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Abstract Many practical optimization problems involve nonsmooth (that
is, not necessarily differentiable) functions of thousands of variables. In the
paper [Haarala, Miettinen, Mäkelä, Optimization Methods and Software, 19,
(2004), pp. 673–692] we have described an efficient method for large-scale
nonsmooth optimization. In this paper, we introduce a new variant of this
method and prove its global convergence for locally Lipschitz continuous
objective functions, which are not necessarily differentiable or convex. In
addition, we give some encouraging results from numerical experiments.
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1 Introduction

In this paper, we provide a global convergence theory for a limited memory
bundle algorithm [11] for solving large-scale nonsmooth (nondifferentiable)
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unconstrained optimization problems. Thus, we consider the problem
{

minimize f(x)

subject to x ∈ R
n,

(1)

where the objective function f : R
n → R is supposed to be locally Lipschitz

continuous and the number of variables n is supposed to be large.
Nonsmooth optimization problems of type (1) can be encountered in many

fields of applications, for instance, in optimal control [5], engineering [26],
mechanics [27], and economics [31]. Moreover, nonsmooth optimization tech-
niques can be successfully applied to smooth problems but not vice versa (see,
e.g., [17]) and, thus, we can say that nonsmooth optimization deals with a
broader class of problems than smooth optimization.

Various versions of bundle methods (see, e.g., [12,15,22,24,33]) are re-
garded as the most effective and reliable globally convergent methods for
nonsmooth optimization (see, e.g., [22]) at the moment. They assume that
at every point x ∈ R

n we can evaluate the value of the objective function
f(x) and an arbitrary subgradient ξ ∈ R

n from the subdifferential [4]

∂f(x) = conv{ lim
i→∞

∇f(xi) | xi → x and ∇f(xi) exists },

where “conv” denotes the convex hull of a set. The idea of bundle methods is
to approximate the subdifferential by gathering subgradients from previous
iterations into a bundle.

In some cases (see, e.g., convex problems in [1,9,30]) standard bundle
methods may work well even for very large problems. However, often the
computational demand of bundle methods expands already with relatively
small problems (see, e.g., [11,14]). This is due to the fact that the complexity
of the problem depends not only on the number of variables but also on
the nature (that is, linearity, convexity, relaxation properties, etc.) of the
problem.

In [11] we have introduced a limited memory bundle method for gen-
eral, possibly nonconvex, nonsmooth large-scale optimization. The method
is a hybrid of the variable metric bundle methods [20,34] and the limited
memory variable metric methods (see, e.g., [3,8,19,29]), where the first ones
have been developed for small- and medium-scale nonsmooth optimization
and the latter ones, on the contrary, for smooth large-scale optimization.
The new method exploits the ideas of the variable metric bundle methods,
namely the utilization of null steps, simple aggregation of subgradients, and
the subgradient locality measures, but the search direction is calculated us-
ing a limited memory approach. Therefore, the time-consuming quadratic
direction finding problem appearing in standard bundle methods (see, e.g.,
[15,24,33]) need not to be solved and the number of stored subgradients is
independent of the dimension of the problem. Furthermore, the method uses
only few vectors to represent the variable metric updates and, thus, it avoids
storing and manipulating large matrices as is the case in variable metric
bundle methods [20,34].

In order to prove the global convergence of the limited memory bundle
method, some modifications had to be made to the algorithm introduced
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in [11]. In this paper, we first present a modified limited memory bundle
algorithm for which we can prove the global convergence. Then, we propose
a special line search procedure, which is modified from that given in [34] and
used in [11]. In addition, we give a modified limited memory SR1 update,
which guarantees the conditions required for the global convergence in the
consecutive null steps. The limited memory BFGS update used is the same
as in [11] and it has no effect on the global convergence of the method. For
a more detailed description of the BFGS update and other properties of the
limited memory bundle method we refer to [11].

The rest of this paper is organized as follows. We describe the modified
limited memory bundle algorithm together with the line search procedure and
the limited memory matrix updating in Section 2. In Section 3, we prove the
global convergence of the method and, in Section 4, some results of numerical
experiments are presented. The problems included in our experiments contain
both academic test problems and practical applications arising in the field
of nonsmooth large-scale optimization. The numerical results demonstrate
the usability and the reliability of the limited memory bundle method with
both convex and nonconvex large-scale nonsmooth minimization problems.
Finally, in Section 5, we conclude and give some ideas of further development.

2 Limited Memory Bundle Method

In this section, we first describe the modified limited memory bundle algo-
rithm. After that, we present the line search procedure, which is used to
determine step sizes in the limited memory bundle method. Finally, at the
end of this section, we consider the limited memory matrix updating and
give an efficient algorithm for direction finding using limited memory SR1
update.

Limited memory bundle method. We start this section with a simple flowchart
of the limited memory bundle method (in Figure 1) to point out the basic
ideas of the algorithm. The limited memory bundle method is characterized
by the usage of null steps together with the aggregation of subgradients.
Moreover, the search direction is calculated by using the limited memory
variable metric updates (the limited memory BFGS update after a serious
step and the limited memory SR1 update, otherwise). Using null steps gives
sufficient information about the nonsmooth objective function in the cases the
descent condition (3) is not satisfied. On the other hand, a simple aggregation
of subgradients guarantees the convergence of the aggregate subgradients to
zero and makes it possible to evaluate a termination criterion.

Next, we give a more detailed description of the method. The limited
memory bundle algorithm to be presented generates a sequence of basic
points (xk) ⊂ R

n that, in the convex case, converges to a global minimum
of an objective function f : R

n → R. In the nonconvex case, the algorithm
is only guaranteed to find a stationary point of the objective function (that
is, a point x ∈ R

n satisfying 000 ∈ ∂f(x)). In addition to the basic points,
the algorithm generates a sequence of auxiliary points (yk) ⊂ R

n. A new
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Fig. 1 Flowchart of the limited memory bundle method.

iteration point xk+1 and a new auxiliary point yk+1 are produced by using
a special line search procedure such that

xk+1 = xk + tkLdk and (2)

yk+1 = xk + tkRdk, for k ≥ 1

with y1 = x1, where tkR ∈ (0, tmax] and tkL ∈ [0, tkR] are step sizes, tmax > 1 is

the upper bound for the step size, dk = −Dkξ̃k is a search direction vector,

ξ̃k is an aggregate subgradient, and Dk is the limited memory variable metric
update that, in the smooth case, represents the approximation of the inverse
of the Hessian matrix. Note that the matrix Dk is not formed explicitly but
the search direction dk is calculated using the limited memory approach to
be described later.

A necessary condition for a serious step to be taken is to have

tkR = tkL > 0 and f(yk+1) ≤ f(xk) − εk
LtkRwk, (3)

where εk
L ∈ (0, 1/2) is a line search parameter and wk > 0 represents the

desirable amount of descent of f at xk. If condition (3) is satisfied, we set
xk+1 = yk+1 and a serious step is taken.

On the other hand, a null step is taken if

tkR > tkL = 0 and − βk+1 + dT
k ξk+1 ≥ −εk

Rwk, (4)
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where εk
R ∈ (εk

L, 1/2) is a line search parameter, ξk+1 ∈ ∂f(yk+1), and
βk+1 is the subgradient locality measure [18,25] similar to bundle methods.
In the case of a null step, we set xk+1 = xk but information about the
objective function is increased because we store the auxiliary point yk+1 and
the corresponding auxiliary subgradient ξk+1 ∈ ∂f(yk+1).

Similarly to the original variable metric bundle methods [20,34], the ag-
gregation procedure used with the limited memory bundle method utilizes
only three subgradients and two locality measures. Let us denote by m the
lowest index j satisfying xj = xk (that is, m is the index of the iteration
after the latest serious step) and suppose that we have the current subgra-
dient ξm ∈ ∂f(xk), the auxiliary subgradient ξk+1 ∈ ∂f(yk+1), and the

current aggregate subgradient ξ̃k (note that ξ̃1 = ξ1) available. Now, the

new aggregate subgradient ξ̃k+1 is defined as a convex combination

ξ̃k+1 = λk
1ξm + λk

2ξk+1 + λk
3 ξ̃k,

where the multipliers λk
i satisfying λk

i ≥ 0 for all i ∈ {1, 2, 3 } and
∑3

i=1
λk

i =
1 can be determined by minimizing a simple quadratic function, which de-
pends on these three subgradients and two locality measures (see Step 6 in
Algorithm 1). This simple aggregation procedure gives us a possibility to re-
tain the global convergence without solving the quite complicated quadratic
direction finding problem appearing in standard bundle methods. Note that
the aggregate values are computed only if the last step was a null step. Oth-
erwise, we set ξ̃k+1 = ξk+1 ∈ ∂f(xk+1).

We now present the limited memory bundle method for nonsmooth large-
scale unconstrained optimization.

Algorithm 1 (Limited Memory Bundle Method).

Data: Choose the final accuracy tolerance ε > 0, the positive initial line
search parameters εI

L ∈ (0, 1/2) and εI
R ∈ (εI

L, 1/2), the distance
measure parameter γ ≥ 0 (with γ = 0 if f is convex), and the local-
ity measure parameter ω ≥ 1. Select the lower and the upper bounds
tmin ∈ (0, 1) and tmax > 1 for serious steps. Select a control param-
eter C > 0 for the length of the direction vector and a correction
parameter ̺ ∈ (0, 1/2).

Step 0: (Initialization.) Choose a starting point x1 ∈ R
n and set an initial

matrix D1 = I. Set y1 = x1 and β1 = 0. Compute f1 = f(x1) and
ξ1 ∈ ∂f(x1). Set the correction indicator iC = 0 and the iteration
counter k = 1.

Step 1: (Serious step initialization.) Set the aggregate subgradient ξ̃k = ξk

and the aggregate subgradient locality measure β̃k = 0. Set the cor-
rection indicator iCN = 0 for consecutive null steps and an index for
the serious step m = k.

Step 2: (Direction finding.) Compute

dk = −Dkξ̃k (5)

by using a limited memory BFGS update if m = k and by using a
limited memory SR1 update, otherwise. Note that d1 = −ξ̃1.
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Step 3: (Correction.) If −ξ̃
T

k dk < ̺ξ̃
T

k ξ̃k or iCN = 1, then set

dk = dk − ̺ξ̃k, (6)

(i.e., Dk = Dk + ̺I) and iC = 1. Otherwise, set iC = 0. If iC = 1
and m < k, then set iCN = 1.

Step 4: (Stopping criterion.) Set

wk = −ξ̃
T

k dk + 2β̃k and (7)

qk =
1

2
ξ̃

T

k ξ̃k + β̃k. (8)

If wk < ε and qk < ε, then stop with xk as the final solution.
Step 5: (Line search.) Set the scaling parameter for the length of the direc-

tion vector and for line search

θk = min { 1, C/‖dk‖ }.

Calculate the initial step size tkI ∈ [tmin, tmax). Determine the step
sizes tkR ∈ (0, tkI ] and tkL ∈ [0, tkR] by the line search Algorithm 2. Set
the corresponding values

xk+1 = xk + tkLθkdk,

yk+1 = xk + tkRθkdk,

fk+1 = f(xk+1), and

ξk+1 ∈ ∂f(yk+1).

Set uk = ξk+1 − ξm and sk = yk+1 − xk = tkRθkdk. If condition (3)
is valid (i.e., we take a serious step), then set βk+1 = 0, k = k + 1,
and go to Step 1. Otherwise (i.e., condition (4) is valid), calculate
the locality measure

βk+1 = max{|f(xk) − f(yk+1) + sT
k ξk+1|, γ‖sk‖

ω }. (9)

Step 6: (Aggregation.) Determine multipliers λk
i ≥ 0 for all i ∈ {1, 2, 3},

∑3

i=1
λk

i = 1 that minimize the function

ϕ(λ1, λ2, λ3) = (λ1ξm + λ2ξk+1 + λ3ξ̃k)T Dk(λ1ξm + λ2ξk+1 + λ3ξ̃k)

+ 2(λ2βk+1 + λ3β̃k), (10)

where Dk is calculated by the same updating formula as in Step 2
and Dk = Dk + ̺I if iC = 1. Set

ξ̃k+1 = λk
1ξm + λk

2ξk+1 + λk
3 ξ̃k and (11)

β̃k+1 = λk
2βk+1 + λk

3 β̃k. (12)

Set k = k + 1 and go to Step 2.
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In order to guarantee the global convergence of the method, the boundedness
of both the length of the direction vector (see Step 5 in Algorithm 1) and
the matrices Bi = D−1

i (see Step 3 in Algorithm 1) are required (we say that
a matrix is bounded if its eigenvalues lie in the compact interval that does
not contain zero). The utilization of correction (6) is equivalent to adding
a positive definite matrix ̺I to matrix Dk. Note that in Steps 2 and 6, the
matrices Dk are not formed explicitly but the limited memory expressions
(14) and (16) are used instead.

The initial step size tkI ∈ [tmin, tmax) (see Step 5 in Algorithm 1) is
selected by using a bundle containing auxiliary points and the corresponding
function values and subgradients. The procedure used is exactly the same
as in the original variable metric bundle method for nonconvex objective
functions [34]. Since the aggregation procedure (see Step 6 in Algorithm 1)
uses only three subgradients, the minimum size of the bundle is two and a
larger bundle (if it is employed) is used only for the selection of this initial
step size.

Line search procedure. Next we present a line search algorithm, which is used
to determine the step sizes tkL and tkR in the limited memory bundle method.
The line search procedure used is rather similar to that given in [34]. However,
in order to guarantee the global convergence of the method, we use scaled
line search parameters εk

L, εk
R, εk

A, and εk
T instead of fixed ones. Furthermore,

in order to avoid many consecutive null steps, we have added an additional
interpolation step (at Step 3 in Algorithm 2). In other words, we look for
more suitable step sizes tkL and tkR by using an extra interpolation loop if
necessary. The role of this additional step is that if we have already taken
a null step at the previous iteration (that is, inull = k − m ≥ 1), we rather
try to find a step size suitable for a serious step (that is, to make condition
(3) valid) even if condition (4) required for a null step was satisfied. This
additional interpolation step has no influence on the convergence properties
but it has a significant effect on the efficiency of the method. The choice
of the interpolation procedure (see Step 5 in Algorithm 2) has no effect on
the convergence properties, either. Similarly to the original variable metric
bundle method [34] we combine quadratic interpolation with the bisection
procedure.

Algorithm 2 (Line Search).

Data: Suppose that we have the current iteration point xk, the current
search direction dk, the current scaling parameter θk ∈ (0, 1], and the
positive initial line search parameters εI

L ∈ (0, 1/2), εI
R ∈ (εI

L, 1/2),
εI

A ∈ (0, εI
R − εI

L), and εI
T ∈ (εI

L, εI
R − εI

A). Suppose also that we
have the initial step size tkI , an auxiliary lower bound for serious steps
tmin ∈ (0, 1), the distance measure parameter γ ≥ 0 (with γ = 0 if
f is convex), the locality measure parameter ω ≥ 1, the desirable
amount of descent wk, and the maximum number of additional in-
terpolations imax available. In addition, suppose that we have the
number of consecutive null steps inull ≥ 0.
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Step 0: (Initialization.) Set tA = 0, t = tU = tkI , and iI = 0. Calculate the
scaled line search parameters

εk
L = θkεI

L, εk
R = θkεI

R, εk
A = θkεI

A, and εk
T = θkεI

T

and the interpolation parameter

κ = 1 −
1

2(1 − εk
T )

.

Step 1: (New values.) Compute f(xk + tθkdk), ξ ∈ ∂f(xk + tθkdk), and

β = max { |f(xk) − f(xk + tθkdk) + tθkdT
k ξ|, γ (tθk‖dk‖)

ω }.

If f(xk + tθkdk) ≤ f(xk) − εk
T twk, then set tA = t. Otherwise, set

tU = t.
Step 2: (Serious step.) If

f(xk + tθkdk) ≤ f(xk) − εk
Ltwk,

and either

t ≥ tmin or β > εk
Awk,

then set tkR = tkL = t and stop.
Step 3: (Test for additional interpolation.) If f(xk + tθkdk) > f(xk), inull >

0, and iI < imax, then set iI = iI + 1 and go to Step 5.
Step 4: (Null step.) If

−β + θkd
T
k ξ ≥ −εk

Rwk,

then set tkR = t, tkL = 0 and stop.
Step 5: (Interpolation.) If tA = 0, then set

t = max

{

κtU ,
− 1

2
t2Uwk

f(xk) − f(xk + tθkdk) − tUwk

}

.

Otherwise, set t = 1

2
(tA + tU ). Go to Step 1.

It can be proved under some semi-smoothness assumptions [2] that Algo-
rithm 2 terminates in a finite number of iterations (the proof is similar to
that given in [34]). In addition, on the output of Algorithm 2 (see Steps 2
and 4), the step sizes tkL and tkR satisfy the serious descent criterion

f(xk+1) − f(xk) ≤ −εk
LtkLwk (13)

and, in case of tkL = 0 (null step), also condition (4). Note that, after each
iteration the interval containing t (that is, t ∈ [tA+κ(tU−tA), tU−κ(tU−tA)])
is reduced, (see, e.g., [24]).
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Matrix updating. Finally, we need to consider how to update the matrix
Dk and, at the same time, how to find the search direction dk. The basic
idea in direction finding is the same as with the limited memory variable
metric methods (see, e.g., [3]). However, due to the usage of null steps some
modifications similar to the variable metric bundle methods [20,34] have
to be made: If the previous step was a null step, the matrix Dk is formed
by using the limited memory SR1 update (16), since this update formula
gives a possibility to preserve the boundedness and some other properties
of generated matrices that are required in the proof of global convergence.
Otherwise, since these properties are not required after a serious step, the
more efficient limited memory BFGS update formula (14) is employed.

The idea of the limited memory matrix updating is that instead of storing
the matrices Dk, we use information of the last few iterations to implicitly
define the variable metric update. Thus, at every iteration, we store a certain
(small) number of correction pairs (si, ui), (i < k), obtained in Step 5 of
Algorithm 1.

Let us denote by m̂c the user-specified maximum number of stored cor-
rection pairs (3 ≤ m̂c) and by m̂k = min { k − 1, m̂c } the current number
of stored correction pairs. Then, the n× m̂k dimensional correction matrices
Sk and Uk are defined by

Sk =
[

sk−m̂k
. . . sk−1

]

and

Uk =
[

uk−m̂k
. . . uk−1

]

.

When the storage space available is used up, the oldest correction vectors are
deleted to make room for new ones; thus, except for the first few iterations,
we always have the m̂c most recent correction pairs (si, ui) available.

Similarly to [3] we define the limited memory BFGS update by the formula

Dk = ϑkI +
[

Sk ϑkUk

]

[

(R−1

k )T (Ck + ϑkUT
k Uk)R−1

k −(R−1

k )T

−R−1

k 0

] [

ST
k

ϑkUT
k

]

.

(14)

Here, Rk is an upper triangular matrix of order m̂k given by the form

(Rk)ij =

{

(sk−m̂k−1+i)
T (uk−m̂k−1+j), if i ≤ j

0, otherwise,

Ck is a diagonal matrix of order m̂k such that

Ck = diag [sT
k−m̂k

uk−m̂k
, . . . , sT

k−1uk−1],

and the scaling parameter ϑk > 0 is given by

ϑk =
uT

k−1sk−1

uT
k−1

uk−1

. (15)

In addition, we define the limited memory SR1 update (see, e.g., [3]) by

Dk = ϑkI − (ϑkUk − Sk)(ϑkUT
k Uk − Rk − RT

k + Ck)−1(ϑkUk − Sk)T , (16)
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where instead of (15) we use the value ϑk = 1 for every k.
Next, we describe some procedures for updating the limited memory ma-

trices. As said before, we use the limited memory BFGS update (14) to calcu-

late the search direction dk = −Dkξ̃k if the previous step was a serious step.

Now, after a serious step, the aggregate subgradient ξ̃k = ξk ∈ ∂f(xk) and
the correction vectors obtained at the previous iteration (in Step 5 of Algo-
rithm 1) can be equally expressed as sk−1 = xk−xk−1 and uk−1 = ξk−ξk−1.
Therefore, the calculation of the search direction is very similar to that given
in [3]. In fact, all the calculations in [3] can be done by replacing the gradient
∇f(x) by an arbitrary subgradient ξ ∈ ∂f(x). For more details of the BFGS
update and its usage in limited memory bundle method we refer to [10,11].

After a null step, the aggregate subgradient ξ̃k is not equal to ξk ∈ ∂f(yk)

and the search direction dk = −Dkξ̃k is calculated using the limited memory
SR1 update (16). In order to guarantee the global convergence of the method,
the sequence (wk) (see (7)) has to be nonincreasing in consecutive null steps
(that is, wk ≤ wk−1 if inull = k − m > 1). Therefore, the condition

ξ̃
T

k (Dk − Dk−1)ξ̃k ≤ 0 (17)

has to be satisfied each time there occurs more than one consecutive null
step (see the proof of Lemma 7).

We now give an efficient algorithm for direction finding using the limited
memory SR1 update (16). This algorithm is used whenever the previous step
was a null step. Together with Step 3 of Algorithm 1, this procedure guar-
antees that condition (17) is valid even when the correction (6) is executed
(see Lemma 6). To simplify the notation, we now, for a while, omit the index
(k − 1) and replace the index k by “+”.

Algorithm 3 (SR1 Updating and Direction Finding).

Data: Suppose that the number of current correction pairs is m̂ and the
maximum number of stored correction pairs is m̂c. Suppose that we
have the most recent vectors s and u (from the previous iteration),

the current aggregate subgradient ξ̃+, the previous aggregate sub-

gradient ξ̃, the previous search direction d, the n × m̂ matrices S
and U , the m̂×m̂ matrices R, UT U , and C, and the previous scaling
parameter ϑ available. In addition, suppose that we have the number
of consecutive null steps inull ≥ 1.

Step 1: (Initial vectors and initialization.) Compute m̂-vectors ST ξ̃+ and

UT ξ̃+. Set ϑ+ = 1.0 and iup = 0.
Step 2: (Positive definiteness.) If

−d
T
u − ξ̃

T
s < 0, (18)

then set m̂+ = min { m̂ + 1, m̂c } and calculate sT ξ̃+ and uT ξ̃+.
Otherwise, skip the updates. That is, set S+ = S, U+ = U , R+ = R,

UT
+U+ = UT U , C+ = C, ST

+ξ̃+ = ST ξ̃+, UT
+ ξ̃+ = UT ξ̃+, and m̂+ =

m̂ and go to Step 8.
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Step 3: (Update conditions.) If either

inull = 1 or m̂+ < m̂c,

then update the matrices, that is, go to Step 4. Otherwise, solve the
system of linear equations

(ϑUT U − R−RT + C)p = ϑUT ξ̃+ − ST ξ̃+.

to obtain p ∈ R
m̂. Calculate the vector z ∈ R

n as

z = ϑξ̃+ − (ϑU − S)p,

and the scalar

a = ξ̃
T

+z.

Set iup = 1.
Step 4: Obtain S+ and U+ by updating S and U .
Step 5: Compute m̂+-vectors ST

+u and UT
+u.

Step 6: Update m̂+ × m̂+ matrices R+, UT
+U+, and C+.

Step 7: Construct m̂+-vectors ST
+ξ̃+ and UT

+ ξ̃+ using ST ξ̃+, UT ξ̃+, sT ξ̃+,

and uT ξ̃+.

Step 8: (Intermediate value.) Solve p ∈ R
m̂+ satisfying the system of linear

equations

(ϑ+UT
+U+ − R+ − RT

+ + C+)p = ϑ+UT
+ ξ̃+ − ST

+ξ̃+.

Step 9: (Search direction.) Compute

d+ = −ϑ+ξ̃+ + (ϑ+U+ − S+)p.

Step 10: (Update conditions II.) If iup = 1, then calculate

b = ξ̃+d+,

and in case of

b + a < 0,

(i.e., condition (17) is not valid) set m̂+ = m̂, S+ = S, U+ = U ,
R+ = R, UT

+U+ = UT U , C+ = C, and

d+ = −z.

Condition (18) assures the positive definiteness of the matrices obtained
by the limited memory SR1 update (see Appendix). Moreover, it implies
uT

k−1
sk−1 > 0 that assures the positive definiteness of the matrices obtained

by the limited memory BFGS update (see, e.g., [3]). Since we check condition
(18) also during the limited memory BFGS update before updating matri-
ces (see [10,11]), all the matrices Dk formed in the limited memory bundle
method are positive definite.
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3 Convergence Analysis

In this section, we prove the global convergence of Algorithm 1. The necessary
condition for a locally Lipschitz continuous objective function to attain its
local minimum (in an unconstrained case) is that 000 ∈ ∂f(x) (i.e., x is a
stationary point, see, e.g., [4]). For a convex function this condition is also
sufficient and the minimum is global.

Now, in addition to assuming that the objective function f : R
n → R

is locally Lipschitz continuous, the level set {x ∈ R
n | f(x) ≤ f(x1) } is

supposed to be bounded for every starting point x1 ∈ R
n. Furthermore, we

assume that each execution of the line search procedure is finite (that is, the
objective function is assumed to be semi-smooth [2]). Since the optimality
condition 000 ∈ ∂f(x) is not sufficient without some convexity assumptions,
and the objective function f is not supposed to be convex, we can only prove
that Algorithm 1 either terminates at a stationary point or generates an
infinite sequence (xk) for which accumulation points are stationary for f . In
order to do this, we assume that the final accuracy tolerance ε is equal to
zero.

We start the convergence analysis by giving three technical results (Lem-
mas 1, 2, and 3). After that, we prove (in Theorem 1) that having the values
wk = 0 and qk = 0 implies that the corresponding point xk is a stationary
point for the objective function. For an infinite sequence (xk), we first show
(in Lemma 4) that the conditions (qk) → 0 and (wk) → 0 are equivalent due
to correction (6) and, thus, we can restrict our consideration to the stop-
ping parameter wk. Then we show (in Lemma 5) that if (xk)k∈K → x̄ and
(wk)k∈K → 0 for some subset K ⊂ {1, 2, . . .}, then the accumulation point x̄

is a stationary point for the objective function. This assertion requires the
uniformly positive definiteness of Dk, which also is guaranteed by correc-
tion (6). Furthermore, using the fact that the sequence (wk) is nonincreasing
in the consecutive null steps due to an additional testing procedure during
the limited memory SR1 update (see Lemma 6), we prove that the indefinite
sequence of consecutive null steps with xk = xm implies 000 ∈ ∂f(xm) (in
Lemma 7). Finally, in Theorem 2 we combine all the results obtained and
show that every accumulation point of (xk) is stationary for the objective
function.

In principle, the convergence analysis of the limited memory bundle method
reminds that of the original variable metric bundle method for nonconvex ob-
jective functions [34]. In fact, Lemmas 2 and 3 (with their proofs) are exactly
the same as those given in [34]. In addition, Lemmas 5 and 7 as well as Theo-
rems 1 and 2 are similar to the corresponding ones in [34] but their proofs have
to be adopted. The main differences between the convergence analysis of the
limited memory bundle method and the variable metric bundle method [34]
follow from the facts that in the limited memory bundle method we have
two different stopping parameters wk and qk (see (7) and (8)) instead of
only one and, moreover, we are not able to guarantee that the sequence (wk)
is nonincreasing in the consecutive null steps without an additional testing
procedure during the limited memory SR1 update (Algorithm 3). Neverthe-
less, in Lemma 4, we show that (qk) → 0 implies (wk) → 0 and vice versa
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and, thus, it is enough to examine only the stopping parameter wk, which
is similar to that used in [34]. Furthermore, in Lemma 6, we first show that
along with Step 3 of Algorithm 1, the procedure used in Algorithm 3 guar-
antees that condition (17) is valid even if the correction (6) is employed and
then, in the proof of Lemma 7, we show that having condition (17) satisfied
guarantees that the sequence (wk) is nonincreasing.

Lemma 1 At the kth iteration of Algorithm 1, we have

wk = ξ̃
T

k Dkξ̃k + 2β̃k, wk ≥ 2β̃k, wk ≥ ̺‖ξ̃k‖
2,

qk =
1

2
‖ξ̃k‖

2 + β̃k, qk ≥ β̃k, qk ≥
1

2
‖ξ̃k‖

2,

and

βk+1 ≥ γ‖yk+1 − xk+1‖
ω. (19)

Furthermore, if condition (18) is valid for k = k + 1, then

uT
k (Dkuk − sk) > 0. (20)

Proof We point out first that β̃k ≥ 0 for all k by (9), (12), and Step 1 in
Algorithm 1. The relations

wk = ξ̃
T

k Dkξ̃k + 2β̃k, wk ≥ 2β̃k, wk ≥ ̺‖ξ̃k‖
2,

qk =
1

2
‖ξ̃k‖

2 + β̃k, qk ≥ β̃k, qk ≥
1

2
‖ξ̃k‖

2

follow immediately from (5), (6), (7), and (8). Note that, if correction (6) is
used, we have Dk = Dk + ̺I and, thus, these results are valid also in this
case.

By (9) and since we have xk+1 = xk for null steps, and since we, on
the other hand, have βk+1 = 0 and ‖yk+1 − xk+1‖ = 0 for serious steps,
condition (19) always holds for some γ ≥ 0 and ω ≥ 1.

Now, we prove that condition (18) implies (20). If condition (18) is valid

for k replaced with k + 1, then ξ̃k 6= 000 (otherwise, we would have −dT
k uk −

ξ̃
T

k sk = 0). Furthermore, we have

dT
k uk > −ξ̃

T

k sk = tkRθkξ̃
T

k Dkξ̃k, (21)

with tkR > 0 and θk ∈ (0, 1]. Using the positiveness of uT
k sk (provided by the

positive definiteness of Dk in (21)), Cauchy’s inequality, and the fact that
sk = tkRθkdk we obtain

(uT
k sk)2 = (tkRθkξ̃

T

k Dkuk)2

≤ (tkRθk)2ξ̃
T

k Dkξ̃kuT
k Dkuk

= tkRθkuT
k Dkuk(−sT

k ξ̃k)

< tkRθkuT
k DkukdT

k uk = uT
k DkukuT

k sk.

Therefore, we have uT
k sk < uT

k Dkuk. �
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Lemma 2 Suppose that Algorithm 1 is not terminated before the kth itera-
tion. Then, there exist numbers λk,j ≥ 0 for j = 1, . . . , k and σ̃k ≥ 0 such
that

(ξ̃k, σ̃k) =

k
∑

j=1

λk,j(ξj , ‖yj − xk‖),

k
∑

j=1

λk,j = 1, and β̃k ≥ γσ̃ω
k .

Proof See the proof of Lemma 3.2 in [34]. �

Lemma 3 Let x̄ ∈ R
n be given and suppose that there exist vectors ḡ, ξ̄i,

ȳi, and numbers λ̄i ≥ 0 for i = 1, . . . , l, l ≥ 1, such that

(ḡ, 0) =

l
∑

i=1

λ̄i(ξ̄i, ‖ȳi − x̄‖),

ξ̄i ∈ ∂f(ȳi), i = 1, . . . , l, and

l
∑

i=1

λ̄i = 1.

Then ḡ ∈ ∂f(x̄).

Proof See the proof of Lemma 3.3 in [34]. �

Theorem 1 If Algorithm 1 terminates at the kth iteration, then the point
xk is stationary for f .

Proof If Algorithm 1 terminates at Step 4, then the fact ε = 0 implies that
wk = 0 and qk = 0. Thus, ξ̃k = 000 and β̃k = σ̃k = 0 by Lemma 1 and
Lemma 2.

Now, by Lemma 2 and by using Lemma 3 with

x̄ = xk, l = k, ḡ = ξ̃k,

ξ̄i = ξi, ȳi = yi, λ̄i = λk,i for i ≤ k,

we obtain 000 = ξ̃k ∈ ∂f(xk) and, thus, xk is stationary for f . �

From now on, we suppose that Algorithm 1 does not terminate, that is,
wk > 0 and qk > 0 for all k.

Lemma 4 Let the stopping parameters wk and qk of Algorithm 1 be defined
by (7) and (8), respectively. Then

(qk) → 0 if and only if (wk) → 0.

Proof The condition (qk) → 0 implies (ξ̃k) → 000 and (β̃k) → 0 by Lemma 1
and, thus, we have (wk) → 0.

On the other hand, by Lemma 1 we have wk ≥ 2β̃k ≥ 0 and wk ≥ ̺‖ξ̃k‖
2

for some correction parameter ̺ ∈ (0, 1/2). Therefore, (wk) → 0 implies

(β̃k) → 0 and (ξ̃k) → 000 and, thus, also (qk) → 0. �
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In view of Lemma 4 we can, from now on, restrict our consideration to
the stopping parameter wk.

Lemma 5 Suppose that the level set {x ∈ R
n | f(x) ≤ f(x1) } is bounded.

Then, the sequences (yk) and (ξk) are also bounded. If, in addition, there
exist a point x̄ ∈ R

n and an infinite set K ⊂ {1, 2, . . .} such that (xk)k∈K → x̄

and (wk)k∈K → 0, then 000 ∈ ∂f(x̄).

Proof By noticing that the sequence (yk) is bounded, since xk+1 = yk+1 for
serious steps and ‖yk+1−xk+1‖ ≤ tmaxC for null steps (by (2) and due to the
fact that we use the scaled direction vector θkdk with θk = min { 1, C/‖dk‖ }
and predefined C > 0 in the line search), the proof is similar to the proof of
Lemma 3.4 in [34]. �

Lemma 6 Suppose that the level set {x ∈ R
n | f(x) ≤ f(x1) } is bounded,

the number of serious steps is finite, and the last serious step occurred at the
iteration m − 1. Then there exists a number k∗ ≥ m, such that

ξ̃
T

k+1Dk+1ξ̃k+1 ≤ ξ̃
T

k+1Dkξ̃k+1 and (22)

tr(Dk) <
3

2
n (23)

for all k ≥ k∗, where tr(Dk) denotes the trace of matrix Dk.

Proof Suppose first that iCN = 0 for all k ≥ m, that is, the correction ̺I (see
Algorithm 1, Step 3) is not added to any matrix Dk with k ≥ m. If the limited
memory SR1 update is not used, we have Dk+1 = Dk, and condition (22)
is valid with equalities. Otherwise, if m̂k < m̂c, the limited memory SR1
update is equal to the standard SR1 update (see, e.g., [7]) and we have

Dk+1 = Dk −
(Dkuk − sk)(Dkuk − sk)T

uT
k (Dkuk − sk)

,

where for the denominator we have uT
k (Dkuk − sk) > 0 by Lemma 1 and

the numerator is positive (semi)definite matrix. Thus, condition (22) is valid
in the case m̂k < m̂c. Finally, if m̂k = m̂c, we update the matrix only if

ξ̃
T

k+1(Dk+1 −Dk)ξ̃k+1 ≤ 0 (see Algorithm 3, Steps 3 and 10). Since iCN = 0
for all k ≥ m, the correction ̺I is not added to the new matrix Dk+1 and,
thus, condition (22) is valid also in this case. Furthermore, in each case we
have

tr(Dk) −
3

2
n = tr(Dk) − tr(I) −

1

2
n = tr(Dk − I) −

1

2
n < 0

for k ≥ m, since the matrix Dk − I is negative (semi)definite due to condi-
tion (18). Therefore, if iCN = 0 for all k ≥ m, conditions (22) and (23) are
valid if we set k∗ = m.

If iCN = 0 does not hold for all k ≥ m, then the correction ̺I, with
̺ ∈ (0, 1/2), is added to all the matrices Dk with k ≥ k̄ (see Algorithm 1,
Step 3). Here k̄ denotes the index k ≥ m of the iteration when iCN = 1
occurred for the first time. The limited memory matrices Sk, Uk, Rk, and Ck
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do not contain information of the correction ̺I that may have been added to
the matrix Dk at the previous iteration. Let us now denote by D̂k the matrix
formed with the limited memory matrices and by Dk the corrected matrix,

that is, Dk = D̂k + ̺I for all k ≥ k̄ (since we suppose iCN = 1).

Now, all the results given above are valid for D̂k and D̂k+1. Since for all

k ≥ k̄, we have Dk = D̂k + ̺I and we set Dk+1 = D̂k+1 + ̺I, condition (22)
is valid for all k ≥ k∗ = k̄. Now, in each case we have

tr(Dk) −
3

2
n = tr(D̂k + ̺I) − tr(I) −

1

2
n

= tr(D̂k − I) + tr(̺I) −
1

2
n

< tr(D̂k − I) +
1

2
n −

1

2
n

≤ 0

for k ≥ k̄, since the matrix D̂k − I is negative (semi)definite and ̺ ∈ (0, 1/2).
Therefore, conditions (22) and (23) are valid for all k ≥ k∗ with

k∗ = max{k̄, m},

where k̄ = 1 if iCN = 0. �

Lemma 7 Suppose that the level set {x ∈ R
n | f(x) ≤ f(x1) } is bounded,

the number of serious steps is finite, and the last serious step occurred at the
iteration m − 1. Then, the point xm is stationary for f .

Proof From (10), (11), (12), Lemma 1, and Lemma 6 we obtain

wk+1 = ξ̃
T

k+1Dk+1ξ̃k+1 + 2β̃k+1

≤ ξ̃
T

k+1Dkξ̃k+1 + 2β̃k+1

= ϕ(λk
1 , λk

2 , λk
3) (24)

≤ ϕ(0, 0, 1)

= ξ̃
T

k Dkξ̃k + 2β̃k

= wk

for k ≥ k∗ with k∗ defined in Lemma 6.
Let us denote Dk = WT

k Wk. Then, function ϕ (see (10)) can be given in
the form

ϕ(λk
1 , λk

2 , λk
3) = ‖λk

1Wkξm + λk
2Wkξk+1 + λk

3Wkξ̃k‖
2 + 2(λk

2βk+1 + λk
3 β̃k).

From (24) we obtain the boundedness of the sequences (wk), (Wk ξ̃k), and

(β̃k). Furthermore, Lemma 6 assures the boundedness of (Dk) and (Wk). By
Lemma 5, we obtain the boundedness of (yk), (ξk), and (Wkξk+1).

Now, by noticing that we use the scaled direction vector θkdk (with θk =
min { 1, C/‖dk‖ } and predefined C > 0) and the scaled line search parameter
εk

R = θkεI
R in the line search (see Algorithm 1 Step 5 and Algorithm 2) the

last part of the proof proceeds similar to the proof (part (ii)) of Lemma 3.6
in [34]. �
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Theorem 2 Suppose that the level set {x ∈ R
n | f(x) ≤ f(x1) } is bounded.

Then, every accumulation point of the sequence (xk) is stationary for f .

Proof Let x̄ be an accumulation point of (xk), and let K ⊂ {1, 2, . . .} be an
infinite set such that (xk)k∈K → x̄. In view of Lemma 7, we can restrict our
consideration to the case where the number of serious steps (with tkL > 0) is
infinite. We denote

K′ = {k | tkL > 0, there exists i ∈ K, i ≤ k such that xi = xk}.

Obviously, K′ is infinite and (xk)k∈K′ → x̄. The continuity of f implies that
(fk)k∈K′ → f(x̄) and, thus, fk ↓ f(x̄) by the monotonicity of the sequence
(fk) obtained due to the serious descent criterion (13). Using the fact that
tkL ≥ 0 for all k ≥ 1 and condition (13), we obtain

0 ≤ εk
LtkLwk ≤ fk − fk+1 → 0 for k ≥ 1. (25)

If the set K1 = {k ∈ K′ | tkL ≥ tmin} is infinite, then (wk)k∈K1
→ 0 and

(xk)k∈K1
→ x̄ by (25) and, thus, by Lemma 5 we have 000 ∈ ∂f(x̄).

If the set K1 is finite, then the set K2 = {k ∈ K′ | βk+1 > εk
Awk} has to

be infinite (see Algorithm 2, Step 2). To the contrary, let us assume that

wk ≥ δ > 0, for all k ∈ K2.

From (25), we have (tkL)k∈K2
→ 0 and Step 5 in Algorithm 1 implies

‖xk+1 − xk‖ = tkLθk‖dk‖ ≤ tkLC

for all k ≥ 1. Thus, we have (‖xk+1 − xk‖)k∈K2
→ 0. By (9), (25), and the

boundedness of (ξk) by Lemma 5, and since yk+1 = xk+1 for serious steps,
we obtain (βk+1)k∈K2

→ 0, which is in contradiction with

εk
Aδ ≤ εk

Awk < βk+1, k ∈ K2.

Therefore, there exists an infinite set K3 ⊂ K2 such that (wk)k∈K3
→ 0,

(xk)k∈K3
→ x̄, and 000 ∈ ∂f(x̄) by Lemma 5. �

Note that, if we choose ε > 0, Algorithm 1 terminates in a finite number
of steps. This is due to fact that if the number of serious steps is finite we
have (wk) → 0 and (qk) → 0 (see Lemma 4, the proof of Lemma 7, and the
proof (part (ii)) of Lemma 3.6 in [34]), and if the number of serious steps
is infinite we have either (wk)k∈K1

→ 0 and (qk)k∈K1
→ 0 or (wk)k∈K3

→ 0
and (qk)k∈K3

→ 0 (see Lemma 4 and the proof of Theorem 2).
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4 Numerical Experiments

In this section we compare the limited memory bundle method (LMBM) to the
proximal bundle method (PBNCGC) using both academic test problems and
practical applications arising in the field of nonsmooth large-scale optimiza-
tion. We use the solver PBNCGC as a benchmark since the proximal bundle
method is the most frequently used bundle method in nonsmooth optimiza-
tion. A more extensive numerical analysis concerning the performance of the
limited memory bundle method and some other existing bundle methods can
be found in [11].

The experiments were mostly performed on a SGI Origin 2000/128 su-
percomputer (MIPS R12000, 600 Mflop/s/processor). However, for the last
practical application (the hemivariational inequality problem [23]) the test
runs were performed on an HP9000/J5600 workstation (2×552MHz, PA8600
CPU) because of libraries required. The tested algorithms were implemented
in Fortran77 with double-precision arithmetic.

The tested proximal bundle algorithm PBNCGC is from the software pack-
age NSOLIB (NonSmooth Optimization LIBrary, see [21]). The solver utilizes
the subgradient aggregation strategy of [15] and it uses the quadratic solver
QPDF4 based on the dual active-set method [16] to solve the quadratic direc-
tion finding problem. For a detailed description of the solver see [21,24].

Nonsmooth academic problems. The solvers were first tested with 10 nons-
mooth academic minimization problems described in [11]. Half of these prob-
lems were convex and the rest were nonconvex. The number of variables was
1000, and the solvers were tested with relatively small sizes of the bundles,
that is, mξ = 10 and mξ = 100. In what follows, we denote these differ-
ent variants by LMBM(10), LMBM(100), PBNCGC(10), and PBNCGC(100). For
LMBM, the maximum number of stored corrections (m̂c) was set to 7 and the
maximum number of additional interpolations used at each iteration was set
to 200 (default value). For convex problems, we used the distance measure
parameter γ = 0 and for nonconvex problems, we used the value γ = 0.5
with both the solvers. The stopping parameter ε = 10−5 was used in all the
cases. Otherwise, the default parameters of the solvers were used.

In the test results to be reported, we say that the optimization terminated
successfully if the problem was solved with the desired accuracy. That is,
wk ≤ ε, where wk is defined by (7) for LMBM (note that also qk ≤ ε, see (8))

and wk = 1

2
‖ξ̃

k

a‖ + β̃k
a for PBNCGC (here ξ̃

k

a is the aggregate subgradient and

β̃k
a is the aggregate subgradient locality measure, see [21,24]). In addition, for

LMBM, we say that the optimization terminated successfully if |fk+1 − fk| ≤
1.0 · 10−8 in 10 subsequent iterations and the result obtained was less than
two significant digits greater than the desired accuracy of the solution. In
proportion, we accepted the result for PBNCGC if |wk+1 −wk| ≤ 1.0 · 10−12 in
10 subsequent iterations. Otherwise, we say that the optimization failed.

The results of the experiments are summarized in Figure 2. The test
results are analyzed using the performance profiles introduced in [6]. As per-
formance measures, we use computation times (in Figure 2(a)) and numbers
of function evaluations (in Figure 2(b)). There are two important facts to be
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Fig. 2 Nonsmooth problems with 1000 variables.

kept in mind to have a good interpretation of the performance profiles. The
value of ρ(τ) at τ = 0 gives the percentage of test problems for which the cor-
responding solver is the best and the value of ρ(τ) at the rightmost abscissa
is the percentage of test problems that the corresponding solver can solve
(this does not depend on the measured performance). Finally, the relative
efficiency of each solver can be directly seen from the performance profiles:
the higher is the particular curve, the better is the corresponding solver. For
more information of performance profiles, see [6].

In Figure 2(a) we see that LMBM(10) was the most efficient solver on 60%
of the problems. It also solved the rest of the problems really fast while,
with the proximal bundle solver PBNCGC, (with both sizes of bundles) there
was a great variation in the computation times of different problems. The
solver LMBM(100) was very efficient with these large-scale problems as well,
although, it usually needed slightly more computation time than LMBM(10).
Besides being very efficient, LMBM succeed to solve all the problems while
PBNCGC failed in some of the problems. The computation time elapsed with
LMBM was on the average about 40 times shorter than that of PBNCGC.

The numbers of function evaluations used with LMBM(100) and PBNCGC(100)

were approximately the same (see Figure 2(b)). With the solver PBNCGC the
required number of function evaluations was significantly larger when the
size of the bundle was small (that is, mξ = 10). This was usually true also
for the solver LMBM but with LMBM the difference was not so substantial. With
LMBM the decrease in the number of function evaluations when increasing the
size of the bundle is due to the fact that the selection of the initial step size
is more accurate when a larger bundle is used. In practice, this means that
for problems with expensive objective function and subgradient evaluations,
it is better to use larger bundles and, thus, fewer iterations and function
evaluations.

Image restoration problems. In addition to the academic test problems, we
tested LMBM and PBNCGC with two convex image restoration problems [13,14],
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Fig. 3 CPU times elapsed for the image restoration problems.

which are typical nonsmooth large-scale optimization problems arising in op-
timal control applications. In what follows, we denote by (P1) the problem
described in [14] and by (P2) the problem described in [13]. Both of the prob-
lems are so-called noise reduction problems. That is, it is assumed that the
observed images are degraded by a random noise. The noise reduction prob-
lems are formulated as minimization problems consisting of a least squares
fit and a nonsmooth bounded variational type regularization term (for more
details of the formulations, see [13,14]).

The solvers were tested with mξ = 10 for LMBM and mξ = 100 for PBNCGC
(since the previous experiments have shown that a larger bundle usually
works better with PBNCGC). The stopping parameter ε = 10−4 was used with
both the solvers and the value of the distance measure parameter γ was set to
zero (since the objective functions are convex). We tested LMBM with different
maximum numbers of stored correction pairs, that is, m̂c = 7 and m̂c = 15.
In what follows, we denote these different variants by LMBM[7] and LMBM[15],
respectively. Otherwise, the default parameters of the solvers were used.

In Figure 3, we give the computation times elapsed for the problems
with different numbers of variables (up to 1000 variables). Furthermore, we
give some more specific results for the problems with 100, 300, 1000, and,
in the case of LMBM, also with 10 000 variables in Tables 1, 2, and 3, where
Ni and Nf denote the numbers of iterations and function evaluations used,
respectively, f denotes the value of the objective function at termination,
and CPU time (in Table 3) is given in seconds. In addition to the results
obtained in our experiment, we give (in Table 1) the reported final values of
the objective function for problem (P1) obtained with the special active set
method (ACS) [14]. The active set method has not been applied for problem
(P2) in [13], nor has it been applied for problems with 10 000 variables. Thus,
in Tables 2 and 3, we only give the results obtained in our experiments.

Based on the numerical results, we can conclude the superiority of the
limited memory bundle solvers LMBM[7] and LMBM[15] when comparing the
computation times: in all the cases, they used significantly less CPU time
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Table 1 Results for the image restoration problem (P1).

Solver/n 100 300 1000

Ni/Nf f Ni/Nf f Ni/Nf f

ACS – 0.7981 – 2.7586 – 9.8950
PBNCGC 186/187 0.7976 1388/1389 2.7580 16777/16778 9.7617
LMBM[7] 442/669 0.7979 1707/1919 2.7666 6343/6373 9.8152
LMBM[15] 598/1451 0.7976 3980/5184 2.7632 8285/8508 9.8042

Table 2 Results for the image restoration problem (P2).

Solver/n 100 300 1000

Ni/Nf f Ni/Nf f Ni/Nf f

PBNCGC 249/250 0.5973 1597/1598 2.2517 17383/17384 7.9571
LMBM[7] 764/1062 0.5974 1476/1597 2.2603 10028/10073 7.9958
LMBM[15] 640/1515 0.5973 3324/4535 2.2568 9871/10054 7.9944

Table 3 Results for the image restoration problems with 10 000 variables.

Problem (P1) Problem (P2)

Solver Ni/Nf f CPU Ni/Nf f CPU

LMBM[7] 78185/78217 106.0738 882.16 38721/38729 86.4913 389.13
LMBM[15] 78827/78866 106.0118 1163.64 50903/50947 86.4086 750.25

than the proximal bundle solver PBNCGC (see Figure 3) and, unlike PBNCGC,
they could successfully solve problems with 10 000 variables within a reason-
able time (see Table 3). The solver PBNCGC did not reach the desired accuracy
with 10 000 variables within 15 hours and the experiments were then termi-
nated. Moreover, the number of iterations and function evaluations required
with LMBM[7] and LMBM[15] did not grow as fast as those required with
PBNCGC when the number of variables was increased. Indeed, with large num-
bers of variables, both variants of LMBM needed significantly less iterations
and function evaluations than PBNCGC (see Tables 1 and 2).

With academic nonsmooth problems, the accuracy of the limited mem-
ory bundle solver LMBM (with both sizes of bundles) was comparable to that
of the proximal bundle solver PBNCGC. However, with the image restoration
problems, the minima found with LMBM[7] and LMBM[15] could be slightly
greater than those of PBNCGC (see Tables 1 and 2). In all image restoration
problems but one with 100 variables, the optimization with LMBM was termi-
nated because the value of the objective function did not change. Thus, even
if the value of stopping parameter ε was decreased the results obtained with
LMBM would not become any smaller. Nevertheless, the results obtained with
LMBM usually became more accurate when the maximum number of stored
correction pairs was increased (see Tables 1–3). Moreover, in most cases, the
results obtained for problem (P1) with both variants of LMBM were better
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Table 4 Results for hemivariational inequalities.

Solver Ni/Nf f CPU

PBNCGC 1955/4272 −0.01258375 190.36
LMBM[7] 678/1052 −0.01258534 2.29
LMBM[15] 387/452 −0.01258349 1.44

than those obtained with the active-set method ACS used in [14] (see Ta-
ble 1), and both visually and with respect to the reconstruction error (that
is, the average error between the true signal and the obtained result [13,14])
all the results of LMBM were comparable to the results of the proximal bundle
solver PBNCGC (for both the problems). In fact, in all large-scale cases the
reconstruction errors obtained with the limited memory bundle solvers were
smaller than those obtained with the proximal bundle solver PBNCGC.

Hemivariational inequality problem. Finally, we tested the solvers with a
hemivariational inequality problem [23] that is a demanding nonconvex nons-
mooth real-world large-scale optimization problem and in essence very differ-
ent from the image restoration problems. Hemivariational inequalities can be
considered as generalizations of variational inequalities. The origin of these
kind of problems is in nonsmooth mechanics of solids, especially in non-
monotone contact problems. Typically, hemivariational inequalities can be
formulated as substationary point problems of the corresponding nonsmooth
nonconvex energy functionals. For more details of the mathematical theory
an applications of hemivariational inequalities in general, see [28,32].

Similarly to previous experiments, the solvers were tested with mξ = 10
for LMBM[7] and LMBM[15] and with mξ = 100 for PBNCGC. In all cases the
stopping parameter ε = 10−7 was used and the value of the distance mea-
sure parameter γ was set to 0.5 (since the objective function is nonconvex).
Otherwise, the default parameters of the solvers were used. The number of
variables in our test problem was 840 and the bound constraints were omit-
ted. For more details of the formulation of the problem, see [23].

The results of the experiment are given in Table 4 and, again, the solvers
LMBM[7] and LMBM[15]were superior when comparing the computation times.
Moreover, in this problem also the accuracies of the limited memory bundle
solvers LMBM[7] and LMBM[15] were as good as that of the proximal bundle
solver PBNCGC.

We can conclude from these experiments that the limited memory bun-
dle method was very efficient for large-scale nonsmooth optimization. For
academic problems with 1000 variables, LMBM was on the average about 40
times faster than the proximal bundle solver PBNCGC. Moreover, LMBM found
the (local) minimum in a reliable way for both convex and nonconvex op-
timization problems (see Figure 2). For the demanding image restoration
problems and hemivariational inequalities the differences in the computation
times were even more perceptible: for instance, for image restoration prob-
lems the limited memory bundle solver LMBM was about 50 times faster than
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PBNCGC already with 300 variables (see Figure 3) and, for the first time, these
problems were successfully solved with 10 000 variables.

5 Conclusions

In this paper, we have described a new variant of a limited memory bundle
method for nonsmooth large-scale optimization. This method is intended to
fill the gap, which exists in the field of demanding nonsmooth optimization
with large numbers of variables. We have proved the global convergence of
the method for locally Lipschitz continuous objective functions, which are
not necessarily differentiable or convex.

The numerical experiments reported confirm that the limited memory
bundle solver is efficient for both convex and nonconvex large-scale nons-
mooth optimization problems. With large numbers of variables it used sig-
nificantly less CPU time than the other solver tested and, indeed, in some
cases, only the limited memory bundle solver was able to solve large-scale
problems within a reasonable time.

Although the method described here has already proven useful, there is
some further work required before the idea is complete. Possible areas of
future development include the following: an adaptive version of the method,
where the maximum number of stored correction vectors may change during
the computation, alternative ways of scaling the updates, and constraint
handling.
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Appendix

Lemma 8 The condition (see Algorithm 3, Step 2)

−dT
i ui − ξ̃

T

i si < 0 for all i = 1, . . . , k − 1, (26)

assures the positive definiteness of the matrices obtained by the limited mem-
ory SR1 update.

Proof Let us denote Bi = D−1

i for all i = 1, . . . , k. We now prove that each
matrix Bk, k ≥ 1 is positive definite when condition (26) is valid. Note that
if Bk is positive definite, then also its inverse Dk is positive definite.
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By applying the Sherman-Morrison-Woodbury formula (see, e.g., [7]) to
(16) we obtain

Bk = B1 + (Uk − B1Sk)(Lk + LT
k + Ck − ST

k B1Sk)−1(Uk − B1Sk)T , (27)

where matrices Sk, Uk, and Ck are defined as before, B1 = D−1

1 = I is a
positive definite initial matrix, and

(Lk)ij =

{

(sk−m̂k−1+i)
T (uk−m̂k−1+j) if i > j

0 otherwise.

Let us denote

Qk =
[

qk−m̂k
. . . qk−1

]

= Uk − B1Sk and

Nk = Lk + LT
k + Ck − ST

k B1Sk

and let us assume that Bk−1 is positive definite for some k > 1 and that
condition (26) is valid for i = 1, . . . , k − 1. We prove that also the matrix
Bk is positive definite. To simplify the notation, we, from now on, omit the
index (k − 1) and replace the index k by “+”. Thus, equation (27) can be
rewritten in the form

B+ = B1 + Q+N−1
+ QT

+

= B′ +
(u − B′s) (u − B′s)

T

sT (u − B′s)
, (28)

where B′ = B1 + Q′N ′−1Q′T , N ′ is formed by deleting the first row and the
first column from N if k > m̂c + 1, and Q′ is formed by deleting the first
column from Q. If k ≤ m̂c + 1, then N ′ = N and Q′ = Q.

It can be easily seen from (28) that the new matrix B+ is positive def-
inite if B′ is positive definite and the denominator sT (u − B′s) is greater
than zero. Therefore, we first prove that B′ is positive definite. The cur-
rent matrix B is positive definite by assumption and, due to condition (26),
also QN−1QT , N−1, and N are positive definite. The positive definite-
ness of N implies the positive definiteness of N ′ as a submatrix of ma-

trix N . Now, since N ′ is positive definite also N ′−1
, Q′N ′−1

Q′T , and, thus,

B′ = B1 + Q′N ′−1
Q′T are positive definite.

Using condition (26) and the fact that we have si = tiRθidi, tiR > 0,

θi ∈ (0, 1], and di = −Diξ̃i for all i = 1, . . . , k − 1, we obtain

d
T
i ui > tiRθiξ̃

T

i Diξ̃i = tiRθiξ̃
T

i DiBiDiξ̃i = tiRθid
T
i Bidi ≥ tiRθid

T
i B′

idi (29)

for all i = 1, . . . , k − 1. The last inequality in formula (29) follows from the
fact that for i ≤ m̂c +1 the positive definite matrix Bi is equal to B′

i and for
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i > m̂c + 1 it can be given in the form

Bi = B1 + QiN
−1

i QT
i

= B1 +
[

q− Q′
i

]

[

sT
−q− qT

−S′
i

S′
i
T
q− N ′

i

]−1 [

qT
−

Q′
i
T

]

= B1 +
[

q− Q′
i

]

[

1/δ −qT
−S′

iN
′
i
−1

/δ

−N ′
i
−1

S′
i
T
q−/δ N ′

i
−1

+ N ′
i
−1

S′
i
T
q−qT

−S′
iN

′
i
−1

/δ

] [

qT
−

Q′
i
T

]

= B′
i + (q− − Q′

iN
′
i
−1

S′
i
T
q−)(q− − Q′

iN
′
i
−1

S′
i
T
q−)T /δ.

Here the subscript “−” denotes the index i− m̂i −1, the matrix S′
i is formed

by deleting the first column from Si, and the denominator

δ = sT
−q− − qT

−S′
iN

′
i

−1
S′

i

T
q−

is greater than zero, since the matrix N−1

i is positive definite (that is, the
upper left term 1/δ has to be greater than zero).

From (29) and by using again the fact that si = tiRθidi we obtain

sT
i (ui − B′

isi) > 0

for all i = 1, . . . , k−1. Thus, the denominator in formula (28) is greater than
zero and the new matrix B+ and its inverse D+ are positive definite. �
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31. Outrata, J., Kočvara, M., Zowe, J.: Nonsmooth Approach to Optimization
Problems With Equilibrium Constraints. Theory, Applications and Numerical
Results. Kluwert Academic Publisher, Dordrecht (1998)

32. Panagiotopoulos, P.D.: Hemivariational Inequalities. Springer-Verlag, New
York (1993)

33. Schramm, H., Zowe, J.: A version of the bundle idea for minimizing a non-
smooth function: Conceptual idea, convergence analysis, numerical results.
SIAM J. Optim. 2(1), 121–152 (1992)



Limited memory bundle method 27
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