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Abstract

Typically, practical optimization problems involve nonsath functions with hundreds
of variables. Moreover, there are many practical problernere/ the computation of
even one subgradient is either a difficult or an impossilsk.tin such cases derivative
free methods are the better (or only) choice since they das®explicit computation
of subgradients. In this paper, we propose an efficient dever free limited mem-
ory discrete gradient bundle method for nonsmooth, possishconvex optimization.
The convergence of the proposed method is proved for lotgblgchitz continuous
functions and the numerical experiments to be presentefiricotne usability of the
method especially for medium- and large-scale problems.

Keywords: Nondifferentiable optimization, derivative free optiration, limited
memory methods, bundle methods, discrete gradient.

TUCS Laboratory
Applied Mathematics



1 Introduction

We introduce a new derivative free method for solving unt@ised nonsmooth op-
timization (NSO) problems of the form

minimize flx

{ (@) ")

subjectto x € R",

where the objective functiori : R* — R is supposed to be locally Lipschitz con-
tinuous (LLC). Note that no differentiability or convexitgsumptions are made and
we do not assume that a (sub)gradient of the objective fomcian be evaluated. Al-

though the algorithm developed in this paper can be appliesnall-scale problems
our emphasis is on medium to large-scale problems (i.e. alblggms with more than

50 variables).

NSO problems are encountered in many application areasngtance, in eco-
nomics [39], mechanics [38], engineering [37], controlaiye[13], optimal shape
design [21], machine learning [24], and data mining [3, Yluling cluster analy-
sis [14]. NSO problems are in general difficult to solve. Thect application of
smooth gradient-based methods to nonsmooth problems radydea failure in con-
vergence, in optimality conditions, or in gradient approation (see, e.g. [29]). Fur-
thermore, the usual direct search methods, like genetarithhons (see, e.g. [17]) or
Powell's method (see, e.g. [15]) may be unreliable and becmifficient whenever
the dimension of the problem increases even a bit. Thus,apeocls for solving
nonsmooth optimization problems are needed.

Methods for solving NSO problems include subgradient médthsee e.g. [6, 7,
43, 44)), bundle methods (see e.qg. [16, 22, 27, 31, 33, 3442]) algorithms based
on smoothing techniques [40], and the gradient samplindghaakst [10]. In most of
these algorithms the computation of at least one arbitrabgdient (generalized
gradient [12]) at each iteration point is required. Howevkere are many practical
problems where computation of even one subgradient is auliffior an impossible)
task. In such cases derivative free methods are the bettenlyp choice since they
do not use explicit computation of subgradients. Howeeritie most derivative free
methods (see, e.g. [2, 15, 17]) the convergence can onlydwegifor continuously
differentiable or at least differentiable functions. Theeptios are the discrete gradi-
ent method [5] and the approximative subgradient methqd\jHé¢re the convergences
are proved for quasidifferentiable semismooth functions.

In this paper we introduce a new limited memory discrete igréicbundle method
for derivative free nonsmooth optimization. The idea of ti@ev method is to com-
bine the discrete gradient method DGM [5] and the limited mgnbundle method
LMBM [18, 19, 20]. DGM is a derivative free method for (smaltale) noncon-
vex nonsmooth optimization while LMBM utilizes subgradiémformation to solve
large-scale nonsmooth problems. Although these two asedytadifferent methods
they have some similarities in their structures that makeslining of them rather an
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interesting task. The convergence of the proposed methpiebi®d for semismooth
LLC functions.

The paper is organized as follows. In Section 2 we recall sbaséc definitions
and results from nonsmooth analysis. We also discuss bibg# and LMBM. In
Section 3 we introduce the new method and study its conveegproperties. The
results of the numerical experiments are presented andsdied in Section 4 and,
finally, Section 5 concludes the paper.

2 Background

In this section, we first recall some basic definitions andlte$rom nonsmooth anal-
ysis. Then, we discuss basic ideas of LMBM and DGM.

2.1 Preiminaries

We denote byj-|| the Euclidean norm ifR™ and bya’d the inner product of vectoks
andb (bolded symbols are used for vectors). An open (closed)bdlicenterr € R"
and radius' > 0 is denoted byB(x; ) (B(x;r)). Thatis,

B(a;r) ={y eR" | ly — =l <r} and B(z:r)={y eR"|[ly —z| <r}.

Thesubdifferentiald f () [12] of a LLC functionf : R* — R at any pointz € R™ is
given by

Of(x) = conv{ 1i>m Vf(x;)| ; > xand V f(x;) exists},

where ‘conv” denotes the convex hull of a set. Each vedoe 0f(x) is called a
subgradient The Goldsteins-subdifferential1]) with somes > 0 is a set

0 f(z) = conv{0f(y) | y € B(a;e)}.

Note thatd f(z) C 9% f(x) forall e > 0.

The pointz* € R"™ is calledsubstationanyif 0 € 0f(x*). Substationarity is a
necessary condition for local optimality and, in the coneese, it is also sufficient
for global optimality. An optimization method is said to gébally convergentf
from any arbitrary starting point; it generates a sequen¢e,} that converges to a
substationary point*, that is,{x;} — «* wheneverk — occ.

A function f : R"” — R is calledsemismootlatx € R" if it is LLC at « and for
everyd € R" the limit

lim &7d
£€of(z+hd’),
d'—d, h—0T



exists [35]. If functionf is semismooth, the classical directional derivatfiter, d) =
limy, o+ h7'[f(x + hd) — f(x)] exists and

fl(x,d)= lim ¢"d.
§e0f(z+hd’),
d/—d, h—0t

The class of semismooth functions contains convex, concasg-type and min-type
functions inter alia.
Let us denote by
Si={geR"||gl =1}

the sphere of the unit ball and by
P={z|2:R. - R, (>0, '2(¢) =0, (=0}
the set of univariate positive infinitesimal functions. bidéion, let
G={ecR"|e=(e1,...,en),]e;] =1, 7=1,...,n}

be a set of all vertices of the unit hypercubéRihh We take any € S, e € G,z € P,
a positive numbet € (0, 1], and we compute = argmax{|g,| | j = 1,...,n}. For
e € G we define the sequence ofvectorse’ (o) = (aey, a?es, ..., al¢e;,0,...,0)
j=1,...,nandforz € R" and( > 0, we consider the points

xo=x+ (g, azj:m0+z(§’)ej(a), j=1,...,n. (1)

DEFINITION 2.1. Letg € S1,e € G,z € P, o € (0,1], ¢ > 0 and takei =
argmax{|g;| | j =1,...,n}. Thediscrete gradienof the functionf : R — R at the
pointxz € R" in the directiong is the vectol(x, g, e, z,(,a) = (T'},...,T%) € R"
with the following coordinates:

0= [2Qde)| fx)) = flx; )], j=1,...,n, j#1,
= (Cg:) " |flw+Cg)— fl@)—¢ ) Tig;

j=1,j#i
It follows from Definition 2.1 that

flx+(g) — f(x) =C(g'T"(z,9.€,2.( q) (2)
forallg € S1,e € G,z € P,a € (0,1] and{ > 0.

REMARK 2.1. The discrete gradient is defined with respect to a givectibng € S;.

To compute the discrete gradient we first define a sequenceitfsp,, . . . ¢, (see
(1)) and compute the values of the functigrat these point. That is, we compute
n+ 2 values off including the pointe. Theith coordinate is defined so that it satisfies
equality (2) which can be considered as some version of ttEmaue theorem.
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It has been proved in [5] that for any € R", g € S;,e € G,( >0,z € P, and

a > 0 we have||Tl?|| < C(n)L, whereC(n) = (n? + 2n%? — 2n'/?)1/2 and L is a
Lipschitz constant of functiorf at . Furthermore, the closed convex set of discrete
gradients

Vo(z,() =clconv{v e R" |[3ge€ S1,ec G, z€ Pa>0
such thatw = I'(x, g, e, 2,(,a)}

is an approximation to the subdifferenti@f (x) for sufficiently small¢ > 0 as stated
in the following proposition [5]:

PROPOSITION2.2. Let f : R® — R be a semismooth function at For { > 0 and
g € S, define

o(¢,g9) = f(x+(g) — f(x) — ¢ f(x,9).

If (~'o(¢,g) — 0 uniformly with respect tg as¢ — 07, then for any= > 0 there
exists(, > 0 such that

Vo(z,¢) € 9f(x) + B(0;¢)

forall ¢ € (0, ).

After fixing g € S; ande € G the discrete gradient contains three parametess),
z € Panda > 0. In what follows, we assume thgtand « are selected to be
sufficiently small and € P (see [5] for more details).

2.2 Discrete Gradient Method (DGM)

Next we briefly describe the discrete gradient method (D GiviBagirov et. al. More
details can be found in [5]. The idea of DGM is to hybridizeidative free methods
with bundle methods. In contrast with bundle methods, whecjuire the computation
of a single subgradient of the objective function at each point, DGM approximates
subgradients by discrete gradients using function valueg oSimilarly to bundle
methods the previous values of discrete gradients are rgatheto a bundle and the
null step is used if the current search direction is not gouzligh.

We start by describing the direction finding procedure. Asitio@ed before, the
closed convex set of discrete gradieht$x, () is an approximation to the subdiffer-
ential 0 f (x) for sufficiently small¢ > 0. Thus, it can be used to compute the descent
direction for the objective. However, the computation @& thole sel/,(x, ¢) is not
easy, and therefore, in DGM only a few discrete gradientsiftbe set are used to
calculate the descent direction.

Let us denote by the index of the outer iteration and bythe index of inner iter-
ation. In what follows we use only the iteration countewhenever possible without
confusion. At every iteratiort we first (i.e. s = 1) compute the discrete gradient

4



v, = I'(xy,, 9, €, 2,(, a) (see Definition 2.1) with respect to any initial direction
g, € S; and we set the initial bundle of discrete gradievitéey,) = {v,}. Then we
compute the vector

v|%,

Uy = argMinyey, (s, )|

that is the distance between the convex ke, ) of all computed discrete gradients
and the origin. If this distance is less than a given toleeahc>- 0 we accept the
point ;. as an approximate substationary point and go to the next datation.
Otherwise, we compute another search direction

gs+1 - ||@sl|

and we check whether this direction is descent. That is, we ha

f(®+Cge) — flx) < —arl|o],

with the given numbers; € (0,1) and¢ > 0. In this case, we sef,, = g,
and stop the direction finding procedure. Otherwise, we ¢akall step. That is, we
compute another discrete gradient,; = I'(xy,,g,.,. €, 2z, (, @) into the direction
g..1, update the bundle of discrete gradients by

‘7s+1(wks) = conv{VS(a:ks) U{vepi}}

and continue the direction finding procedure with ., = x;, ands = s + 1. Note
that, at the null steps the approximation of the subdiffeaé® f (x) is improved. It
has been proved in [5] that the direction finding procedureisinating such that
either the descent directiad)., is found or||v,|| < 9.

When the descent directiaf)., has been found, we need to compute the next (in-

ner) iteration pointe, ., = xy, + t; d;,, Where the step sizig, is defined as

tr, = argmax{t > 0| f(xy, +tdy,) — f(xr,) < —cot||vp, ||},

with givenc, € (0, ¢4].
The pseudo-code of DGM is the following:



PROGRAM DGM
INITIALIZE x; € R® and k= 1;
OUTER ITERATION
Set s=1 and xj, = xy;
Compute the first discrete gradient wvy;
Set V(mkl) = {vk1};
WHILE the term nation condition is not net
INNER ITERATION
Cormpute the vector oy, =argmn ey, vl
IF ok, ]| <0 With d >0 s.t. 6 0 when k — oo THEN
Set zpy; =x,, and k=k+1;
Go to the next OUTER ITERATION;
ELSE
Conpute the search direction di, = —v, /||vk,
Find a step size t;
IF Descent condition holds THEN
Construct the following iteration =z, = + t*dy,;
Conpute a new discrete gradient vy, at =z ,;
Set V(xks+l) = {vks+1};
ELSE
Compute a new discrete gradient v, , at x,
in direction dg,;
Update the set V(xy,,,)=conv{V(xy, )Uvk,, }
Set xy
END IF
Set s=s+1 and go to the next INNER ITERATION,;
END IF
END INNER ITERATION
END WHILE
END OUTER ITERATION
RETURN final solution x;
EnD DGM

s+1 = mk‘s ’

It has been proved that DGM is globally convergent for qufsi@ntiable LLC func-
tions under the assumption that the set of discrete gradiemformly approximates

the subdifferential [5].

2.3 Limited Memory Bundle Method (LMBM)

In this subsection, we describe the limited memory bundi@rithm (LMBM) by
Karmitsa (e Haarala) et. al. [18, 19, 20, 26] for solving general, ipbsaonconvex,
large-scale NSO problems. Here we assume that at everypeowetcan evaluate the
value of the objective functiorf(x) and one arbitrary subgradieétfrom the sub-

differential 0 f ().



LMBM is a hybrid of the variable metric bundle methods [31] 4Bd the lim-
ited memory variable metric methods (see e.g. [11]), whieeefitst ones have been
developed for small- and medium-scale nonsmooth optimizand the latter ones
for smooth large-scale optimization. LMBM exploits theagdeof the variable metric
bundle methods, namely the utilization of null steps, serajgregation of subgradi-
ents, and the subgradient locality measures, but the sdarttiond,, is calculated
using the limited memory approach. That is,

dy, = — D&},

whereé, is (an aggregate) subgradient aRgl is the limited memory variable metric
update that, in the smooth case, represents the approamadtine inverse of the Hes-
sian matrix. Note that the matrii,, is not formed explicitly but the search direction
d,. is calculated using the limited memory approach.

In order to determine a new step into the search direafignLMBM uses so-
calledline search procedurea new iteration pointc;.; and a new auxiliary point
Y., are produced such that

Ty = Ty + thdy, and 3
Yp1 = T + tody,  fork >1

with y, = x;, wheret%, € (0, t,,..] andty € [0, %] are step sizes, arg,,, > 1is the
upper bound for the step size. A necessary condition E®rebus stefo be taken is
to have

t];% = t’Z >0 and fWri1) < flze) — eit’}%wk, (4)

wheree? € (0,1/2) is a line search parameter ang > 0 represents the desirable
amount of descent of atx;,. If condition (4) is satisfied, we have,,, = y,.,. On
the other hand, aull stepis taken if

th >t =0 and — Brt1 + d;ffkﬂ > —efwg, (5)

whereeh, € (¢k,1/2) is a line search paramete},., € 0f(y,.,), and Sy is the
subgradient locality measure [30, 36] similar to standanmidbe methods. That is,

Br1 = max{|f(xy) — f(yk+1) + (yk+1 - mk)T€k+1)|a VHka - a:k||2 } (6)

Here~y > 0 is a distance measure parameter supplied by the user. Raranean be
set to zero wherf is convex.

In the case of a null step, we set.; = x; but information about the objective
function is increased because we store the auxiliary pgint and the corresponding
auxiliary subgradienf,,.,, € 0f(y;.,1)-

LMBM uses the original subgradiedt, after the serious step and the aggregate
subgradienﬁk after the null step for direction finding (i.e. we i@t: &, if the previ-
ous step was a serious step). The aggregation proceduneiesiaaut by determining

7



multipliers \¥ satisfying\¥ > 0 for all i € {1,2,3}, and>_7_, \¥ = 1 that minimize
the function

P(A1 A2, As3) = M€ + Aoy + A€ ] " DM, + Ny + Xs€] (D)
+2(X2Brr1 + A3

Hereg,, € 0f (x4 ) is the current subgradient(denotes the index of the iteration after
the latest serious step, i@, = x,,), .., € 0f(y,,,) is the auxiliary subgradient,
and Ek, is the current aggregate subgradient from the previouatitar €, = &,).

In addition, ;. is the current subgradient locality measure a@hds the current
aggregate subgradient locality measute£ 0). The resulting aggregate subgradient
ékﬂ and aggregate subgradient locality meastite are computed by the formulae

ék—l—l = N€, + M€y + AEE, and By = MBry + AEGL 8)

Due to this simple aggregation procedure only one trialfpgjin, and the correspond-
ing subgradieng,.,, € df(y,,,) need to be stored.

In LMBM both the limited memory BFGS (L-BFGS) and the limited mery
SR1 (L-SR1) update formulae [11] are used in calculations efsdmarch direction
and the aggregate values. The idea of limited memory magpdbating is that instead
of storing largen x n matricesDy, one stores a certain (usually small) number of
vectors obtained at the previous iterations of the algorjtand uses these vectors to
implicitly define the variable metric matrices. In the casemull step, we use the
L-SR1 update, since this update formula allows us to predbedoundedness and
some other properties of generated matrices which guaranéeglobal convergence
of the method. Otherwise, since these properties are noiregbafter a serious step,
the more efficient L-BFGS update is employed (for more detsds [18, 19, 20]).

As a stopping parameter, we use the value

~T ~
wy = =& dy + 20

and we stop ifw, < e for some user specified> 0. The parametew;, is also used
during the line search procedure to represent the desiaatdeint of descent.

The pseudo-code of LMBM is the following:



PROGRAM LMBM
INITIALIZE @1 € R", & € 0f(x1), and e > 0;
Set k=1 and d; = —¢§;;
WHILE the termnation condition wp<e is not net
Find step sizes t§ and t};
Set xp4 :CCkth]zdk;
Eval uate f(zrr1) and &, € Of (zx + thdy);
IF t§ >0 THEN
SERIOUS STEP
Conpute the search direction dy; using §,,; and L-BFGS
updat e;
END SERIOUS STEP
ELSE
NULL STEP
Comput e t he aggregate subgradi ent ékﬂ;
Conput e the search direction dyy; using &, and L-SRL
updat e;
END NULL STEP
END IF
Set k=k+1;
END WHILE
RETURN final solution x;
END LMBM

Under the upper semismoothness assumption [8] LMBM candneegrto be globally
convergent for LLC objective functions [18, 20].

3 Method

In this section we introduce the new derivative free limiteemory discrete gradient
bundle method (LDGBM).

As mentioned in the introduction LMBM and DGM have some samiles in their
structures. For instance, both of these methods wipe owtitheformation whenever
the serious step occurs. This property is different fromdaad bundle methods (see
e.g. [34]) where the old information is collected near theeut iteration point and
stored to be used in the next iterations nonetheless of éparsjuestion. In practice,
storing all the old information may have several disadvgesa first, it needs storage
space; second, it adds computational costs; and, whatvediss, it may store and use
information that is no longer relevant due to fact that it migave been collected far
away from the current iteration point. The last point may geeially problematic in
nonconvex cases.

In LMBM we bundle the subgradients that are computed in alsmegghborhood
of the current iteration point. This is similar to standatchlle methods although in
LMBM we use this information only after null steps and, at thest, three subgra-
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dients are needed. On the other hand, in DGM discrete grisdaea calculated and
gathered into a bundle only at the current iteration pointddifferent directions (see
Definition 2.1 and Subsection 2.2). In our new method we comliese ideas and
compute discrete gradients in a small neighborhood of theectiiteration point and
into the different directions.

In DGM a quadratic subproblem similar to standard bundlehoes need to be
solved to find the discrete gradient with the shortest north as a consequence, to
calculate the search direction. Now, instead of bundlingir@imited number of dis-
crete gradients in null steps and computing the shortest n@e compute the convex
combination of at most three discrete gradients and thelsetirection is calculated
using limited memory approach. Thus, a possibly time comsgrquadratic direc-
tion finding problem needs not to be solved and also the diffieuith the unbounded
amount of storage needed in DGM has been dealt with.

The obvious difference between LDGBM and LMBM is that we ne discrete
gradients instead of subgradients of the objective functio addition, we use both
inner and outer iterations in order to avoid too tight apprations to the subgradients
at the beginning of computation (thus, we have a derivatiee method). The inner
iteration of LDGBM is essentially same as LMBM. That is, treasch direction is
computed by the formula

di, = — Dy, vy,
wheres and k are the indices of inner and outer iteratiomg, is an aggregate dis-
crete gradient andy, is a limited memory variable metric update. In addition, the
line search procedure (cf. (3) — (5)) is used to determinenaitgzation and auxiliary
pointszy ., andy, ., and the aggregation procedure (cf. (7) and (8)) is usedrte co
pute a new aggregate discrete gradignt, and a new aggregate subgradient locality
measures;, ., .

The first discrete gradient;, = I'(x,g,,,e, z,(, «), wherei = argmax{|g;]| |
Jj = 1,...,n}, is computed to an arbitrary initial directign, € S5;. After that we
always use the previous normalized search direajion, = d,/||dy,|| to compute
the next discrete gradient, Parameters € P, ( > 0, anda > 0 are selected
similarly to DGM [5].

The inner iteration is terminated if we have

s4+1"

2 4 By, < 0y

1. .
5”%
for some outer iteration parametgr> 0.
We use here a new adaptive updating strategy for the saleatiouter iteration
parameted,. At the beginning, the outer iteration parameigis set to a large number.
Each time the inner iteration is terminated we set

5k+1 = mln{05k7 wk,g}7
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wheres € (0,1) andwy, = —v; dy, + 20.. Similarly to LMBM, the parameter
wy,, 1S used also during the line search procedure to represeietirable amount of
descent (cf. (4) and (5)).

Let us assume that the sequenees P, ¢, > 0, 2z, — 07, (G — 01, k — oo,
a sufficiently small numbes > 0 and the line search parametefs ¢ (0,1/2) and
ek ¢ (e, 1/2) are given. The pseudo-code of LDGBM is the following (notatth
obviously more details are given here than before):

PROGRAM LDGBM
INITIALIZE x1 € R", gy, €51, €¢>0, d1>¢, (1>0, o,€e€ (0,1)
and k=1,
OUTER ITERATION
Set s=1 and xj, = xy;
WHILE the termnation condition ¢, <e is not net
INNER ITERATION
SERIOUS STEPL
Conput e the discrete gradient wvg, € Vy(xg,,(k) i N
direction g ;
Set m=s, ¥y =wi, and B, =0;
Conmpute the search direction dg, using v, and L-BFGS
updat e;
END SERIOUS STEPL
INNER ITERATION TERMINATION
IF 1/2)|0g,|1* + Br, < 6 THEN;
Set w1 =k, Grp1, = di/lldi |l Cer1 = €,
619—&-1 = min{aék, _6£Sd/€s + 2B/€S}, and k=k+1;
Go to the next OUTER ITERATION;
END IF
END INNER ITERATION TERMINATION
Find step sizes % and %, and the subgradient
locality neasure f,.,;
IF t§* >0 THEN
SERIOUS STEP2
Construct the iteration my,,, =z, +thdy;
Set gy, = dy,/lldk,];
Set s=s+1 and go to the next SERIOUS STEPL,;
END SERIOUS STEP2
ELSE
NULL STEP
Construct the trial point y, =z +thdy;
Conput e new discrete gradient vy, € Vo(yy,,,,C)
at point y, . indirection g, =dg/[dyl;
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Comput e the aggregate val ues
Dp,.y = APop, + Ao+ M\oy, and
5ks+1 = )‘IQCS/BksH + )‘gsﬂks;
Compute the new search direction d;_, using v,
and L- SR1 updat e;
Set xy,,., =xp, and s=s+1;
Co to the INNER ITERATION TERMINATION;
END NULL STEP
END IF
END INNER ITERATION
END WHILE
END OUTER ITERATION
RETURN final solution x;
END LDGBM

The discrete gradient is computed according to Definitidned Remark 2.1. Simi-
larly to LMBM the search direction and the aggregate valuescamputed by using
the L-BFGS update after serious steps and L-SR1 update o#de(sae [11] for more
details of limited memory matrix updating and [19, 20] foeithusage in LMBM).
The step sizes; € (0, tmq.] andtss € [0, 5 with ¢,,,, > 1 are computed such that
either condition (4) for serious steps or condition (5) fatl steps is satisfied. In ad-
dition, the subgradient locality measuig,, as well as the multipliers® satisfying
M >0 foralli € {1,2,3}, and>>7_, A = 1 utilized in the aggregation procedure
are computed similarly to LMBM (see equations (6) and (7)).

3.1 Convergence Proof

We now prove the global convergence of the LDGBM-algoritimaddition to as-
suming that the objective functiofi : R® — R is LLC, the level sef{ x € R" |
f(x) < f(x1) } is supposed to be bounded for every starting peinte R". Fur-
thermore, we assume that each execution of the line seaodedure is finite and
the assumptions of Proposition 2.2 are satisfied. The linechgorocedure has been
proved to be finite under the assumption of semismoothness[4%]). On the other
hand, in Proposition 2.2 we assume that functfois semismooth. Since the class
of semismooth functions includes the class of upper semaimiinctions, we here
assume the objective function is semismooth.

DEFINITION 3.1. Lete > 0 and( > 0. We definethecs-set of discrete gradientsy

V(@ Q) = conv{Vo(y.C) | y € B(a;e)}-

LEMMA 3.2. For all inner iterationsk;, there exists,, > 0 such that
f)ks € VEks (wks><k>'
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PROOF. After a serious step we hawg, ., = vi,,, € Vo(xk,,,,() and, hence,
the case is trivial. After a null step the aggregate discgggalientv,,  , is com-
puted as a convex combination of three discrete gradiente Vi(xx,, (), Vi,,, €
Vo(ykSH,Ck) and v, . For null steps we use the scaled direction veéjaet; with
0, = min{ 1,C/||d,|| } and predefined’ > 0 in the line search (for more details, see
[20]). Thus, by (3) we haszyks+1 —xp, || < tne.C, andwe have,, ,, € V,, (xk., (k)
with somel < g5 < t,,.,:C. Since the first aggregate discrete gradiepntafter a
serious step is equal t,,, they both belongs to sét, (xx., () with anys;, > 0.

As a convex combination of these three discrete gradieetsétond aggregate
discrete gradiend,_ ., after the serious step belongs to $&t (x;,, (x) with some
0 < eps < tnmaeC. The rest of the result follows by induction. O

LEMMA 3.3. Suppose that the assumptions of Proposition 2.2 are satiafievery
y € B(x;¢) with some:s > 0. Then, there exist§ > 0 such that the-set of discrete
gradients approximates the Goldstein subdifferential by

V(@,¢) € O f(z) + B(0;¢)

with all ¢ € (0, ).

PROOF. Letv € V.(z,(). Thenv = Y \v¥, wherev? € Vi(v', (), ¥* € B(x;¢),
A; > 0and}_ \; = 1 for all i. Now, by Proposition 2.2 there existsfor anys > 0
suchthaly(y', ¢) C 0f(y")+B(0;¢) forall ¢ € (0,¢}). Thus, we have?y = ¢Y +s¢,
where¢? € 0f(y") andst € B(0;¢). Hence,

v=> N(E+5)
= Z Ni&] + Z AiS;
C conv{0f(y") | y' € B(x;¢)} + B(0;¢)
= 9% f(x) + B(0;¢)
with all ¢ € (0, min{¢}}). O

DEFINITION 3.4. A pointz is called &a((, §) -stationary point of functiorf, if

min ||lv]| < 6.
veVp(z,C)

THEOREM3.5. Let f : R — R be a LLC semismooth function. Then the number of
inner iteration loops in the.DGBM-algorithm is finite and, at the termination, the
pointz,.q is a((x, v/20x) -Stationary point of functiory..

PROOF The inner iteration loop in the LDGBM-algorithm is essaiiti the same as
LMBM with subgradients replaced by discrete gradients.ak been shown in [20]
that LMBM terminates after finite number of iterations, ietetopping parameter (cf.
0, here) is greater than zero. The usage of discrete gradieassitbt alter this result.
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Thus, the inner iteration loop in the LDGBM -algorithm isr@nating after finite
number of steps.

At the termination we have
2-

) 1
>+ B, = = ||,

1
5, > =||v

By Lemma 3.2 we havé,, € V,(xy,, (;) with somep > 0 and we set;., = x;, at
the termination. Thus, we have

min  |Jv[]? < ||9p, | < 26k
veVo(@r41,Ck)
Then by Definition 3.4z is a((x, v/20x) -Stationary point of functiorf. O

THEOREM3.6. Let f : R” — R be a semismooth LLC function and suppose that the
level set{x € R™ | f(x) < f(«1)} is bounded. Then every accumulation point of the
sequencéx; } generated by the DGBM-algorithm is substationary fof .

PrROOF Sincef is LLC and the level set is bounded, we have
ff=inf{f(x) | x e R"} > —c0.

By Theorem 3.5 the inner iterations gener@fe v/2);) -stationary points for alk >
1. Thus, it follows from Definition 3.4 that

min{||v]| | v € Vo(@pi1, ()} < /20, ()

foranyk > 1. Since{ f(x)} is a nonincreasing sequenasg, belongs to the level set
with all £ > 1. Moreover, the boundedness of the level set implies thas¢lgeience
{x\} has at least one accumulation point. lzdbe an accumulation point ¢fe, } and
letx;, — & wheni — oco. Then we have from (9) that

min{|lv]| | v € Vo(x,, Ge—1)} < /2001 (10)
Now, by Lemma 3.3 for any € B(z; u1) with ;2 > 0 there existg, > 0 such that
Voly,¢) € Vu(@, Q) C 05 f(®) + B(0; p) (11)

forall ¢ € (0, (y). Sincex;, converges ta there exists, > 1 such thate,, € B(Z; i)
for all © > iy. Moreover, since), — 0 and(, — 0 ask — oo, there existdy > 1
such that, < e with some= > 0 and(, < (, for all £ > kq. Then there existg > i
such thatt; > ko + 1 for all [ > [,. Therefore, from (10) and (11) we obtain

min|lo] | v € 99 (@)} < u+ V2.

Now, sinceu, ¢ > 0 are arbitrary and the subdifferential is upper semicomtirsusee,
e.g. [34]), we havé € Jf(x). O
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4 Numerical Experiments

In this section we compare the implementations of the metitedcribed in the pre-
vious sections and also SolvOpt, an implementation of Shealgorithm. The test
set used in our experiments consists of classical academnisnmooth minimization
problems from the literature and their extensions.

4.1 Solvers

The tested optimization codes with references to more lddtaescriptions of the
methods and their implementations are presented in TalBelbw the table, we say
few words of each implementation and give the references intere the code can
be downloaded.

Table 1: Tested pieces of software

Software  Author(s) Method Reference
Sol vOpt  Kuntsevich & Kappel Shor’s-algorithm [23, 28, 43]
LMBM Karmitsa Limited memory bundle [19, 20]
DGM Bagirov Discrete gradient [5]
LDGBM Karmitsa L-discrete gradient bundle

Sol vOpt  (Solver for local nonlinear optimization problems) is arplementation
of Shor'sr-algorithm. InSol vOpt one can select to use either original subgradients
or difference approximations of them (i.e. the user doefiaet¢ to code difference ap-
proximations but to select one parameter to do this aut@adit). In our experiments
we have used difference approximations.

The MatLab, C and Fortran source codesSof vOpt are available for download-
ing from http://www.kfunigraz.ac.at/imawww/kuntsevich/solgbpn our experiments
we usedSol vOpt v.1.1 HP-UX FORTRAN-90 sources.

LMBM is an implementation of the limited memory bundle methoccspally de-
veloped for large-scale nonsmooth problems (see Subezi®)nIn our experiments
we used the difference approximations to calculate thecequpitions of the subgra-
dients. The Fortran 77 source code and the mex-driver (fat. Mausers) are available
for downloading fromhttp://napsu.karmitsa.fi/lmbm/

DGM is a discrete gradient solver (see Subection 2.2) for d@revdree optimiza-
tion. To applyDGV one only needs to be able to compute at every psirihe
value of the objective function. The subgradient will themdpproximated by dis-
crete gradients. The Fortran 77 source codB@¥lis available for downloading from
http://napsu.karmitsa.fi/dgm/
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LDGBM is an implementation of the limited memory discrete gratiemdle method
introduced in this paper. The Fortran 95 source codeldBMis available for down-
loading fromhttp://napsu.karmitsa.fi/ldgbm/

The experiments were performed on an Ifit€ore” 2 CPU 1.80GHz. To compile
the codes, we useggf or t r an- 4. 3, the GNU Fortran compiler.

4.2 Test problemsand parameters

As already said the test set used in our experiments cordistigssical academic
nonsmooth minimization problems from the literature aneirtlextensions. That is,
we have used the small-scale problems 3.1 — 3.20 of [32] {ogiproblems 3.13
and 3.14 in whiclDGViconverged to unbounded minima) and larger problems 1 — 10
introduced in [19] that can be formulated with any numberafables. We have used
here 50, 200 and 1000 variables.

Note that in the computation of both the difference appr@tions and the discrete
gradients more thamfunction evaluations are needed per iteration. There&dready
a problem with 200 variables can be considered as large oribd®olvers not using
(sub)gradient information and that is outstandingly trirewdealing with nonsmooth
problems.

We say that a solver finds the solution with respect to a totsra > 0 if

fbest - fopt S €
1 + |fopt|

wheref,. is a solution obtained with the solver ayig; is the best known (or optimal)
solution. We have accepted the results small-scale prab(em< 50) with respect
to the tolerance = 5 - 10~*. With larger problems:( > 200), we have accepted
the results with the tolerance = 10~3. To obtain comparable results the stopping
parameters of the codes were tuned by the procedure simi25%

For DGMthe maximum size of the bundle was settm{n + 3, 100}. With LMBM
andLDGBMthe natural choice for the bundle size is two (the larger lundhy be used
but it is only utilized in step size selection). For all otlparameters we have used the
default settings of the codes.

4.3 Results

The results are summarized in Tables 2 and 3. We have comiperrefficiency of the
solvers both in terms of computational timeg:«) and numbers of function evalua-
tions (nf, evaluations for short). In the smaller problems< 20, see Table 2) we only
give numbers of evaluations since there was not a big diffsxén the computational
times of the different solvers.

In small-scale problemSol vOpt usually used less evaluations than any of the
other solvers tested including our new solver witi@Mwas the most reliable solver
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Table 2: Summation of the results for small-scale problems

P n  Sol vOpt LVBM DGM  LDGBM
3.1 2 270 989 1332 267
3.2 2 376 4370 451 244
3.3 2 106 172 411 296
3.4 2 93 503 435 298
3.5 2 134 1105 338 454
3.6 2 94 3513 584 279
3.7 2 120 232 300 193
3.8 2 254 fail 188 487
3.9 2 122 300 371 391
3.10 2 118 633 672 234
3.11 4 166 6 654 1662 710
3.12 5 258 7 649 2945 1059
3.15 6 1039 3 059 5544 4286
3.16 10 896 fail 4929 1655
3.17 10 fail fail 4567 fail
3.18 12 1036 24 698 9308 4862
3.19 20 6277 7 243 5541 4243
3.20 20 fail 102376 5720 fail

tested (see Table 2). HowevérD@Musually used less evaluations thBGM and
LMBMand the robustness of the solver was similaStd vOpt and LMBM Thus,
we can say that our new solver is comparable with the existgers in small-scale
settings.

Although Sol vOpt solved small-scale problems both efficiently and robudtly i
was not in its element when solving the medium- and largéequablems (see Ta-
ble 3). The numbers of evaluations were still usually thellesiones but the robust-
ness was very weak.

Also our new solvet. DGBMsolved only five of the problems with 1000 variables
with the desired accuracy (out of ten). However, the fagusbtained with. DGBM
were mostly inaccurate result: with the relaxed tolerance 10~2? LDGBM failed
only in one problem (problem 2) while witBol vOpt the number of failures is still
five even if the relaxed tolerance was used. This indicat@swvith LDGBMa better
accuracy might be achieved with more tight stopping cioteri

In smaller problemsi{ < 200) the robustness diDGBMwas as good as that of
DGMwhich, on the other hand, was the most robust of the existiigess. LDGBM
also used clearly less evaluations and computational thaeRGMandL VBM
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Table 3. Summation of the results for medium and large-qualblems

P n Sol vOpt LMVBM DGM LDGBM
nflepu nflepu nflepu nflepu

1 50  32195/0.17 54 564/5.20 27 025/0.03 26 284/0.05

2 50 9 984/0.98 fail fail fail

3 50 fail 114 671/0.26 103 200/1.35 12 588/0.04

4 50 fail 97 701/1.09 89 616/1.86 13 858/0.17

5 50 2 237/0.03 84 240/0.81 36 083/0.27 6 548/0.07

6 50 854/0.01 106 807/0.74 9 201/0.04 3969/0.02

7 50 3728/0.13 127 804/3.05 41 548/1.09 17 760/0.47

8 50 fail fail 92 527/0.95 32 915/0.08

9 50 fail 79547/0.13 26 112/0.03 4163/0.01

10 50 fail 169 377/0.40 52 670/0.74 16 177/0.04

1 200 555779/9.23 848 449/6.54 312 544/0.59 598 321/2.35

2 200 48770/79.86 fail 379 523/313.80 fail

3 200 fail 1 165 657/10.05 553 314/14.10 173 305/1.68

4 200 fail 503 113/22.24 568 910/32.67 104 501/4.38

5 200 12889/0.78 46 957/1.79 261 919/7.02 22 860/0.91

6 200 fail 488 559/12.88 fail 31825/0.73

7 200 fail 418 623/39.47 378 468/37.66 68 331/7.14

8 200 fail 325371/1.63 862 819/17.09 80 260/0.53

9 200  19063/0.32 313 324/1.99 163 043/0.59 12 540/0.09

10 200 fail 546 940/4.75 628 636/20.48 69 233/0.69

1 1000 fail fail 10592 047/92.43 fail

2 1000 44213/1812.13 fail fail fall

3 1000 fail 4910 632/208.60 3579840/111.49 1484 246/61.77

4 1000 fail 1314594/282.92 3085985/452.59 762 840/165.82

5 1000 44206/14.64 317 113/58.52 1593 326/197.64 545 135/105.97

6 1000 fail 4001432/511.81 12583470/1107.24 fail

7 1000 fail fail 4 455 499/1609.18 fail

8 1000 fail 2 302 536/55.69 2993617/54.78 182 975/4.67

9 1000 fail 820 998/25.62 993 300/16.12 70181/2.17

10 1000 fail fail fail fail
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5 Conclusions

In this paper, we have described a new limited memory discgeadient bundle
method (LDGBM) for unconstrained nonsmooth optimizatib@GBM is a deriva-
tive free method and thus applicable to a broad class of aggdion problems even
if the (sub)gradient is not available. We have proved théala@onvergence of the
method for locally Lipschitz continuous semismooth ohjecfunctions, which are
not necessarily differentiable or convex.

The numerical experiments reported confirm that LDGBM iscadfit for both
convex and nonconvex honsmooth optimization problemsh Witall-scale problems
(n < 20) LDGBM was comparable with the existing solvers and witlygé&anumbers
of variables it usually used clearly less function evaluagithan the other solver tested.

We can conclude that LDGBM is a good alternative to existiegwvétive free non-
smooth optimization algorithms and for medium- and largales problems it might
well be the best choice.
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