ni Nf f Iterm Ni Nf f Iterm

1 6605 8143 2 : 7 � 10

� 7

1 5865 6570 3 : 0 � 10

� 7

1

2 175 198 3 : 572791 1 214 227 7 : 147057 1

3 42 44 1 : 8 � 10

� 6

1 42 44 1 : 8 � 10

� 6

1

4 72 74 269 : 4996 1 71 72 269 : 4996 1

5 17 17 6 : 8 � 10

� 7

1 17 17 6 : 8 � 10

� 7

1

6 19 19 3 : 5 � 10

� 7

1 19 19 3 : 5 � 10

� 7

1

7 24 26 336 : 9372 1 23 24 336 : 9372 1

8 26 26 761775 : 0 1 26 26 761775 : 0 1

9 14 14 316 : 4361 1 14 14 316 : 4361 1

10 725 797 � 134 : 6299 1 910 925 � 128 : 3100 4

11 102 111 10 : 77659 1 88 92 10 : 77691 1

12 140 148 982 : 2736 4 142 150 982 : 2736 4

13 12 12 5 : 4 � 10

� 13

1 12 12 5 : 4 � 10

� 13

1

14 2 2 1 : 3 � 10

� 9

1 2 2 1 : 3 � 10

� 9

1

15 987 1010 1 : 924045 1 872 882 1 : 924095 1

16 119 121 � 427 : 4045 4 124 126 � 427 : 4045 1

17 327 332 � 0 : 037964 1 491 497 � 0 : 037961 1

18 458 468 � 0 : 024564 1 433 438 � 0 : 024540 1

19 646 663 59 : 59866 1 713 717 59 : 59873 1

20 970 989 � 1 : 000104 1 1102 1110 � 1 : 000116 1

21 992 1012 2 : 138693 1 837 849 2 : 138703 1

22 895 1015 1 : 000009 1 845 867 1 : 000037 1

Time: 15 : 38 892 : 16 ( � 14.9min)

T able 22: Numerical results of LVMBM(3) with 1000 v ariables.

m

�

= 2 m

�

= 13

No Ni Nf f Iterm Ni Nf f Iterm

1 6766 8152 9 : 3 � 10

� 8

1 6187 6722 5 : 3 � 10

� 8

1

2 228 270 3 : 572785 1 210 223 3 : 572777 1

3 52 56 3 : 6 � 10

� 6

1 53 58 3 : 0 � 10

� 6

1

4 68 73 269 : 4996 1 67 73 269 : 4996 1

5 16 16 3 : 7 � 10

� 7

1 16 16 3 : 7 � 10

� 7

1

6 19 19 3 : 4 � 10

� 7

1 19 19 3 : 4 � 10

� 7

1

7 23 24 336 : 9372 1 24 25 336 : 9372 1

8 25 26 761775 : 0 1 26 27 761775 : 0 1

9 14 14 316 : 4361 1 14 14 316 : 4361 1

10 784 815 � 124 : 3699 4 922 931 � 126 : 6500 1

11 101 119 10 : 77659 1 108 119 10 : 77665 1

12 155 164 982 : 2736 4 138 144 982 : 2736 4

13 12 12 2 : 5 � 10

� 15

1 12 12 2 : 5 � 10

� 15

1

14 2 2 1 : 3 � 10

� 9

1 2 2 1 : 3 � 10

� 9

1

15 1164 1193 1 : 924473 1 1433 1456 1 : 924616 1

16 128 130 � 427 : 4045 4 128 133 � 427 : 4045 1

17 348 350 � 0 : 037953 1 392 395 � 0 : 037970 1

18 716 741 � 0 : 024534 1 423 428 � 0 : 024448 1

19 801 824 59 : 59876 1 1045 1063 59 : 59877 1

20 1207 1234 � 1 : 000052 1 1206 1221 � 1 : 000076 1

21 1172 1190 2 : 138855 1 1083 1099 2 : 139081 1

22 932 1069 1 : 000018 1 1405 1426 1 : 000020 1

Time: 14 : 34 1078 : 94 ( � 18.0min)

91



T able 23: Numerical results of L-BFGS with 1000 v ariables.

m

c

= 3 m

c

= 7

No Ni Nf f Iterm Ni Nf f Iterm

1 5036 5428 1 : 2 � 10

� 11

0 4998 5844 1 : 3 � 10

� 12

0

2 4754 5125 562 : 7389 0 3850 4085 228 : 9450 0

3 341 372 4 : 9 � 10

� 10

0 104 112 7 : 5 � 10

� 11

0

4 176 187 269 : 4995 0 107 113 269 : 4995 0

5 24 25 2 : 9 � 10

� 11

0 23 24 3 : 2 � 10

� 11

0

6 37 39 1 : 0 � 10

� 11

0 37 39 1 : 2 � 10

� 11

0

7 30 32 336 : 9372 0 30 32 336 : 9372 0

8 { { { � 1 = 3 { { { � 1 = 3

9 11 15 316 : 4361 0 11 15 316 : 4361 0

10 1923 2066 � 134 : 4500 0 1238 1278 � 134 : 4100 0

11 369 429 10 : 77659 0 116 149 199 : 0539 0

12 245 265 982 : 2736 0 230 246 982 : 2736 0

13 12 13 1 : 0 � 10

� 18

0 12 13 1 : 7 � 10

� 20

0

14 1 3 1 : 3 � 10

� 9

0 1 3 1 : 3 � 10

� 9

0

15 { { { � 1 = 3 { { { � 1 = 3

16 { { { � 1 = 3 { { { � 1 = 3

17 2725 2883 � 0 : 037992 0 1180 1228 � 0 : 037992 0

18 3935 4125 � 0 : 024574 0 1934 1972 � 0 : 024574 0

19 2715 2885 59 : 59862 0 1355 1395 59 : 59862 0

20 3948 4122 � 1 : 000135 0 2304 2353 � 1 : 000135 0

21 3679 3845 2 : 138664 0 2241 2282 2 : 138664 0

22 3814 3975 1 : 000000 0 1556 1626 1 : 000000 0

Time: 35 : 74 23 : 58

T able 24: Numerical results of LVMBM and L-BFGS with 10000 v ariables.

LVMBM(7) L-BFGS(7)

No Ni Nf f Iterm Ni Nf f Iterm

1 40525 50000 3774 : 268 2 43682 50001 1265 : 081 {

2 39082 49990 583 : 3777 4 30483 32509 1520 : 488 0

3 57 61 1 : 2 � 10

� 5

1 136 143 4 : 3 � 10

� 14

0

4 120 122 2712 : 434 4 { { { � 1 = 3

5 38 38 1 : 1 � 10

� 7

1 25 33 4 : 4 � 10

� 10

0

6 25 25 3 : 5 � 10

� 7

1 36 39 1 : 2 � 10

� 10

0

7 35 40 3369 : 618 1 { { { � 1 = 3

8 23 24 8 : 1 � 10

7

4 { { { � 1 = 3

9 49 49 3986 : 877 1 13 22 3986 : 877 0

10 3694 3827 � 127 : 3240 1 17588 18004 � 127 : 1890 0

11 99 129 107 : 7659 1 103 134 107 : 7659 0

12 122 133 9982 : 274 4 217 236 9982 : 274 0

13 15 15 2 : 6 � 10

� 8

1 13 14 4 : 2 � 10

� 15

0

14 39749 50000 1 : 3 � 10

� 12

2 1 3 1 : 3 � 10

� 12

0

15 5305 5415 1 : 936269 1 35765 50001 1 : 924252 {

16 307 315 � 4159 : 932 4 { { { � 1 = 3

17 2604 2662 � 0 : 037414 1 20568 21273 � 0 : 037992 0

18 5311 5442 � 0 : 024078 1 24373 25190 � 0 : 024574 0

19 6129 6265 59 : 61931 1 20377 20806 59 : 61806 0

20 10366 10589 � 0 : 999215 1 29826 31526 � 1 : 000014 0

21 6836 7125 2 : 139914 1 17610 17907 2 : 138670 0

22 8694 9480 1 : 001152 1 { { { � 1 = 3

Time: 1707 : 23 ( � 28.5min) 3119 : 81 ( � 52.0min)
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T able 25: Numerical results of PVAR ( n = 500 and m

�

= 2).

Default parameters Selected parameters

�

No Ni Nf f Iterm Ni Nf f Iterm

1 10000 10002 413 : 9563 12 6781 6800 7 : 3 � 10

� 8

4

2 10000 10002 252 : 0023 12 1216 1216 1 : 2 � 10

� 5

4

3 1846 1846 0 : 001133 4 79 81 4 : 7 � 10

� 7

4

4 18 21 272903 : 1 � 10 437 438 133 : 7810 4

5 3158 3159 0 : 640665 4 19 19 4 : 9 � 10

� 7

4

6 10000 10002 32707 : 54 12 142 142 1 : 9 � 10

� 5

4

7 2321 2321 105 : 5881 4 2321 2321 105 : 5881 4

8 1001 1322 163899 : 9 2 128 132 163899 : 9 2

9 20 20 90 : 96722 4 19 19 90 : 96722 4

10 2039 3033 � 140 : 7400 2 2021 3031 � 144 : 8600 4

11 641 1169 256 : 8913 � 10 981 1022 5 : 388299 4

12 3 3 2495 : 000 � 10 1220 1244 482 : 2736 4

13 19 27 22 : 63183 � 10 12 16 7 : 5 � 10

� 9

4

14 10000 10002 9 : 5 � 10

� 9

12 3 3 1 : 0 � 10

� 8

4

15 1390 1392 1 : 930750 � 10 524 527 1 : 924016 4

16 1561 2152 � 218 : 9106 2 112 128 � 218 : 9106 4

17 170 212 � 0 : 037992 4 170 212 � 0 : 037992 4

18 1116 1149 � 0 : 024574 4 228 454 � 0 : 024574 4

19 610 614 59 : 57709 4 520 524 59 : 57709 4

20 10000 10572 16 : 65728 12 889 929 � 1 : 000270 4

21 354 562 2 : 138652 4 396 475 2 : 138652 4

22 907 907 1 : 005574 4 657 657 1 : 000034 4

Time: 623.87 ( � 10.4min) 189.30 ( � 3.2min)

* m

�

= 4 in problems 1 and 2

T able 26: Numerical results of PNEW ( n = 500 and m

�

= 10).

Default parameters Selected parameters

No Ni Nf Ng f Iterm Ni Nf Ng f Iterm

1 4430 4431 2219931 3 : 986624 4 2147 2148 1076148 3 : 986624 4

2 35 36 18036 1961 : 479 1 35 36 18036 1961 : 479 1

3 36 37 18537 1 : 2 � 10

� 9

2 36 37 18537 1 : 2 � 10

� 9

2

4 39 40 20040 133 : 7810 4 39 40 20040 133 : 7810 4

5 20 21 10521 3 : 6 � 10

� 12

4 20 21 10521 3 : 6 � 10

� 12

4

6 22 23 11523 1 : 4 � 10

� 11

4 22 23 11523 1 : 4 � 10

� 11

4

7 10 11 5511 168 : 2918 4 10 11 5511 168 : 2918 4

8 7 8 4008 163899 : 9 4 7 8 4008 163899 : 9 4

9 26 30 13530 90 : 96721 4 19 20 10020 90 : 96721 4

10 36 107 18607 � 34 : 31313 1 152 163 76663 � 135 : 9000 4

11 117 121 59121 5 : 388294 4 69 70 35070 5 : 388294 4

12 11 12 6012 482 : 2736 4 11 12 6012 482 : 2736 4

13 14 15 7515 9 : 0 � 10

� 43

4 14 15 7515 9 : 0 � 10

� 43

4

14 4 5 2505 4 : 0 � 10

� 26

4 4 5 2505 4 : 0 � 10

� 26

4

15 4 5 2505 1 : 924016 4 4 5 2505 1 : 924016 4

16 10 11 5511 � 218 : 9106 4 10 11 5511 � 218 : 9109 4

17 4 5 2505 � 0 : 037992 4 4 5 2505 � 0 : 037992 4

18 2 5 1505 � 0 : 024574 4 2 5 1505 � 0 : 024574 4

19 2 4 1504 59 : 57709 4 2 4 1504 59 : 57709 4

20 14 19 7519 � 1 : 000270 4 9 11 5011 � 1 : 000270 4

21 10 11 5511 2 : 138647 4 10 11 5511 2 : 138647 4

22 29 40 15040 17 : 51285 1 29 40 15040 17 : 51285 1

Time: 2819.27 ( � 47.0min) 1715.84 ( � 28.6min)
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T able 27: Numerical results of PBUN ( n = 500 and m

�

= 503).

Default parameters Selected parameters

No Ni Nf f Iterm Ni Nf f Iterm

1 8156 8161 8 : 7 � 10

� 6

2 8198 8199 6 : 3 � 10

� 7

2

2 20 21 795953 : 1 1 7766 7769 66 : 48174 4

3 20 21 127935 : 0 1 76 77 2 : 0 � 10

� 5

4

4 { { {

�

72 73 133 : 7815 4

5 27 29 5 : 1 � 10

� 10

2 28 29 4 : 5 � 10

� 10

4

6 20 21 32708 : 17 1 29 30 8 : 0 � 10

� 9

4

7 25 27 168 : 2918 2 20 21 168 : 2918 4

8 20 24 202960 : 6 1 24 25 163899 : 9 4

9 13 15 90 : 96721 4 13 15 90 : 96721 4

10 433 441 � 128 : 8583 4 510 527 � 136 : 6595 4

11 4 6 54336 : 85 � 10 401 402 5 : 388375 4

12 3 5 734 : 3398 � 10 258 260 482 : 2739 4

13 4 5 998 : 0000 � 10 12 13 2 : 8 � 10

� 12

4

14 1 3 1 : 0 � 10

� 8

4 1 3 1 : 0 � 10

� 8

4

15 1606 1611 1 : 965370 4 2183 2186 1 : 930779 4

16 20 24 57997 : 03 1 118 121 � 218 : 9104 4

17 1625 1626 � 0 : 037266 4 1107 1108 � 0 : 037757 4

18 894 896 � 0 : 015347 4 1168 1170 � 0 : 024315 4

19 1090 1094 59 : 60100 4 809 812 59 : 59290 4

20 1031 1034 � 0 : 944770 4 1219 1224 � 0 : 997502 4

21 1124 1128 2 : 226110 4 856 857 2 : 165969 4

22 20 35 17 : 99907 1 20 35 17 : 99907 1

Time: { 344.58 ( � 5.7min)

* Program jammed.

T able 28: Numerical results of PBNCGC ( n = 500 and m

�

= 503).

Default parameters Selected parameters

No Ni Nf f Iterm Ni Nf f Iterm

1 { { { 1 4619 9185 1 : 6 � 10

� 7

0

2 6306 6307 7 : 147128 0 3507 3508 3 : 7 � 10

� 7

0

3 164 165 7 : 6 � 10

� 6

0 164 165 7 : 6 � 10

� 6

0

4 181 184 133 : 7810 0 115 118 133 : 7810 0

5 22 23 1 : 8 � 10

� 7

0 22 23 1 : 8 � 10

� 7

0

6 20 21 2 : 9 � 10

� 6

0 20 21 2 : 9 � 10

� 6

0

7 24 25 168 : 2918 0 24 25 168 : 2918 0

8 29 30 163899 : 9 0 29 30 163899 : 9 0

9 14 32 90 : 96721 0 13 23 90 : 96721 0

10 1117 1118 � 133 : 0600 0 993 994 � 135 : 2600 0

11 222 376 5 : 388294 0 198 360 5 : 388294 0

12 462 463 482 : 2736 0 421 422 482 : 2736 0

13 17 18 1 : 9 � 10

� 7

0 13 14 4 : 8 � 10

� 7

0

14 5 51 1 : 0 � 10

� 8

0 5 26 1 : 0 � 10

� 8

0

15 4771 4837 1 : 924021 0 2540 5081 1 : 924019 0

16 196 197 � 218 : 9106 0 178 179 � 218 : 9106 0

17 1136 3409 � 0 : 037992 0 1226 2453 � 0 : 037990 0

18 2189 6568 � 0 : 024574 0 1119 2239 � 0 : 024573 0

19 2360 2361 59 : 57709 0 2214 2215 59 : 57709 0

20 2319 2320 � 1 : 000268 0 2144 2145 � 1 : 000265 0

21 2436 7283 2 : 138648 0 1668 3329 2 : 138654 0

22 6261 6262 1 : 000001 0 5682 5683 1 : 000001 0

Time: 3781.70 ( � 1.1h) 2289.42 ( � 38.2min)
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T able 29: Numerical results of LVMBM ( n = 500, m

�

= 2 and m

c

= 7).

Default parameters Selected parameters

�

No Ni Nf f Iterm Ni Nf f Iterm

1 3270 3971 1 : 2 � 10

� 7

1 3270 3971 1 : 2 � 10

� 7

1

2 2552 3151 7 : 147143 1 2592 3270 1 : 1 � 10

� 5

1

3 67 73 4 : 1 � 10

� 7

1 42 43 1 : 2 � 10

� 6

1

4 80 81 133 : 7810 1 69 74 133 : 7810 1

5 18 18 2 : 1 � 10

� 7

1 15 15 1 : 4 � 10

� 7

1

6 26 26 1 : 1 � 10

� 6

1 21 21 4 : 2 � 10

� 7

1

7 20 20 168 : 2918 1 18 19 168 : 2918 1

8 22 23 163899 : 9 1 20 20 163899 : 9 1

9 26 26 90 : 96722 1 12 12 90 : 96722 1

10 443 455 � 128 : 3400 1 397 438 � 134 : 1400 1

11 114 131 5 : 388506 1 102 115 5 : 388294 1

12 160 167 482 : 2736 4 142 149 482 : 2736 4

13 16 16 1 : 9 � 10

� 10

1 10 10 2 : 1 � 10

� 10

1

14 2 2 1 : 0 � 10

� 8

1 2 2 1 : 0 � 10

� 8

1

15 443 458 1 : 924043 1 442 455 1 : 924050 1

16 92 92 � 218 : 9106 1 86 88 � 218 : 9106 1

17 195 197 � 0 : 037986 1 195 197 � 0 : 037986 1

18 237 242 � 0 : 024558 1 237 242 � 0 : 024558 1

19 477 481 59 : 57710 1 473 477 59 : 57709 1

20 604 608 � 1 : 000263 1 604 608 � 1 : 000263 1

21 340 349 2 : 138724 1 462 469 2 : 138670 1

22 418 447 1 : 000005 1 418 447 1 : 000005 1

Time: 5.04 5.02

T able 30: Numerical results of L-BFGS ( n = 500 and m

c

= 5).

Default parameters Selected parameters

No Ni Nf f Iterm Ni Nf f Iterm

1 2514 2849 4 : 2 � 10

� 13

0 2523 2884 1 : 5 � 10

� 12

0

2 2566 2779 158 : 6535 0 2527 2707 81 : 29840 0

3 164 181 3 : 2 � 10

� 10

0 164 181 3 : 2 � 10

� 10

0

4 164 172 133 : 7810 0 142 152 133 : 7810 0

5 22 23 5 : 5 � 10

� 12

0 22 23 5 : 5 � 10

� 12

0

6 36 39 5 : 0 � 10

� 12

0 36 39 5 : 0 � 10

� 12

0

7 28 30 168 : 2918 0 28 30 168 : 2918 0

8 { { { � 1 = 3 33 44 163899 : 9 0

9 11 15 90 : 96721 0 11 15 90 : 96721 0

10 693 711 � 131 : 1000 0 692 709 � 131 : 1000 0

11 213 259 5 : 388294 0 225 270 5 : 388294 0

12 243 266 482 : 2736 0 240 263 482 : 2736 0

13 12 13 5 : 7 � 10

� 15

0 12 13 5 : 7 � 10

� 15

0

14 92 94 9 : 9 � 10

� 9

0 92 94 9 : 9 � 10

� 9

0

15 { { { � 1 = 3 { { { � 1 = 3

16 { { { � 1 = 3 { { { � 1 = 3

17 817 845 � 0 : 037992 0 674 696 � 0 : 037992 0

18 1061 1090 � 0 : 024574 0 913 944 � 0 : 024574 0

19 823 855 59 : 57709 0 848 875 59 : 57709 0

20 1238 1281 � 1 : 000270 0 1161 1201 � 1 : 000270 0

21 1168 1200 2 : 138647 0 1097 1114 2 : 138647 0

22 723 741 1 : 000000 0 693 713 1 : 000000 0

Time: 6.29 6.19
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T able 31: Numerical results for problem 23 for n = 100.

Program m

�

Ni Nf Ng f Iterm Time

PVAR 2 384 384 384 0.597233 4 0.19

PVAR 50 293 293 293 0.597233 4 0.20

PVAR 100 289 289 289 0.597229 4 0.22

PNEW 10 588 711 59611 0.597325 1 6.14

PNEW 50 860 950 87050 0.597226 4 24.96

PNEW 100 366 391 37091 0.597226 4 18.97

PBUN 10 6869 7104 7104 0.597343 4 2.15

PBUN 50 2970 3002 3002 0.597322 4 9.08

PBUN 100 2799 2822 2822 0.597280 4 20.79

PBNCGC 10 6207 6208 6208 0.597233 0 3.45

PBNCGC 50 547 548 548 0.597235 0 2.63

PBNCGC 100 369 370 370 0.597235 0 4.64

LVMBM(3) 2 78 134 134 0.603491 1 0.01

LVMBM(3) 50 143 152 152 0.600164 1 0.03

LVMBM(3) 100 143 152 152 0.600164 1 0.04

LVMBM(7) 2 201 390 390 0.598741 1 0.02

LVMBM(7) 50 162 193 193 0.600360 1 0.04

LVMBM(7) 100 254 289 289 0.598478 1 0.10

LVMBM(15) 2 325 814 814 0.598306 1 0.06

LVMBM(15) 50 288 369 369 0.598136 1 0.10

LVMBM(15) 100 282 356 356 0.598138 1 0.14

T able 32: Numerical results for problem 23 for n = 300.

Program m

�

Ni Nf Ng f Iterm Time

PVAR 2 1235 1235 1235 2.251760 4 4.94

PVAR 50 928 928 928 2.251706 4 5.01

PVAR 100 918 918 918 2.251699 4 4.54

PNEW 10 654 737 197237 2.253521 1 103.54

PNEW 50 975 1081 293881 2.251711 1 536.12

PNEW 100 881 999 265599 2.251645 1 1125.10

PBUN 10 7381 7906 7906 2.255322 4 6.94

PBUN 50 11002 12136 12136 2.255831 4 76.04

PBUN 100 1776 1817 1817 2.257157 4 37.53

PBNCGC 10 11429 11430 11430 2.251683 0 21.55

PBNCGC 50 2234 2235 2235 2.251691 0 38.93

PBNCGC 100 1597 1598 1598 2.251695 0 77.92

LVMBM(3) 2 272 296 296 2.283775 1 0.04

LVMBM(3) 50 311 316 316 2.290962 1 0.22

LVMBM(3) 100 311 316 316 2.290962 1 0.35

LVMBM(7) 2 337 395 395 2.268969 1 0.08

LVMBM(7) 50 449 462 462 2.273679 1 0.35

LVMBM(7) 100 474 495 495 2.265205 1 0.76

LVMBM(15) 2 384 561 561 2.264918 1 0.14

LVMBM(15) 50 364 398 398 2.267038 1 0.32

LVMBM(15) 100 374 405 405 2.266850 1 0.50
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T able 33: Numerical results for problem 23 for n = 1000.

Program m

�

Ni Nf f Iterm Time

PVAR 2 3489 3489 8.019038 4 306.01

PVAR 50 3191 3191 7.973548 4 288.78

PVAR 100 3156 3156 7.973310 4 314.99

PBUN 10 20000 22406 8.020267 12 60.43

PBUN 50 20000 22946 8.021438 12 345.12

PBUN 100 20000 22875 8.013328 12 853.66

PBNCGC 10 20000 20001 7.957525 2 132.60

PBNCGC 50 20000 20001 7.957104 2 1397.29

PBNCGC 100 17383 17384 7.957054 0 3161.41

LVMBM(3) 2 870 873 8.119211 1 0.50

LVMBM(3) 50 1433 1437 8.063846 1 3.86

LVMBM(3) 100 1636 1645 8.058992 1 7.56

LVMBM(7) 2 1499 1566 8.064696 1 1.21

LVMBM(7) 50 1356 1362 8.071977 1 3.75

LVMBM(7) 100 1371 1377 8.071638 1 7.16

LVMBM(15) 2 1322 1489 8.075832 1 1.44

LVMBM(15) 50 1788 1806 8.039140 1 5.53

LVMBM(15) 100 1520 1538 8.056927 1 8.67

T able 34: Numerical results for problem 23 for n = 3000.

Program m

�

Ni Nf f Iterm Time

LVMBM(3) 2 2939 2940 25.60902 1 5.42

LVMBM(3) 50 3933 3933 25.52001 1 34.52

LVMBM(3) 100 3933 3933 25.52001 1 64.08

LVMBM(7) 2 3940 3973 25.46932 1 9.48

LVMBM(7) 50 2036 2037 25.77998 1 19.08

LVMBM(7) 100 2036 2037 25.77998 1 34.04

LVMBM(15) 2 3844 3878 25.48648 1 13.49

LVMBM(15) 50 4021 4030 25.44966 1 41.58

LVMBM(15) 100 4021 4030 25.44966 1 85.24

T able 35: Numerical results for problem 23 for n = 10000.

Program m

�

Ni Nf f Iterm Time

LVMBM(3) 2 14742 14743 86.83975 1 95.74

LVMBM(3) 50 13454 13454 87.00658 1 528.43

LVMBM(7) 2 12069 12070 86.99000 1 108.01

LVMBM(7) 50 13235 13235 86.93343 1 641.56

LVMBM(15) 2 11984 11994 86.98348 1 162.04

LVMBM(15) 50 11628 11630 87.01912 1 685.39
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T able 36: Numerical results for problem 24 for n = 100.

Program m

�

Ni Nf Ng f Iterm Time

PVAR 2 370 370 370 0.797506 4 0.18

PVAR 50 253 253 253 0.797510 4 0.16

PVAR 100 266 266 266 0.797504 4 0.21

PNEW 10 638 736 64638 0.797516 1 6.93

PNEW 50 853 972 86372 0.797501 4 25.97

PNEW 100 182 189 18489 0.797501 4 7.67

PBUN 10 6472 6609 6609 0.797581 4 2.08

PBUN 50 2859 2865 2865 0.797577 4 10.01

PBUN 100 2620 2630 2630 0.797542 4 20.55

PBNCGC 10 5900 5901 5901 0.797509 0 3.29

PBNCGC 50 467 468 468 0.797510 0 2.27

PBNCGC 100 300 301 301 0.797509 0 3.70

LVMBM(3) 2 136 214 214 0.805387 1 0.01

LVMBM(3) 50 140 147 147 0.800699 1 0.03

LVMBM(3) 100 145 154 154 0.800702 1 0.04

LVMBM(7) 2 266 584 584 0.798614 1 0.03

LVMBM(7) 50 220 265 265 0.798696 1 0.07

LVMBM(7) 100 240 281 281 0.798596 1 0.10

LVMBM(15) 2 157 341 341 0.799959 1 0.03

LVMBM(15) 50 222 281 281 0.798410 1 0.08

LVMBM(15) 100 238 301 301 0.798451 1 0.11

T able 37: Numerical results for problem 24 for n = 300.

Program m

�

Ni Nf Ng f Iterm Time

PVAR 2 1143 1143 1143 2.758809 4 4.40

PVAR 50 886 886 886 2.758071 4 3.90

PVAR 100 901 901 901 2.758055 4 4.44

PNEW 10 541 619 163219 2.767790 1 81.84

PNEW 50 1228 1380 370080 2.758019 1 554.50

PNEW 100 1215 1332 366132 2.757974 4 958.10

PBUN 10 11112 11966 11966 2.761180 4 10.08

PBUN 50 4344 4575 4575 2.765381 4 31.81

PBUN 100 4045 4174 4174 2.760637 4 85.15

PBNCGC 10 10773 10774 10774 2.758036 0 19.82

PBNCGC 50 2466 2467 2467 2.758053 0 40.77

PBNCGC 100 1388 1389 1389 2.758047 0 55.07

LVMBM(3) 2 287 320 320 2.816503 1 0.05

LVMBM(3) 50 294 299 299 2.789543 1 0.21

LVMBM(3) 100 294 299 299 2.789543 1 0.42

LVMBM(7) 2 392 503 503 2.774816 1 0.09

LVMBM(7) 50 378 391 391 2.775504 1 0.34

LVMBM(7) 100 378 391 391 2.775504 1 0.48

LVMBM(15) 2 399 576 576 2.775665 1 0.15

LVMBM(15) 50 420 490 490 2.775337 1 0.40

LVMBM(15) 100 401 450 450 2.775795 1 0.56
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T able 38: Numerical results for problem 24 for n = 1000.

Program m

�

Ni Nf f Iterm Time

PVAR 2 3281 3281 9.863656 4 285.28

PVAR 50 3120 3120 9.780578 4 276.41

PVAR 100 2932 2932 9.802215 4 264.10

PBUN 10 20000 22376 9.868510 12 60.28

PBUN 50 20000 22782 9.875106 12 347.34

PBUN 100 20000 22653 9.883567 12 800.27

PBNCGC 10 20000 20001 9.762187 2 133.75

PBNCGC 50 20000 20001 9.761775 2 1424.21

PBNCGC 100 16777 16778 9.761733 0 3270.80

LVMBM(3) 2 850 864 10.01449 1 0.49

LVMBM(3) 50 1094 1098 9.976292 1 2.99

LVMBM(3) 100 1094 1098 9.976292 1 5.28

LVMBM(7) 2 1685 1768 9.889116 1 1.26

LVMBM(7) 50 1610 1635 9.904412 1 4.43

LVMBM(7) 100 2050 2059 9.877420 1 9.87

LVMBM(15) 2 1663 1828 9.886469 1 1.78

LVMBM(15) 50 1655 1685 9.880411 1 5.20

LVMBM(15) 100 1711 1742 9.877058 1 8.76

T able 39: Numerical results for problem 24 for n = 3000.

Program m

�

Ni Nf f Iterm Time

LVMBM(3) 2 2577 2586 32.12470 1 4.76

LVMBM(3) 50 2271 2277 32.17679 1 20.16

LVMBM(3) 100 2280 2284 32.17654 1 36.92

LVMBM(7) 2 3962 3963 31.77740 1 9.48

LVMBM(7) 50 5072 5073 31.64788 1 47.57

LVMBM(7) 100 5072 5073 31.64788 1 88.38

LVMBM(15) 2 5879 5933 31.57238 1 20.48

LVMBM(15) 50 4032 4044 31.75792 1 42.56

LVMBM(15) 100 4032 4044 31.75792 1 74.67

T able 40: Numerical results for problem 24 for n = 10000.

Program m

�

Ni Nf f Iterm Time

LVMBM(3) 2 19248 19249 108.3458 1 129.79

LVMBM(3) 50 17929 17929 108.6977 1 745.69

LVMBM(7) 2 20361 20399 108.1726 1 180.70

LVMBM(7) 50 23229 23229 107.9648 1 1124.01

LVMBM(15) 2 20935 21012 108.1005 1 270.24

LVMBM(15) 50 22932 22940 107.8543 1 1345.16
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T able 41: Numerical results for problem 25 for n = 100.

Program m

�

Ni Nf Ng f Iterm Time

PVAR 2 849 978 978 2 : 73 � 10

� 5

4 0.66

PVAR 50 649 649 649 2 : 29 � 10

� 5

4 0.64

PVAR 100 607 624 624 3 : 19 � 10

� 5

4 0.74

PNEW 10 933 1032 94432 1 : 12 � 10

� 3

1 36.11

PNEW 50 927 1084 93884 3 : 06 � 10

� 4

2 56.68

PNEW 100 447 539 45339 4 : 46 � 10

� 4

2 41.25

PBUN 10 16884 18565 18565 1 : 98 � 10

� 2

1 10.65

PBUN 50 8087 8515 8515 1 : 51 � 10

� 2

2 30.83

PBUN 100 4938 5072 5072 3 : 72 � 10

� 2

4 45.14

PBNCGC 10 20000 20038 20038 2 : 19 � 10

� 2

2 18.43

PBNCGC 50 20000 20039 20039 2 : 16 � 10

� 3

2 218.15

PBNCGC 100 854 891 891 7 : 85 � 10

� 6

0 26.30

LVMBM(3) 2 286 584 584 4 : 241187 1 0.19

LVMBM(3) 50 322 335 335 0 : 812795 1 0.18

LVMBM(3) 100 322 335 335 0 : 812795 1 0.22

LVMBM(7) 2 609 1270 1270 3 : 14 � 10

� 2

1 0.42

LVMBM(7) 50 344 383 383 0 : 144926 1 0.21

LVMBM(7) 100 531 594 594 0 : 147723 1 0.44

LVMBM(15) 2 506 1217 1217 2 : 79 � 10

� 4

1 0.44

LVMBM(15) 50 952 1216 1216 1 : 24 � 10

� 2

1 0.70

LVMBM(15) 100 901 1132 1132 2 : 17 � 10

� 4

1 0.84

T able 42: Numerical results for problem 25 for n = 300.

Program m

�

Ni Nf Ng f Iterm Time

PVAR 2 1837 1837 1837 1 : 843808 4 12.69

PVAR 50 1810 1810 1810 2 : 83 � 10

� 4

4 12.35

PVAR 100 1798 1800 1800 4 : 55 � 10

� 4

4 13.26

PNEW 10 572 586 172486 242 : 6153 1 519.75

PNEW 50 2000 2026 602326 262 : 4942 12 2519.98

PNEW 100 463 464 139664 829 : 7253 1 860.69

PBUN 10 20000 22310 22310 4 : 23 � 10

� 2

12 75.71

PBUN 50 14278 15327 15327 2 : 88 � 10

� 2

1 181.91

PBUN 100 6572 7053 7053 5 : 63 � 10

� 2

2 195.79

PBNCGC 10 20000 21800 21800 0 : 129068 2 94.24

PBNCGC 50 20000 22283 22283 1 : 61 � 10

� 2

2 671.56

PBNCGC 100 20000 22798 22798 6 : 11 � 10

� 3

2 2396.59

LVMBM(3) 2 417 546 546 4 : 192283 1 1.45

LVMBM(3) 50 208 240 240 284 : 4290 1 0.76

LVMBM(3) 100 209 244 244 284 : 4290 1 0.82

LVMBM(7) 2 1215 1735 1735 0 : 122461 1 4.67

LVMBM(7) 50 817 884 884 3 : 219914 1 2.89

LVMBM(7) 100 922 978 978 3 : 126862 1 3.73

LVMBM(15) 2 717 1334 1334 3 : 41 � 10

� 2

1 3.64

LVMBM(15) 50 823 930 930 0 : 561701 1 3.11

LVMBM(15) 100 962 1068 1068 0 : 650828 1 4.12
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T able 43: Numerical results for problem 26 for n = 100.

Program m

�

Ni Nf Ng f Iterm Time

PVAR 2 416 832 832 1 : 36 � 10

� 5

4 0.20

PVAR 50 398 763 763 9 : 51 � 10

� 6

4 0.28

PVAR 100 415 746 746 1 : 09 � 10

� 5

4 0.38

PNEW 10 59 91 5991 0 : 774453 � 10 0.56

PNEW 50 56 94 5694 0 : 772433 � 10 0.82

PNEW 100 56 94 5694 0 : 772433 � 10 0.78

PBUN 10 11 21 21 0 : 746257 2 0.003

PBUN 50 11 21 21 0 : 746257 2 0.003

PBUN 100 11 21 21 0 : 746257 2 0.003

PBNCGC 10 1782 2054 2054 9 : 40 � 10

� 6

0 0.54

PBNCGC 50 1279 1329 1329 1 : 00 � 10

� 5

0 1.93

PBNCGC 100 1238 1358 1358 9 : 85 � 10

� 6

0 4.29

LVMBM(3) 2 9981 50001 50001 0 : 746257 2 1.67

LVMBM(3) 50 30 104 104 0 : 746257 4 0.01

LVMBM(3) 100 30 104 104 0 : 746257 4 0.01

LVMBM(7) 2 46 350 350 0 : 746257 4 0.01

LVMBM(7) 50 26 176 176 0 : 746257 4 0.01

LVMBM(7) 100 26 176 176 0 : 746257 4 0.01

LVMBM(15) 2 237 940 940 0 : 731147 1 0.07

LVMBM(15) 50 42 350 350 0 : 746257 4 0.02

LVMBM(15) 100 42 350 350 0 : 746257 4 0.02

T able 44: Numerical results for problem 26 for n = 300.

Program m

�

Ni Nf Ng f Iterm Time

PVAR 2 20000 1384 1384 3 : 50 � 10

� 3

12 21.86

PVAR 50 756 1865 1865 1 : 15 � 10

� 4

4 3.63

PVAR 100 669 1443 1443 2 : 53 � 10

� 4

4 3.33

PNEW 10 246 461 74261 0 : 764749 � 10 38.19

PNEW 50 294 489 88989 0 : 771073 4 104.37

PNEW 100 280 468 84768 0 : 771481 4 149.51

PBUN 10 16 20 20 0 : 742528 2 0.01

PBUN 50 16 20 20 0 : 742528 2 0.01

PBUN 100 16 20 20 0 : 742528 2 0.01

PBNCGC 10 2810 6774 6774 9 : 98 � 10

� 5

0 3.38

PBNCGC 50 1781 4835 4835 9 : 86 � 10

� 5

0 16.65

PBNCGC 100 1517 3622 3622 9 : 03 � 10

� 5

0 28.35

LVMBM(3) 2 9994 50000 50000 0 : 743683 2 4.88

LVMBM(3) 50 30 86 86 0 : 743344 4 0.01

LVMBM(3) 100 30 86 86 0 : 743344 4 0.01

LVMBM(7) 2 52 352 352 0 : 743683 4 0.04

LVMBM(7) 50 41 135 135 0 : 743344 4 0.03

LVMBM(7) 100 41 135 135 0 : 743344 4 0.03

LVMBM(15) 2 65 620 620 0 : 743683 4 0.07

LVMBM(15) 50 35 206 206 0 : 743344 4 0.04

LVMBM(15) 100 35 206 206 0 : 743344 4 0.03
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B Default P arameters

T able 45: Default parameters of program PVAR .

P aram. V alue Signi�cance

MEX 1 V ariable sp ecifying the v ersion of v ariable metric

bundle metho d.

MEX = 0: con v ex v ersion is used,

MEX = 1: noncon v ex v ersion of metho d.

MOS 1 Distance measure exp onen t ! .

MTESX 20 Maxim um n um b er of iterations with c hanges of

the v ector x smaller than TOLX .

MTESF 2 Maxim um n um b er of iterations with c hanges of

function v alues smaller than TOLF .

MIT 10000 Maxim um n um b er of iterations.

MFV 20000 Maxim um n um b er of function calls.

TOLX 1 : 0 � 10

� 16

T olerance for the c hange of the v ector x .

TOLF 1 : 0 � 10

� 8

T olerance for the c hange of the function v alue.

TOLB � 1 : 0 � 10

� 60

Minim um acceptable function v alue.

TOLG 1 : 0 � 10

� 6

Final accuracy parameter " .

ETA 0.250 Distance measure parameter 
 .

XMAX 1000.0 Maxim um step size.

NA n + 3 Maxim um n um b er of stored subgradien ts m

�

.

T able 46: Default parameters of program PNEW .

P aram. V alue Signi�cance

MOS 1 Distance measure exp onen t ! .

MES 2 V ariable sp ecifying the in terp olation metho d

selection in a line searc h.

MES = 1: bisection,

MES = 2: t w o-p oin t quadratic in terp olation,

MES = 3: three-p oin t quadratic in terp olation,

MES = 4: three-p oin t cubic in terp olation.

MTESX 20 Maxim um n um b er of iterations with c hanges of

the v ector x smaller than TOLX .

MTESF 2 Maxim um n um b er of iterations with c hanges of

function v alues smaller than TOLF .

MIT 10000 Maxim um n um b er of iterations.

MFV 20000 Maxim um n um b er of function calls.

TOLX 1 : 0 � 10

� 16

T olerance for the c hange of the v ector x .

TOLF 1 : 0 � 10

� 8

T olerance for the c hange of the function v alue.

TOLB � 1 : 0 � 10

� 60

Minim um acceptable function v alue.

TOLG 1 : 0 � 10

� 6

Final accuracy parameter " .

TOLD 1 : 0 � 10

� 4

Restart tolerance.

TOLS 0.010 Line searc h parameter "

L

.

TOLP 0.50 Line searc h parameter "

R

.

ETA 0.250 Distance measure parameter 
 .

XMAX 1000.0 Maxim um step size.

NA n + 3 Maxim um n um b er of stored subgradien ts m

�

.
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T able 47: Default parameters of program PBUN .

P aram. V alue Signi�cance

MOT 3 V ariable sp ecifying the w eigh t up dating metho d.

MOT = 1: quadratic in terp olation,

MOT = 2: lo cal minimization,

MOT = 3: quasi-Newton condition.

MES 2 V ariable sp ecifying the in terp olation metho d

selection in a line searc h.

MES = 1: bisection,

MES = 2: t w o-p oin t quadratic in terp olation.

MTESX 20 Maxim um n um b er of iterations with c hanges of

the v ector x smaller than TOLX .

MTESF 2 Maxim um n um b er of iterations with c hanges of

function v alues smaller than TOLF .

MIT 10000 Maxim um n um b er of iterations.

MFV 20000 Maxim um n um b er of function calls.

TOLX 1 : 0 � 10

� 16

T olerance for the c hange of the v ector x .

TOLF 1 : 0 � 10

� 8

T olerance for the c hange of the function v alue.

TOLB � 1 : 0 � 10

� 60

Minim um acceptable function v alue

TOLG 1 : 0 � 10

� 6

Final accuracy parameter " .

TOLS 0.010 Line searc h parameter "

L

.

TOLP 0.50 Line searc h parameter "

R

.

ETA 0.50 Distance measure parameter 
 .

XMAX 1000.0 Maxim um step size.

NA n + 3 Maxim um n um b er of stored subgradien ts m

�

.

T able 48: Default parameters of program PBNCGC .

P aram. V alue Signi�cance

RL 0.010 Line searc h parameter "

L

.

LMAX 10 Maxim um n um b er of function calls in line searc h.

GAM 0.250 Distance measure parameter 
 .

EPS 1 : 0 � 10

� 6

Final accuracy parameter " .

JMAX n + 3 Maxim um n um b er of stored subgradien ts m

�

.

NITER 10000 Maxim um n um b er of iterations.

NFASG 20000 Maxim um n um b er of function calls.

BL � 1 : 0 � 10

60

Lo w er b ounds of x .

BU 1 : 0 � 10

60

Upp er b ounds of x .
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T able 49: Default parameters of program LVMBM .

P aram. V alue Signi�cance

MOS 2 Distance measure exp onen t ! .

MIT 10000 Maxim um n um b er of iterations.

MFV 20000 Maxim um n um b er of function calls.

MTESF 2 Maxim um n um b er of iterations with c hanges of

function v alues smaller than TOLF .

TOLF 1 : 0 � 10

� 8

T olerance for the c hange of the function v alue.

TOLB � 1 : 0 � 10

� 60

Minim um acceptable function v alue

TOLG 1 : 0 � 10

� 6

Final accuracy parameter " .

ETA 0.25 Distance measure parameter 
 .

EPSL 0.010 Line searc h parameter "

L

.

XMAX 2.0 Maxim um step size.

NA 2 Maxim um n um b er of stored subgradien ts m

�

.

MC 7 Maxim um n um b er of stored corrections m

c

.

T able 50: Default parameters of program L-BFGS .

P aram. V alue Signi�cance

DIAGCO .FALSE. LOGICAL v ariable sp ecifying the diagonal matrix D

(0)

k

.

DIAGCO = .TRUE. : D

(0)

k

is pro vided b y user.

DIAGCO =.FALSE. : A default v alue I is used.

DIAG I Initial diagonal matrix D

(0)

k

.

GTOL 0.9 P arameter con trolling the accuracy of line searc h.

FTOL 1 : 0 � 10

� 4

P arameter con trolling the accuracy of line searc h.

STPMIN 1 : 0 � 10

� 20

Lo w er b ound for the step in line searc h.

STPMAX 1 : 0 � 10

20

Upp er b ound for the step in line searc h.

MIT 10000 Maxim um n um b er of iterations.

MFV 20000 Maxim um n um b er of function calls.

EPS 1 : 0 � 10

� 6

Final accuracy parameter " .

M 5 Maxim um n um b er of stored corrections m

c

.
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C P arameters Used in Exp erimen ts

With smo oth problems 1 { 22 the maxim um n um b er of iterations w as set

to 20000 with n � 1000 and to 50000 with n = 10000. In b oth cases the

maxim um n um b er of function ev aluations w as set to 50000. The bundle

metho ds PVAR , PNEW , PBUN , PBNCGC and LVMBM w ere tested with di�eren t sizes

of bundles ( m

�

) and the limited memory metho ds L-BFGS and LVMBM with

di�eren t n um b ers of stored corrections ( m

c

). F or bundle-Newton metho d

PNEW and for b oth pro ximal bundle metho ds PBUN and PBNCGC the used sizes

of bundles w ere 10 and n + 3 and for v ariable metric bundle metho ds PVAR

and LVMBM the used sizes of bundles w ere 2 and n + 3. F or the limited memory

programs L-BFGS and LVMBM the maxim um n um b er of stored corrections w ere

�rst set to 3 and then to 7.

In our exp erimen ts, the follo wing v alues of parameters w ere used:

� The stopping criterion " w as set to 10

� 6

for all the problems.

� With programs PVAR , PNEW , PBUN and LVMBM the maxim um n um b er

of iterations with c hanges of function v alues smaller than 10

� 8

(pa-

rameter MTESF ) w as set to 10 for all the problems.

� The used v alues of distance measure parameter 
 ( ETA in the pro-

grams PVAR , PNEW , PBUN and LVMBM and GAM in the program PBNCGC )

are giv en in T ables 51, 53, 55, 57 and 59.

� The v alues of the maxim um step size XMAX used with the programs

PVAR , PNEW , PBUN and LVMBM are giv en in T ables 52, 54, 56 and 60.

� The v alues of the line searc h parameter RL used with the program

PBNCGC are giv en in T able 58.

� With the program L-BFGS the parameter GTOL that con trols the ac-

curacy of the line searc h w as set to 1.0 for all the problems.

� With the program L-BFGS the only parameter c hanged during the

tests w as FTOL . Also this parameter con trols the accuracy of the line

searc h. The v alues used are giv en in T able 61.

Otherwise, the exp erimen ts w ere run with the default parameters of programs

(see App endix B).
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T able 51: P arameter ETA of Program PVAR .

n = 10 n = 100 n = 1000 n = 500

No. m

�

= 2 m

�

= 13 m

�

= 2 m

�

= 103 m

�

= 2 m

�

= 1003 m

�

= 2

1 0.20 0.20 0.01 0.01 1.00 0.25 0.01

2 0.40 0.40 0.10 0.10 0.10 0.01 0.10

3 0.40 0.40 0.40 0.25 0.40 0.10 0.40

4 0.40 0.40 0.40 0.10 0.25 0.25 0.40

5 0.40 0.40 0.40 0.50 0.20 0.20 0.20

6 0.40 0.40 0.40 0.40 0.25 0.01 0.40

7 0.40 0.40 0.40 0.40 0.50 0.10 0.25

8 0.40 0.40 0.40 0.10 1.00 0.50 0.40

9 0.40 0.40 0.01 0.01 0.40 0.01 0.40

10 0.40 0.40 0.10 0.10 0.50 0.15 0.20

11 0.01 0.01 0.10 0.10 0.10 0.01 0.01

12 0.40 0.40 0.25 0.40 1.00 0.25 0.40

13 0.40 0.40 0.25 0.25 0.40 0.50 1.00

14 0.40 0.40 0.001 0.001 1 : 0 � 10

� 6

1 : 0 � 10

� 6

1 : 0 � 10

� 6

15 0.40 0.40 0.001 0.001 0.001 0.25 0.20

16 0.40 0.40 0.40 0.50 0.20 0.25 0.25

17 0.20 0.20 0.40 0.10 0.20 0.25 0.25

18 0.40 0.40 1.50 0.01 1.50 1.50 1.00

19 0.40 0.40 0.01 0.01 1.50 0.50 0.40

20 0.40 0.40 0.40 0.40 0.01 0.01 0.50

21 0.40 0.40 0.10 0.01 0.50 0.001 0.10

22 0.40 0.40 0.01 0.01 0.40 0.001 0.40

T able 52: P arameter XMAX of Program PVAR .

n = 10 n = 100 n = 1000 n = 500

No. m

�

= 2 m

�

= 13 m

�

= 2 m

�

= 103 m

�

= 2 m

�

= 1003 m

�

= 2

1 2.50 2.50 8.00 8.00 5.00 2.10 3.20

2 1.00 1.00 3.10 2.50 4.50 10.0 2.30

3 2.50 2.50 10.0 10.0 5.00 2.10 5.00

4 2.00 2.00 1.00 1.00 10.0 1.30 1.50

5 2.10 2.10 2.10 10.0 10.0 10.0 10.0

6 2.10 2.10 10.0 10.0 2.10 1.10 1.00

7 1000 1000 1000 1000 100 100 1000

8 1.50 1.50 5.00 5.00 5.00 5.00 10.0

9 5.00 5.00 100 1000 10.0 100 10.0

10 1.00 1.00 100 1000 100 100 100

11 2.10 2.10 1.10 1.10 1.50 2.10 1.10

12 1.50 1.50 2.10 1.10 1.00 2.10 2.10

13 2.10 2.10 2.00 5.00 2.50 10.0 10.0

14 2.10 2.10 1000 1000 1000 1000 1000

15 1000 1000 2.00 10.0 2.10 2.10 1.10

16 2.10 2.10 2.00 5.00 2.10 100 2.10

17 2.10 2.10 1000 1000 1000 2.10 1000

18 1000 1000 5.00 10.0 2.10 1.10 1000

19 2.10 2.10 2.10 2.10 5.00 10.0 1.10

20 1.00 1.00 1.00 1.00 1.10 1.10 3.20

21 1.50 1.50 1000 1000 10.0 1000 1.00

22 1.00 1.00 1.10 1.10 1.00 1000 1.00
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T able 53: P arameter ETA of Program PNEW .

n = 10 n = 100 n = 1000 n = 500

No. m

�

= 10 m

�

= 13 m

�

= 10 m

�

= 103 m

�

= 10 m

�

= 10

1 1.50 1.50 1.50 1.50 1.50 1.50

2 0.50 0.50 1.00 1.00 0.25 0.25

3 0.25 0.25 0.25 0.25 0.25 0.25

4 0.25 0.25 0.10 0.10 0.50 0.25

5 0.25 0.25 0.25 0.25 0.25 0.25

6 0.25 0.25 0.25 0.25 0.25 0.25

7 0.25 0.25 0.25 0.25 0.25 0.25

8 0.50 0.50 1.00 1.00 0.25 0.25

9 0.25 0.25 0.10 0.10 0.25 0.50

10 0.25 0.25 1.00 1.00 0.25 0.25

11 0.25 0.25 0.50 0.50 0.50 0.50

12 0.25 0.25 0.25 0.25 0.25 0.25

13 1.00 1.00 0.25 0.25 0.25 0.25

14 0.25 0.25 0.25 0.25 0.25 0.25

15 0.10 0.10 0.25 0.25 0.25 0.25

16 0.25 0.25 1.00 1.00 0.25 0.25

17 0.25 0.25 0.25 0.25 0.25 0.25

18 0.25 0.25 0.25 0.25 0.25 0.25

19 0.25 0.25 0.25 0.25 0.25 0.25

20 0.25 0.25 0.25 0.25 0.50 0.50

21 0.25 0.25 0.25 0.25 0.25 0.25

22 0.50 0.50 0.10 0.10 1.00 0.25

T able 54: P arameter XMAX of Program PNEW .

n = 10 n = 100 n = 1000 n = 500

No. m

�

= 10 m

�

= 13 m

�

= 10 m

�

= 103 m

�

= 10 m

�

= 10

1 1000 1000 1000 1000 10.0 10.0

2 1000 1000 1000 1000 1000 1000

3 1000 1000 1000 1000 1000 1000

4 1000 1000 5.00 5.00 2.10 1000

5 1000 1000 1000 1000 1000 1000

6 1000 1000 1000 1000 1000 1000

7 1000 1000 1000 1000 1000 1000

8 5.00 5.00 5.00 5.00 1000 1000

9 2.10 2.10 5.00 5.00 1000 10.0

10 2.10 2.10 10.0 10.0 1.10 1.10

11 1000 1000 2.10 2.10 2.10 2.10

12 1000 1000 1000 1000 1000 1000

13 1000 1000 1000 1000 1000 1000

14 1000 1000 1000 1000 1000 1000

15 1000 1000 1000 1000 1000 1000

16 2.10 2.10 10.0 10.0 1000 1000

17 1000 1000 1000 1000 1000 1000

18 1000 1000 1000 1000 1000 1000

19 1000 1000 1000 1000 1000 1000

20 2.10 2.10 2.10 2.10 10.0 10.0

21 1000 1000 1000 1000 1000 1000

22 1000 1000 5.00 5.00 10.0 1000
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T able 55: P arameter ETA of Program PBUN .

n = 10 n = 100 n = 1000 n = 500

No. m

�

= 10 m

�

= 13 m

�

= 10 m

�

= 103 m

�

= 10 m

�

= 1003 m

�

= 503

1 0.20 0.20 0.01 1.00 0.50 0.50 0.50

2 0.50 0.50 0.30 0.25 0.50 0.10 0.01

3 0.30 0.30 0.20 0.20 0.00 0.00 0.10

4 0.50 0.50 0.50 0.50 0.50 0.50 0.40

5 0.50 0.50 0.50 0.50 0.50 0.50 0.40

6 0.50 0.50 0.50 0.50 0.25 0.25 0.50

7 0.50 0.50 0.10 0.50 0.25 0.25 0.50

8 0.50 0.50 0.50 0.50 0.50 0.50 0.50

9 0.00 0.00 0.50 0.50 0.00 0.00 0.50

10 0.50 0.50 0.50 0.50 0.15 0.50 1.10

11 0.30 0.01 0.40 0.40 1.00 1.00 0.20

12 0.50 0.50 0.50 0.50 0.50 0.50 0.50

13 0.50 0.50 0.50 0.50 0.50 0.50 0.40

14 1.00 1.00 0.50 0.50 0.50 0.50 0.50

15 0.50 0.50 0.10 0.10 0.25 0.50 0.40

16 0.50 0.50 0.50 0.50 0.50 0.50 0.50

17 1.00 1.00 0.30 0.30 0.20 0.01 0.01

18 1.00 1.00 0.10 0.10 0.00 0.00 0.01

19 0.50 0.50 0.40 0.40 0.25 0.10 0.01

20 0.25 0.25 0.10 0.10 0.25 0.01 0.10

21 0.00 0.00 0.10 0.10 0.25 0.05 0.00

22 0.00 0.00 0.00 0.00 0.00 0.00 0.00

T able 56: P arameter XMAX of Program PBUN .

n = 10 n = 100 n = 1000 n = 500

No. m

�

= 10 m

�

= 13 m

�

= 10 m

�

= 103 m

�

= 10 m

�

= 1003 m

�

= 503

1 2.10 2.10 2.10 5.00 10.0 10.0 3.20

2 4.00 4.00 3.20 4.00 4.50 3.50 2.10

3 1.50 1.50 3.50 3.50 10.0 5.00 3.20

4 2.10 2.10 4.00 4.00 10.0 10.0 3.20

5 1000 1000 4.00 4.00 2.10 2.10 3.20

6 1.10 1.10 3.20 3.20 2.10 2.10 3.20

7 2.10 2.10 2.10 1000 2.10 2.10 2.10

8 5.00 5.00 4.00 4.00 5.00 5.00 3.20

9 1.50 1.50 1000 1000 10.0 10.0 1000

10 1.50 1.50 10.0 10.0 100. 2.10 1000

11 2.10 2.10 10.0 10.0 2.10 2.10 2.10

12 2.10 2.10 2.10 2.10 5.00 5.00 2.10

13 5.00 5.00 3.50 3.50 5.00 5.00 10.0

14 1000 1000 1000 1000 1000 1000 1000

15 1.10 1.10 2.10 2.10 1000 1000 10.0

16 1.50 1.50 4.00 4.00 3.50 5.00 2.10

17 1000 1000 1000 1000 1000 1000 10.0

18 1000 1000 1000 1000 1000 1000 10.0

19 2.10 2.10 4.00 4.00 10.0 100. 1000

20 1000 1000 4.00 4.00 2.10 1.10 10.0

21 1000 1000 1000 1000 2.10 100. 1000

22 1000 1000 1000 1000 1000 1000 1000
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T able 57: P arameter GAM of Program PBNCGC .

n = 10 n = 100 n = 1000 n = 500

No. m

�

= 10 m

�

= 13 m

�

= 10 m

�

= 103 m

�

= 10 m

�

= 1003 m

�

= 503

1 0.25 0.40 0.25 0.40 0.25 0.40 0.45

2 0.20 0.25 0.40 0.40 0.25 0.10 0.45

3 0.25 0.20 0.40 0.25 0.25 0.25 0.25

4 0.00 0.00 0.25 0.20 0.25 0.25 0.40

5 0.25 0.25 0.25 0.25 0.25 0.25 0.25

6 0.25 0.25 0.40 0.25 0.25 0.25 0.25

7 0.00 0.00 0.25 0.40 0.25 0.40 0.25

8 0.25 0.20 0.25 0.25 0.25 0.25 0.25

9 0.00 0.00 0.00 0.00 0.00 0.00 0.00

10 0.00 0.00 0.25 0.25 0.25 0.20 0.30

11 0.25 0.25 0.40 0.40 0.20 0.25 0.40

12 0.25 0.25 0.25 0.25 0.40 0.40 0.40

13 0.00 0.00 0.40 0.40 0.25 0.40 0.40

14 0.00 0.00 0.20 0.20 0.40 0.40 0.00

15 0.40 0.40 0.00 0.00 0.20 0.20 0.20

16 0.00 0.00 0.25 0.25 0.25 0.40 0.25

17 0.40 0.40 0.20 0.20 0.20 0.20 0.10

18 0.00 0.00 0.40 0.40 0.20 0.20 0.10

19 0.25 0.25 0.25 0.25 0.25 0.25 0.40

20 0.00 0.00 0.25 0.25 0.20 0.25 0.10

21 0.20 0.20 0.00 0.00 0.00 0.00 0.01

22 0.00 0.00 0.25 0.20 0.00 0.00 0.20

T able 58: P arameter RL of Program PBNCGC .

n = 10 n = 100 n = 1000 n = 500

No. m

�

= 10 m

�

= 13 m

�

= 10 m

�

= 103 m

�

= 10 m

�

= 1003 m

�

= 503

1 0.010 0.300 0.010 0.300 0.010 0.400 0.450

2 0.400 0.010 0.050 0.050 0.0001 0.010 0.001

3 0.010 0.200 0.100 0.010 0.010 0.010 0.010

4 0.001 0.001 0.010 0.100 0.010 0.010 0.200

5 0.010 0.010 0.010 0.010 0.010 0.010 0.010

6 0.010 0.010 0.100 0.010 0.010 0.010 0.010

7 0.400 0.400 0.010 0.010 0.010 0.400 0.010

8 0.010 0.010 0.010 0.010 0.010 0.010 0.010

9 0.001 0.001 0.010 0.010 0.400 0.400 0.400

10 0.100 0.100 0.010 0.010 0.010 0.100 0.100

11 0.010 0.010 0.001 0.001 0.100 0.010 0.100

12 0.010 0.010 0.010 0.010 0.001 0.001 0.001

13 0.100 0.100 0.300 0.300 0.010 0.200 0.200

14 0.100 0.100 0.300 0.300 0.400 0.400 0.400

15 0.200 0.200 0.010 0.010 0.450 0.450 0.450

16 0.200 0.200 0.010 0.010 0.010 0.200 0.100

17 0.200 0.200 0.400 0.400 0.400 0.400 0.450

18 0.010 0.010 0.400 0.400 0.200 0.200 0.450

19 0.010 0.010 0.010 0.010 0.010 0.010 0.010

20 0.400 0.400 0.010 0.010 0.001 0.010 0.001

21 0.010 0.010 0.400 0.400 0.0001 0.0001 0.450

22 0.010 0.010 0.010 0.0001 0.0001 0.0001 0.010
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T able 59: P arameter ETA of Program LVMBM .

n = 10 n = 100 n = 1000 n = 10000 n = 500

No. m

�

= 2 m

�

= 13 m

�

= 2 m

�

= 103 m

�

= 2 m

�

= 1003 m

�

= 2 m

�

= 2

1 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

2 0.25 0.50 0.50 0.75 0.25 0.25 0.25 0.85

3 0.25 0.25 0.05 0.05 0.25 0.25 0.50 0.25

4 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

5 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

6 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

7 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

8 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

9 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

10 0.25 0.25 0.80 0.80 0.20 0.50 0.50 0.95

11 0.25 0.25 0.25 0.25 0.60 0.25 0.25 0.25

12 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

13 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

14 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

15 0.25 0.25 0.25 0.25 0.25 0.50 0.65 1.00

16 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

17 0.25 0.25 0.25 0.25 0.65 0.50 0.65 0.25

18 0.25 0.25 0.25 0.25 0.65 0.65 1.00 0.25

19 0.25 0.25 0.25 0.25 0.95 0.25 0.25 0.25

20 0.25 0.50 0.25 0.25 0.25 0.25 0.25 0.25

21 0.25 0.25 0.25 0.25 0.15 0.50 0.25 0.65

22 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

T able 60: P arameter XMAX of Program LVMBM .

n = 10 n = 100 n = 1000 n = 10000 n = 500

No. m

�

= 2 m

�

= 13 m

�

= 2 m

�

= 103 m

�

= 2 m

�

= 1003 m

�

= 2 m

�

= 2

1 2.00 2.00 2.00 10.0 2.00 10.0 2.00 2.00

2 10.0 2.00 2.00 2.00 50.0 50.0 2.00 2.00

3 10.0 2.00 10.0 10.0 10.0 10.0 10.0 10.0

4 2.00 2.00 2.00 2.00 2.00 2.00 2.00 10.0

5 2.00 2.00 2.00 2.00 10.0 10.0 2.00 10.0

6 2.00 2.00 10.0 10.0 10.0 10.0 10.0 10.0

7 2.00 2.00 2.00 2.00 2.00 10.0 10.0 10.0

8 10.0 10.0 2.00 2.00 2.00 2.00 2.00 10.0

9 2.00 2.00 10.0 10.0 50.0 50.0 10.0 10.0

10 2.00 2.00 50.0 50.0 10.0 2.00 10.0 10.0

11 1000 1000 10.0 10.0 2.00 2.00 1000 50.0

12 2.00 10.0 2.00 2.00 10.0 10.0 1000 10.0

13 2.00 2.00 10.0 10.0 10.0 10.0 10.0 10.0

14 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00

15 2.00 2.00 2.00 2.00 10.0 2.00 2.00 2.00

16 2.00 2.00 10.0 10.0 10.0 10.0 10.0 10.0

17 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00

18 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00

19 10.0 10.0 10.0 10.0 50.0 2.00 1000 10.0

20 2.00 2.00 2.00 2.00 10.0 10.0 10.0 2.00

21 2.00 2.00 2.00 2.00 2.00 2.00 2.00 10.0

22 1000 10.0 2.00 2.00 1000 10.0 10.0 2.00
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T able 61: P arameter FTOL of Program L-BFGS .

No n = 10 n = 100 n = 1000 n = 10000 n = 500

1 0 : 050 1 : 0 � 10

� 4

0 : 100 1 : 0 � 10

� 4

0 : 100

2 1 : 0 � 10

� 4

0 : 500 0 : 010 0 : 001 0 : 010

3 0 : 500 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

4 0 : 500 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

0 : 100

5 0 : 500 1 : 0 � 10

� 4

1 : 0 � 10

� 4

0 : 500 1 : 0 � 10

� 4

6 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

7 1 : 0 � 10

� 4

0 : 100 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

8 0 : 050 0 : 010 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

9 0 : 050 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

10 1 : 0 � 10

� 4

1 : 0 � 10

� 4

0 : 100 0 : 010 1 : 0 � 10

� 4

11 1 : 0 � 10

� 4

1 : 0 � 10

� 4

0 : 050 1 : 0 � 10

� 4

0 : 100

12 1 : 0 � 10

� 4

0 : 050 0 : 010 0 : 100 0 : 100

13 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

14 0 : 500 0 : 001 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

15 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

0 : 500 1 : 0 � 10

� 4

16 1 : 0 � 10

� 4

0 : 100 1 : 0 � 10

� 4

1 : 0 � 10

� 4

1 : 0 � 10

� 4

17 1 : 0 � 10

� 4

1 : 0 � 10

� 4

0 : 100 0 : 100 0 : 100

18 1 : 0 � 10

� 4

0 : 100 1 : 0 � 10

� 4

0 : 100 0 : 001

19 1 : 0 � 10

� 4

0 : 100 0 : 100 0 : 010 0 : 010

20 1 : 0 � 10

� 4

0 : 010 0 : 001 0 : 100 0 : 100

21 1 : 0 � 10

� 4

1 : 0 � 10

� 4

0 : 050 1 : 0 � 10

� 4

1 : 0 � 10

� 4

22 1 : 0 � 10

� 4

0 : 100 0 : 100 1 : 0 � 10

� 4

1 : 0 � 10

� 4
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D T ermination P arameters

In the UFO programs ( PVAR , PNEW and PBUN ) the v alue of the termination

parameter ITERM has the follo wing meanings:

ITERM = 1 : k x

k +1

� x

k

k � TOLX in MTESX subsequen t iterations.

ITERM = 2 : j f

k +1

� f

k

j � TOLF in MTESF subsequen t iterations.

ITERM = 3 : f

k +1

< TOLB .

ITERM = 4 : The problem has b een solv ed with the desired accuracy .

ITERM = 11 : Num b er of function ev aluations is greater than MFV .

ITERM = 12 : Num b er of iterations is greater than MIT .

ITERM < 0 : F ailure in the metho d:

ITERM = � 6 : The required precision w as not ac hiev ed.

ITERM = � 10 : Tw o consecutiv e restarts are required.

ITERM = � 12 : The quadratic programming subroutine failed.

In the program PBNCGC the v alue of the termination parameter IERR has the

follo wing meanings:

IERR = 0 : The problem has b een solv ed with the desired accuracy .

IERR = 1 : Num b er of function ev aluations is greater than NFASG .

IERR = 2 : Num b er of iterations is greater than NITER .

IERR = 3 : In v alid input parameters.

IERR = 4 : Not enough w orking space.

IERR = 5 : F ailure in the quadratic problem.

IERR = 6 : The starting p oin t is not feasible.

IERR = 7 : F ailure in attaining the demanded accuracy .
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In the program LVMBM the v alue of the termination parameter ITERM has the

follo wing meanings:

ITERM = 1 : The problem has b een solv ed with the desired accuracy .

ITERM = 2 : Num b er of function ev aluations is greater than MFV .

ITERM = 3 : Num b er of iterations is greater than MIT .

ITERM = 4 : j f

k +1

� f

k

j � TOLF in MTESF subsequen t iterations.

ITERM = 5 : f

k +1

< TOLB .

ITERM < 0 : F ailure in the metho d:

ITERM = � 1 : Tw o consecutiv e restarts are required.

ITERM = � 2 : TMAX < TMIN in t w o subsequen t iterations.

ITERM = � 3 : Error in up dating the limited memory matrices.

ITERM = � 4 : F ailure in attaining the demanded accuracy .
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In the program L-BFGS the v alue of the termination parameter IFLAG has

the follo wing meanings:

IFLAG = 0 : The problem has b een solv ed without detecting errors.

IFLAG < 0 : F ailure in the metho d:

IFLAG = � 1 : The line searc h routine MCSRCH has failed. The param-

eter INFO pro vides more detailed information:

INFO = 0: Improp er input parameters.

INFO = 2: Relativ e width of the in terv al of uncertain t y is at

most XTOL .

INFO = 3: More than 20 function ev aluations w ere required at

the presen t iteration.

INFO = 4: The step is to o small.

INFO = 5: The step is to o large.

INFO = 6: Rounding errors prev en t further progress. There

ma y not b e a step satisfying the su�cien t decrease and

curv ature conditions. T olerances ma y b e to o small.

IFLAG = � 2 : The i th diagonal elemen t of the diagonal appro xima-

tion of the in v erse of the Hessian matrix, giv en in DIAG , is not

p ositiv e.

IFLAG = � 3 : Improp er input parameters for L-BFGS ( N or M are not

p ositiv e).
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