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Abstract

In practical applications related to, for instance, machine learning, data mining
and pattern recognition, one is commonly dealing with noisy data lying near some
low-dimensional manifold. A well-established tool for extracting the intrinsically
low-dimensional structure from such data is principal component analysis (PCA).
Due to the inherent limitations of this linear method, its extensions to extraction of
nonlinear structures have attracted increasing research interest in recent years. As-
suming a generative model for noisy data, we develop a probabilistic approach for
separating the data-generating nonlinear functions from noise. We demonstrate
that ridges of the marginal density induced by the model are viable estimators for
the generating functions. For projecting a given point onto a ridge of its estimated
marginal density, we develop a generalized trust region Newton method and prove
its convergence to a ridge point. Accuracy of the model and computational effi-
ciency of the projection method are assessed via numerical experiments where we
utilize Gaussian kernels for nonparametric estimation of the underlying densities
of the test datasets.

Keywords: principal manifold; noise reduction; generative model; ridge; density
estimation; trust region; Newton method
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1 Introduction

Machine learning, data mining and pattern recognition are typical tasks, where
one is commonly dealing with noisy data lying near some low-dimensional man-
ifold. Extraction of the intrinsically low-dimensional structure from such data is
an essential task in many applications. The usual tool for this purpose is principal
component analysis (PCA) that can be used to project a point set onto its prin-
cipal plane [17]. Since this linear method is inadequate for complex nonlinear
data, several attempts have been made to extend it to nonlinear principal mani-
folds. In particular, the so called principal curves (i.e. one-dimensional principal
manifolds) have been applied to a variety of real-world applications. Examples
include skeletonization of optical characters [19], detection of fault lines from
seismological data [31], extraction of blood vessels from medical images [2],
freeway traffic monitoring [8] and sensor fault detection [14]. Another related
application is extraction of filaments from cosmological data [11]. Extraction of
higher-dimensional principal manifolds has been applied, for instance, to visual
recognition [21], astrophysical data analysis and low-dimensional visualization of
microarray data in bioinformatics [12] and process monitoring [37].

Since the pioneering work of Hastie [15] and Hastie and Stuetzle [16], princi-
pal curve and manifold extraction has sparked a considerable amount of research
interest (see e.g. [20] and [33]). Recently, Ozertem and Erdogmus [25] and Baş
and Erdogmus [2–4] have proposed a novel definition that naturally extends the
definition of a principal curve to higher-dimensional principal manifolds and ad-
dresses several limitations of the earlier definitions. That is, while the earlier ap-
proaches either attempt to fit a single globally defined principal curve or manifold
to the point set under restrictive assumptions or require complicated parameter
adjustments, the approach of [2–4] and [25] is based on locally defined princi-
pal manifolds and curves under rather nonrestrictive assumptions. The principal
manifold of a point set is defined heuristically via the critical set that is a gen-
eralization of the set of modes (maxima) of the underlying probability density of
the point set. As a modification of the standard mean-shift method (see e.g. [9]
and [10]), a subspace-constrained mean-shift method for projecting a point set
onto the critical set of its underlying density is proposed. For estimating the
density, the authors suggest using either a Gaussian kernel density estimate or
a Gaussian mixture model.

Extending the work in [2–4] and [25], we make a twofold contribution to
extraction of principal manifolds from noisy point sets. Differently to the previous
studies, we give a precise definition for the underlying density of a point set as the
marginal density induced by a generative model. This model explicitly defines
a set of smooth generating functions and a noise distribution. Assuming that the
points are sampled from this model, we show by examples that when the amount
of noise is sufficiently small, the ridge set of the marginal density is a viable
estimator for the underlying generating functions. In order to make this approach
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feasible for a practical implementation, we consider nonparametric estimation of
the marginal density by Gaussian kernels.

When a point set is sampled from our model, we show that reconstruction of
noise-free samples can be done by projecting the sample points onto the ridge
set of their estimated marginal density. To this end, we propose a novel gen-
eralization of the trust region Newton method by Moré and Sorensen [22] and
prove its convergence to a ridge point from a given starting point. Since a ridge
point is a generalization of a mode, the proposed method is applicable to find-
ing modes of a density as a special case. We demonstrate by numerical experi-
ments that the rapidly converging Newton-based method gives a significant im-
provement in computational efficiency when compared to the mean-shift method
and its subspace-constrained variant that typically exhibit only linear convergence
rates [6]. This improvement is particularly relevant for real-time applications
where performance is imperative. Another advantage is that whereas the mean-
shift -based methods are only applicable to Gaussian mixtures and kernel density
estimates, our method is applicable to general twice continuously differentiable
densities.

The remainder of this paper is organized as follows. In Section 2, we develop
the generative model for a noisy point set and the model for extraction of its gen-
erating functions. The trust region Newton method for projecting a point onto the
ridge set of its underlying density is described in Section 3. Numerical test results
and illustrations are given in Section 4. Finally, Section 5 concludes this paper
and points out potential directions of future research.

2 Generative Model and Ridge Estimation
In this section, we develop the probabilistic framework for extraction of under-
lying low-dimensional structure from a noisy point set. First, in Subsection 2.1
we define the generative model that specifies a set of generating functions and a
noise distribution for a point set having such structure. Second, assuming that the
point set is sampled from this model, we consider ridges of the marginal density
induced by the model as estimators to the generating functions in Subsection 2.2.
Third, to make estimation of the generating functions via ridges of the marginal
density amenable for a practical implementation, we consider estimation of the
density by Gaussian kernels in Subsection 2.3.

2.1 Generative Model

In what follows, we describe the model for a noisy point set with a low-dimensional
structure. The model specifies of a set of generating functions and a noise distri-
bution. The generating functions, that we shall denote as {f i}ni=1 : Di → Rd

with some compact and connected domains Di ⊂ Rm, are differentiable func-
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tions that parametrize a set ofm-dimensional coordinate patches embedded in the
d-dimensional space Rd. The points sampled from the model are considered as in-
stances of a random variableX whose outcome depends on the random variables
I , Θ and an independent random variable ε according to

(X | I = i,Θ = θ) = f i(θ) + ε, i = 1, 2, . . . , n. (1)

In other words, with a random choice of generating function index I = i ∈
{1, 2, . . . , n} and randomly chosen coordinates Θ = θ ∈ Di, a sample is gen-
erated from f i with additive noise represented by the random variable ε.

Figure 1: Coordinate patches parametrized by generating functions f1 : D1 → R2 and
f2 : D2 → R2 with D1 ⊂ R and D2 ⊂ R (red curves) and noisy samples (black points).

For the sake of simplicity, we assume that for each sample the generating
function f i is chosen among the n generating functions with equal probability.
Given I = i with some i ∈ {1, 2, . . . , n}, the random variable Θ is uniformly
distributed in the domain Di, and the noise represented by the random variable ε
is normally distributed with standard deviation σ.

Assumption 2.1. The random variables I , Θ and ε are distributed according to

pI(I = i) =
1

n
, (Θ | I = i) ∼ U(Di) i = 1, 2 . . . , n and ε ∼ Nd(0, σ).

In order to make the generating functions well-defined, we assume that their
Jacobian matrices are of full rank and that the coordinate system of each generat-
ing function has unit scaling.

Assumption 2.2. The Jacobian Jf i
of f i is of full rank and has unit scaling for

all i = 1, 2 . . . , n and x ∈ Di. That is, det(Jf i
(x)TJf i

(x)) = 1.

Assuming that we only have a set of samples obtained from the model without
any a priori information on the unobserved (latent) variables I and Θ of the data-
generating process, we need to obtain a density that only depends on the observed
variable X . To this end, we note that given I = i with some i ∈ {1, 2, . . . , n}
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and Θ = θ with θ ∈ Di, by equation (1) and Assumption 2.1 the conditional
probability density of the random variableX is given by

pX(x | I = i,Θ = θ) =
1

(
√

2πσ)d
exp

(
−‖x− f i(θ)‖2

2σ2

)
. (2)

By repeatedly using the definition of conditional probability density, we observe
that the joint density pX,I,Θ satisfies the relation

pX,I,Θ(x, i,θ) = pX(x | I = i,Θ = θ)pI,Θ(i,θ)

= pX(x | I = i,Θ = θ)pΘ(θ | I = i)pI(i), (3)

where by Assumption 2.1

pΘ(θ | I = i) =
1

V (Di)
, pI(i) =

1

n
, i = 1, 2 . . . , n (4)

and V (Di) denotes the volume of the domain Di.
In order to get rid of the undesired variables, we can now marginalize the joint

density (3) by integrating it with respect to θi over the domain Di and summing
over the domain of I that is {1, 2, . . . , n}. By equations (2)–(4), we obtain the
expression

pX(x) =
n∑
i=1

∫
Di

pX,I,Θ(x, i,θ)dθ

=
n∑
i=1

∫
Di

pX(x | I = i,Θ = θ)pΘ(θ | I = i)pI(i)dθ

=
1

(
√

2πσ)dn

n∑
i=1

1

V (Di)

∫
Di

exp

(
−‖x− f i(θ)‖2

2σ2

)
dθ (5)

for the marginal density of the observed variable X . This density represents the
observed density of the points sampled from the model.

2.2 Ridge Set of the Marginal Density as an Estimator
As an estimator of the noise-free generating functions from the marginal density
(5), we now define the ridge set. Our definition is a specialization of the more
general definition of a critical set given in [25]. An m-dimensional ridge set of
a d-variate probability density is a set characterized by two properties. First, the
gradient of the density at a ridge point is orthogonal to at least d−m eigenvectors
corresponding to the d −m smallest eigenvalues of the Hessian matrix. Second,
a ridge point is a (local) maximum of a cross-section of the density with respect
to a hyperplane spanned by these eigenvectors. In order to make this definition
well-posed, we require that them greatest Hessian eigenvalues at a ridge point are
distinct from each other and the remaining ones.
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Definition 2.1. A point x ∈ Rd belongs to them-dimensional ridge setRm
p , where

0 ≤ m < d, of a twice differentiable probability density p : Rd → R if

∇p(x)Tvi(x) = 0, for all i > m, (6a)
λm+1(x) < 0, (6b)

λ1(x) > λ2(x) > · · · > λm+1(x), if m > 0, (6c)

where λ1(x) ≥ λ2(x) ≥ · · · ≥ λd(x) and {vi(x)}di=1 denote the eigenvalues and
the corresponding eigenvectors of∇2p(x), respectively.

Figure 2: Ridge curve (i.e. a one-dimensional ridge set) of a probability density.

From the above definition we immediately observe that the set R0
p consists

of the modes (maxima) of a probability density p, and hence the ridge set is a
generalization of a set of modes. In addition, the above definition implies the
following inclusion property which states that lower-dimensional ridge sets are
contained within higher dimensional ones.

Proposition 2.1. If p : Rd → R is a twice differentiable probability density, then
Rm
p ⊆ Rm+1

p for all m = 0, 1, . . . , d− 1.

It is often more convenient to operate on the logarithm of a probability den-
sity than the density itself. If a probability density is bounded away from zero,
then a straighforward calculation shows that the ridge sets of the density and its
logarithm coincide. For the more general critical set, this has been proven in [25].

Proposition 2.2. If p : Rd → R is a probability density with p(x) 6= 0 for all
x ∈ Rd, then Rm

p = Rm
log p.

In the special case where n = 1 and the generating function f 1 parametrizes
a line segment or a hyperrectangular region, the following result guarantees that
the image of f 1 lies in the ridge set of the marginal density (5). The proof of this
result is given in Appendix A.
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Theorem 2.1. Let m > 0, D = {x ∈ Rd | ai ≤ xi ≤ bi, i = 1, 2, . . . ,m} with
ai < bi, i = 1, 2, . . . ,m and let f : D → Rd be defined as

f(θ) = x0 +
m∑
i=1

θivi (7)

with some x0 ∈ Rd and mutually orthogonal vectors {vi}mi=1 ⊂ Rd \ {0}. If p is
defined by equation (5) with n = 1 and f 1 = f , then {f(θ) | θ ∈ D} ⊆ Rm

p .

However, when n > 1 or when n = 1 and the generating function f 1 has
nonzero curvature (i.e. its second derivatives are not identically zero), the ridge
set of the marginal density generally does not coincide with the images of the
generating functions but entails some model bias. Estimating the bias for arbitrary
generating functions is a difficult if not an impossible task due to the large degree
of freedom in the choice of different generating functions. However, in Section 4
we demonstrate via numerical experiments that the model bias is expected to be
small when the data points are sampled from the model of Subsection 2.1.

2.3 Estimation of the Marginal Density

In practice, we cannot use the marginal density (5) directly since it would re-
quire a priori knowledge on the generating functions and the noise distribution
of the model. Nevertheless, given a sufficiently large number of samples from
the marginal density, we can attempt to estimate it from the samples. A particu-
larly well-suited tool for this purpose is nonparametric estimation which has the
advantage of not requiring any assumptions on the functional form of the density.

One of the most widely used approaches for nonparametric density estimation
is to use Gaussian kernel density estimates [29, 35]. In this density model, one
Gaussian function is assigned for each sample point. This model only requires
choosing the bandwidth parameter h, for which robust data-driven methods have
been described in the literature (see e.g. [13], [18], [26] and [30]). Being a linear
combination of Gaussian functions, the Gaussian kernel density estimate is a C∞-
function (i.e. infinitely many times differentiable). By virtue of this property, the
ridge set of such a density is well-defined. For the reasons to be discussed in
Section 3, we shall consider the logarithm of the density estimate that is also a
C∞-function.

Definition 2.2. The Gaussian log-kernel density estimate p̂ obtained by drawing
a set of samples Y = {yi}Ni=1 ⊂ Rd from some (unknown) probability density
p : Rd → R is

p̂(x) = log

(
1

N

N∑
i=1

Kh(‖x− yi‖)

)
,
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where the kernel Kh : [0,∞[→]0,∞[ is the Gaussian function

Kh(r) =
1

(2π)
d
2hd

exp

(
− r2

2h2

)
(8)

with kernel bandwidth h > 0.
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Figure 3: Contour lines and the ridge curve of a log-kernel density estimate obtained
from a point set generated from the model of Subsection 2.1.

Figure 3 illustrates a point set generated from the model described in Subsec-
tion 2.1. In this example, the ridge curve (i.e. a one-dimensional ridge set) of a
Gaussian log-kernel density estimate obtained from the point set with appropri-
ately chosen bandwidth parameter h gives a good approximation of the underly-
ing generating curve. The accuracy of the estimate improves as N , the number of
samples is increased. For an elaborate analysis on this aspect, we refer to Chacón
et al. [7] who have shown that under rather generic assumptions, a kernel density
estimate and its derivatives converge to the estimated density and its derivatives,
respectively, whenN approaches infinity. The kernelKh and the marginal density
pX of our model can be trivially shown to satisfy the assumptions stated in [7].
Being a C∞-function, these results also hold for the log-kernel density p̂.

3 Projection onto Ridge Set
Rather than estimating the generating functions f i itself, which necessitates ob-
taining a parametrization of the ridge set, for the remainder of this paper we con-
sider a simpler problem of projecting the sample points Y onto the ridge set of the
log-kernel density p̂. By such a projection, we obtain noise-free estimates of the
sample points as if they were sampled from the generating functions f i. Once the
sample points have been projected, parametrizations of the generating functions
can be obtained, for instance, by constructing a neighbour graph. Such approaches
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based on the assumption that the points lie directly on a low-dimensional manifold
have been described, for instance, in [4], [5], [27], [28], [32] and [36]. Thus, the
projection can be utilized as a preprocessing step for those methods.

Assuming that we have a log-kernel density estimate p̂ : Rd → R estimating
the logarithm of the marginal density of a point set sampled from the model of
Subsection 2.1, we now develop a method for projecting a given sample point
onto an m-dimensional ridge set of p̂. That is, in Subsections 3.1 and 3.2 we
develop a trust region Newton method for approximate projection and prove its
convergence to a ridge point in Subsection 3.3. The method is a generalization
of the standard trust region Newton method (see e.g. [23]), since when m = 0, it
reduces to the standard method for finding maxima.

3.1 Trust Region Newton Method
Recalling Definition 2.1, a point lying on an m-dimensional ridge set of a prob-
ability density is its local maximum in the hyperplane spanned by the Hessian
eigenvectors corresponding to the d−m smallest eigenvalues. This property sug-
gests the idea of projecting a given point x0 onto the ridge set by seeking for a
maximum of the density in the coordinate system induced by these eigenvectors.
Based on this intuitive idea illustrated in Figure 4, we now describe a Newton-
type method that maximizes the objective function p̂ by successively maximizing
its quadratic approximation in the subspace that is a local linearization of this non-
linear coordinate system. In order to ensure convergence, the method incorporates
a trust region approach.

Figure 4: A given point x0 and its projection (black circle) onto the ridge curve R1
p̂

of a log-kernel density estimate p̂ by subspace-constrained maximization of p̂. By un-
constrained maximization we obtain the nearest mode (white circle) that is in the zero-
dimensional ridge set R0

p̂.

A reasonable requirement for the coordinate system described above is that
when we have one linear generating function, the coordinate axes become straight
lines. The following theorem that follows from the proof of Theorem 2.1 in Ap-
pendix A guarantees this property. With Proposition 2.2, this motivates our choice
for the log-density estimate that estimates the logarithm of the marginal density
rather than the density itself.
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Theorem 3.1. If p : Rd → R is defined as in Theorem 2.1, then for all x ∈ Rd

the eigenvectors of the Hessian ∇2 log p(x) corresponding to the d−m smallest
eigenvalues are orthogonal to the subspace spanned by the vectors {vi}mi=1.

As in the standard trust region Newton method (see e.g. [23]), the objective
function is near the current iterate xk approximated by a quadratic model, which
in our case takes the form

Qk(s) = p̂(xk) +∇p̂(xk)Ts+
1

2
sT∇2p̂(xk)s. (9)

The iteration formula is xk+1 = xk + sk, where the step sk maximizes Qk and
yields a sufficient increase of the objective function p̂.

The main difference to the standard trust region method is that the maximiza-
tion of the quadratic model is constrained to the subspace spanned by the Hessian
eigenvectors {vi(xk)}di=m+1 corresponding to the d −m smallest eigenvalues at
xk. With this modification, a candidate for the step sk is obtained as a solution to
the subproblem

max
s
Qk(s) s.t.

{
‖s‖ ≤ ∆k,
s ∈ span(vm+1(xk),vm+2(xk), . . . ,vd(xk)),

(10)

where ∆k ∈]0,∆max] denotes the current trust region radius with some user-
specified upper bound ∆max. The initial trust region radius ∆0 is chosen as
∆0 = 1

4
∆max. The parameter ∆max plays an important role in controlling the

accuracy of the projection. By decreasing ∆max, a more accurate projection along
the nonlinear coordinate system induced by the subset of Hessian eigenvectors
can be obtained when desired.

After the solution to the trust region subproblem (10) is obtained, the ratio

ρk =
p̂(xk + sk)− p̂(xk)
Qk(sk)−Qk(0)

(11)

between the actual change in the objective function value and the change predicted
by the quadratic model is computed. Based on this ratio, the trust region radius
∆k is adjusted according to the rules [23]

∆k+1 =


1
2
∆k, if ρk < 1

4
,

min{2∆k,∆max}, if ‖sk‖ = ∆k and ρk > 3
4
,

∆k, otherwise.
(12)

These rules ensure that the trust region radius ∆k remains below the upper bound
∆max, the iterates remain in a range where the quadratic model gives satisfactory
approximations and the radius does not get too small. Finally, following [23], if
ρk >

1
10

, we choose xk+1 = xk + sk as the next iterate. Otherwise, the current
iterate remains unchanged (i.e. xk+1 = xk) and the above steps are carried out
with the decreased trust region radius ∆k+1.
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The GTRN (generalized trust region Newton) algorithm with the stopping cri-
terion described below is listed as Algorithm 1. The algorithm projects a given
point onto the m-dimensional ridge set of a Gaussian log-kernel density estimate.
For solving the trust region subproblem (10), the algorithm invokes the TRSREG
algorithm that will be described in Subsection 3.2.

Algorithm 1: GTRN (generalized trust region Newton).
input : Gaussian log-kernel density estimate p̂ : Rd → R

starting point x0 ∈ Rd

ridge set dimension 0 ≤ m < d
maximum trust region radius ∆max > 0
stopping criterion threshold εpr > 0

output: ridge point x∗ ∈ Rm
p̂ .

∆0 ← 1
4
∆max

for k = 0, 1, . . . do
Evaluate p̂(xk), ∇p̂(xk), ∇prp̂(xk) and ∇2p̂(xk).
Compute eigenvalues λ1(xk) ≥ λ2(xk) ≥ · · · ≥ λd(xk) and
normalized eigenvectors {vi(xk)}di=1 of∇2p̂(xk).
if ‖∇prp̂(xk)‖ < εpr then terminate with x∗ = xk.
sk ← TRSREG(∇p̂(xk), {λi(xk)}di=m+1, {vi(xk)}di=m+1,∆k)

ρk ←
p̂(xk + sk)− p̂(xk)
Qk(sk)−Qk(0)

if ρk < 1
4

then
∆k+1 ← 1

2
∆k

else if ρk > 3
4

and ‖sk‖ = ∆k then
∆k+1 ← min{2∆k,∆max}

if ρk > 1
10

then
xk+1 ← xk + sk

else
xk+1 ← xk

x∗ ← xk+1

The iteration terminates when

‖∇prp̂(xk)‖ < εpr, (13)

where εpr > 0 is some small threshold value and

∇prp̂(xk) = ∇p̂(xk)−
m∑
i=1

vTi (x)∇p̂(x)vi(x)

is the projection of the gradient onto the subspace spanned by the normalized
Hessian eigenvectors corresponding to the d − m smallest eigenvalues. When
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this criterion is satisfied, condition (6a) approximately holds. This criterion is in
practice sufficient to test convergence to a ridge point. Namely, we will show in
Subsection 3.3 that when the above iteration with the algorithm of Subsection 3.2
for solving problem (10) converges to a point x∗ satisfying conditions (6a) and
(6c) and the d −m smallest eigenvalues {λi(x∗)}di=m+1 of the Hessian ∇2p̂(x∗)
are nonzero, the point x∗ also satisfies condition (6b), and thus x∗ is in the ridge
set Rm

p̂ .

3.2 Solution to the Trust Region Subproblem
In this subsection we describe a generalization of the Moré and Sorensen algo-
rithm [22] for solving the trust region subproblem (10). For notational conve-
nience, we drop the subscripts k and consider the equivalent problem

max
s

gTs+ 1
2
sTHs

s.t. ‖s‖ ≤ ∆ and s ∈ span(vm+1,vm+2, . . . ,vd),
(14)

where ∆ > 0, 0 ≤ m < d, g ∈ Rd and {vi}di=m+1 ⊂ Rd denote the normal-
ized eigenvectors of a matrix H ∈ Rd×d corresponding to the d − m smallest
eigenvalues λm+1 ≥ λm+2 ≥ · · · ≥ λd.

We will utilize the following lemma for the formulation of the algorithm. This
result is a generalization of Lemmata 2.1 and 2.3 given in [22], and it follows from
the KKT conditions of problem (14). Its proof is given in Appendix A.

Lemma 3.1. Let g ∈ Rd and letH ∈ Rd×d be a symmetric matrix and define

Q(s) = gTs+
1

2
sTHs.

Let 0 ≤ m < d, ∆ > 0 and let λm+1 ≥ λm+2 ≥ · · · ≥ λd and {vi}di=m+1 denote
the d−m smallest eigenvalues and the corresponding normalized eigenvectors of
H , respectively. A vector s∗ ∈ Rd is a solution to the problem

max
s
Q(s) s.t. ‖s‖ ≤ ∆ and s ∈ span(vm+1,vm+2 . . . ,vd)

if s∗ is feasible and the conditions

V (Λ− κI)V Ts∗ = −V V Tg, (15)
κ(∆− ‖s∗‖) = 0, (16)

V (Λ− κI)V T is negative semidefinite (17)

hold for some κ ≥ 0, where

V = [vm+1,vm+2, . . . ,vd] ∈ Rd×(d−m),

Λ = diag[λm+1, λm+2, . . . , λd] ∈ R(d−m)×(d−m)

and I is the (d−m)× (d−m) identity matrix.
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Remark 3.1. If s∗ ∈ span(vm+1,vm+2, . . . ,vd) and λm+1−κ < 0, then condition
(15) is equivalent to the condition

s∗ = −V (Λ− κI)−1V Tg.

As suggested by Lemma 3.1 and Remark 3.1, we seek for a solution of the
form

s(κ) = −V (Λ− κI)−1V Tg = −
d∑

i=m+1

gTvi
λi − κ

vi (18)

to problem (14) with some κ ≥ 0. First, by Remark 3.1 we note that if λm+1 < 0,
then condition (15) is satisfied by choosing s∗ = s(κ) for any κ ≥ 0 and condition
(17) is satisfied with κ = 0. With κ = 0, the step s∗ = s(κ) also satisfies
condition (16). Thus, if λm+1 < 0 and the step s(0) is in the feasible range, that
is ‖s(0)‖ ≤ ∆, then s∗ = s(0) is a solution to problem (14).

Otherwise, if either λm+1 ≥ 0 or ‖s(0)‖ > ∆, condition (17) is satisfied for
any κ ≥ max{λm+1, 0}. From equation (18) we note that

‖s(κ)‖ = ‖V (Λ− κI)−1V Tg‖ =

[
d∑

i=m+1

(gTvi)
2

(λi − κ)2

] 1
2

, (19)

and thus if gTvm+1 6= 0, then

lim
κ→λm+1

‖s(κ)‖ =∞ and lim
κ→∞
‖s(κ)‖ = 0 (20)

and ‖s(κ)‖ is a continuous nonincreasing function of κ for all κ > λm+1. Conse-
quently, the equation ‖s(κ)‖ = ∆ has a solution in the interval ]κmin,∞[, where
κmin = max{λm+1, 0}. Clearly, the step s∗ = s(κ∗), where κ∗ is a solution to
this equation, satisfies condition (16). Furthermore, we have λm+1 − κ∗ < 0, and
thus condition (17) is satisfied. Finally, since by Remark 3.1 and equation (18)
condition (15) holds, s∗ = s(κ∗) is a solution to problem (14).

Remark 3.2. If gTvm+1 = 0, then the limiting value (20) for κ → λm+1 does
not necessarily hold, and consequently the equation ‖s(κ)‖ = ∆ may not have a
solution. We omit the analysis of this special case since it very rarely occurs in
practice and refer to [22] and [23].

Numerical difficulties may arise in the solution of the equation ‖s(κ)‖ = ∆
when κ is close to λm+1. As suggested in [22], the solution becomes numerically
more tractable if we consider the root-finding problem

1

∆
− 1

‖s(κ)‖
= 0 (21)

instead.
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As pointed out in [22], and also verified by our numerical experiments, a prop-
erly safeguarded Newton method is an efficient and reliable method for solving
equation (21) in the interval ]κmin,∞[, where κmin = max{λm+1, 0}. For the
Newton iteration, the objective function and its derivative are

φ(κ) =
1

∆
− 1

‖s(κ)‖
, φ′(κ) =

[
d∑

i=m+1

(gTvi)
2

(λi − κ)3

]
×

[
d∑

i=m+1

(gTvi)
2

(λi − κ)2

]− 3
2

and the iteration formula is

κ(k+1) = κ(k) − φ(κ(k))

φ′(κ(k))
.

Based on the above discussion and the safeguarding and stopping criteria given
below, the TRSREG algorithm for solving problem (14) is listed as Algorithm 2.

Algorithm 2: TRSREG (trust region subproblem).
input : vector g ∈ Rd

eigenvalues λm+1 ≥ λm+2 ≥ · · · ≥ λd ofH ∈ Rd×d

normalized eigenvectors {vi}di=m+1 ⊂ Rd ofH ∈ Rd×d

upper bound ∆ > 0 for ‖s∗‖
output: vector s∗ ∈ Rd that is a solution to (14)
if λm+1 < 0 and ‖s(0)‖ ≤ ∆ then

Return with s∗ = s(0).
else

κmin ← max{λm+1, 0}
κmax ←∞
κ(0) ← max{1.01λm+1, 10−10}
for k = 0, 1, . . . do

κ(k+1) ← κ(k) − φ(κ(k))

φ′(κ(k))

κ(k+1) ← min{max{κ(k+1), κmin}, κmax}
if φ(κ(k+1)) < 0 then

κmax ← κ(k+1)

else
κmin ← κ(k+1)

if |∆− ‖s(κ(k+1))‖| < 10−5∆ then terminate with s∗ = s(κ(k+1)).
Return with s∗ = s(κ(k+1)).

Following the approach of [22], for safeguarding the Newton iteration, we
enforce the bounds κmin and κmax such that κmin ≤ κ(k) ≤ κmax for all k =
1, 2 . . . . The initial values are chosen as

κmin = max{λm+1, 0}, κ(0) = max{1.01λm+1, 10−10} and κmax =∞,
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where the constants for κ(0) are chosen experimentally based on our numerical
experiments. For each iteration step, we use the safeguarding and updating rules

1. κ(k+1) = min{max{κ(k+1), κmin}, κmax}
2. If φ(κ(k+1)) < 0, then set κmax = κ(k+1). Otherwise, set κmin = κ(k+1).

As the stopping criterion for the Newton iteration we use the condition

|∆− ‖s(κ(k+1))‖| < 10−5∆,

where the constant 10−5 is chosen experimentally.

3.3 Convergence Analysis
We now prove convergence of a sequence generated by Algorithm 1 to a ridge
point of a Gaussian log-kernel density estimate. This is done by adapting the
convergence results of the classical trust region Newton method of [22] to a local
minimum of a twice continuously differentiable function. The property that su-
perlevel sets of our objective function are compact plays a key role in our analysis.

Lemma 3.2. If p̂ : Rd → R is a Gaussian log-kernel density estimate defined
according to Definition 2.2, then its superlevel set

Lc = {x ∈ Rd | p̂(x) ≥ c}

is compact for all c ∈ R.

Proof. Let c ∈ R such that Lc is nonempty, and let z ∈ Lc. First, we note the
inequality

‖x− z‖ − ‖x− y‖ ≤ ‖x− y‖+ ‖y − z‖ − ‖x− y‖ = ‖y − z‖ ≤ R

for all R > 0, x ∈ Rd and y ∈ B(z;R), where B(z;R) denotes a closed ball
centered at z. This inequality implies that

‖x− y‖2 ≥ (‖x− z‖ −R)2

for all R > 0, x ∈ Rd \B(z;R) and y ∈ B(z;R). Consequently, we have

exp

(
−‖x− y‖

2

2h2

)
≤ exp

(
−(‖x− z‖ −R)2

2h2

)
(22)

for all R > 0, x ∈ Rd \ B(z;R), y ∈ B(z;R) and h > 0. Let us now define the
function

p̃(x) =
1

N

N∑
i=1

exp

(
−‖x− yi‖

2

2h2

)
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with some h > 0 and {yi}Ni=1 ⊂ Rd. Since limr→∞ exp
(
− r2

2h2

)
= 0, from

equation (22) we obtain that for all R > 0 such that yi ∈ B(z;R) for all i =
1, 2, . . . , N , there exists R′ ≥ R such that

p̃(x) =
1

N

N∑
i=1

exp

(
−‖x− yi‖

2

2h2

)
≤ 1

N

N∑
i=1

exp

(
−(‖x− z‖ −R)2

2h2

)
< c

for all x ∈ Rd \ B(z;R′). Since log r ≤ r for all r > 0 and exp r > 0 for
all r ∈ R, we have p̂(x) ≤ p̃(x) for all x ∈ Rd if p̂ : Rd → R is a Gaussian
log-kernel density estimate defined by the samples {yi}Ni=1 and kernel bandwidth
h. This implies that Lc ⊆ B(z;R′) for any such R′. Consequently, the set Lc is
also bounded as a subset of the bounded set B(z;R′). Finally, compactness of the
set Lc follows from the continuity of p̂. Namely, under p̂, the inverse image of the
closed interval [c,∞[, which is the set Lc, is closed.

Let {xk} denote a sequence generated by Algorithm 1. To facilitate the proofs
of the convergence results, we introduce the basis spanned by normalized eigen-
vectors {vi(xk)}di=m+1 corresponding to the d−m smallest eigenvalues λm+1(xk) ≥
λm+2(xk) ≥ · · · ≥ λd(xk) of the Hessian∇2p̂(xk) and the basis matrix

V k = [vm+1(xk),vm+2(xk), . . . ,vd(xk)] ∈ Rd×(d−m).

In this basis we define the quadratic model

Q̃k(s̃) = ∇̃p̂(xk)T s̃+
1

2
s̃T ∇̃2p̂(xk)s̃ (23)

with
∇̃p̂(xk) = V T

k∇p̂(xk), ∇̃2p̂(xk) = V T
k∇2p̂(xk)V k

and s̃k = V T
k sk. For the convergence proofs, we will utilize the following lemma

whose proof is given in Appendix A.

Lemma 3.3. At each iteration of Algorithm 1, there exists a constant κk ≥ 0 such
that the conditions

[∇̃2p̂(xk)− κkI]s̃k = −∇̃p̂(xk), (24)
κk(∆k − ‖s̃k‖) = 0, (25)

∇̃2p̂(xk)− κkI is negative semidefinite (26)

are satisfied. At each iteration, the conditions

Q̃k(s̃k) + p̂(xk) = Qk(sk), (27)
‖s̃k‖ = ‖sk‖, (28)
sk = V ks̃k (29)

also hold.
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By condition (26), we can form the Cholesky factorization

∇̃2p̂(xk)− κkI = −RT
kRk, (30)

for some upper triangular matrixRk ∈ R(d−m)×(d−m). Substituting equations (24)
and (30) into equation (23) and then substituting equations (25) and (30) into the
resulting expression yields

Q̃k(s̃k) = −s̃Tk [∇̃2p̂(xk)− κkI]s̃k +
1

2
s̃Tk (−RT

kRk + κkI)s̃k

=
1

2
(‖Rks̃k‖2 + κk∆

2
k). (31)

Thus, since Algorithm 1 imposes the condition ρk > 1
10

for accepting a new iterate
xk+1 = xk + sk for all k ≥ 0 and Qk(0) = p̂(xk), by equations (11), (27) and
(31) we have the bound

p̂(xk+1)− p̂(xk) >
1

10
[Qk(sk)−Qk(0)]

=
1

10
Q̃k(s̃k) =

1

20
(‖Rks̃k‖2 + κk∆

2
k) (32)

for all k such that ρk > 1
10

. Having established the above properties, we are now
ready to carry out the proofs of our convergence results.

Lemma 3.4. Assume that {xk} is a convergent subsequence of some sequence
generated by Algorithm 1 such that ρk > 1

10
for all k. Then the corresponding

sequence of parameters {κk} has a subsequence that converges to zero.

Proof. Let {xk} be a convergent subsequence of some sequence generated by
Algorithm 1 such that ρk > 1

10
for all k. Let us assume by contradiction that the

corresponding sequence {κk} is bounded away from zero. That is, there exists
ε1 > 0 and an index k0 such that κk ≥ ε1 > 0 for all k ≥ k0. Then equation (31)
and the condition that ‖sk‖ ≤ ∆k with equation (28) imply that

Q̃k(s̃k) =
1

2
(‖Rks̃k‖2 + κk∆

2
k) ≥

1

2
κk∆

2
k ≥

1

2
ε1‖s̃k‖2 (33)

for all k ≥ k0. On the other hand, by Taylor’s theorem and equation (9) we obtain
that for all k there exists ξk ∈ [0, 1] such that

p̂(xk + sk) = p̂(xk) +∇p̂(xk)Tsk +
1

2
sTk∇2p̂(xk + ξksk)sk

= Qk(sk) +
1

2
sTk [∇2p̂(xk + ξksk)−∇2p̂(xk)]sk.

This implies that for all k, we have

|p̂(xk + sk)−Qk(sk)| ≤
1

2
‖sk‖2 max

0≤ξ≤1
‖∇2p̂(xk + ξsk)−∇2p̂(xk)‖. (34)
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Since Qk(sk) = Q̃k(s̃k) + p̂(xk) by equation (27) and Qk(0) = p̂(xk), equations
(11) and (27) and inequalities (33) and (34) yield

|ρk − 1| = |p̂(xk + sk)− p̂(xk)− [Qk(sk)−Qk(0)]|
Qk(sk)−Qk(0)

=
|p̂(xk + sk)−Qk(sk)|

Q̃k(s̃k)

≤ 1

ε1
max
0≤ξ≤1

‖∇2p̂(xk + ξsk)−∇2p̂(xk)‖ (35)

for all k ≥ k0.
By the continuity of p̂ and the assumption that the sequence {xk} converges,

we have limk→∞[p̂(xk+1) − p̂(xk)] = 0. Hence, by the assumption that κk is
bounded away from zero, inequality (32) implies that the sequence {∆k} con-
verges to zero. Consequently, the sequence {‖sk‖} also converges to zero since
the steps sk satisfy the condition ‖sk‖ ≤ ∆k for all k.

On the other hand, if we let r > 0, the Hessian ∇2p̂ is uniformly continuous
on the set

Sr = {x ∈ Rd | min
y∈Lp̂(x0)

‖x− y‖ ≤ r}

as a continuous function in Rd. This is due to the fact that the set Sr is compact
by compactness of the set Lp̂(x0) due to Lemma 3.2. In addition, since Algorithm
1 generates a sequence of nondecreasing function values p̂(xk), the iterates xk lie
in the set Lp̂(x0). Thus, since the sequence {‖sk‖} converges to zero and we have
‖xk + ξsk − xk‖ = ‖ξsk‖ ≤ ‖sk‖ for all ξ ∈ [0, 1], there exists an index k1 and
r > 0 such that xk + ξsk ∈ Sr for all k ≥ k1 and ξ ∈ [0, 1]. By the uniform
continuity of∇2p̂ in Sr, for all ε2 > 0 there then exists an index k2 such that

1

ε1
max
0≤ξ≤1

‖∇2p̂(xk + ξsk)−∇2p̂(xk)‖ < ε2 (36)

for all k ≥ max{k1, k2}. Then by inequalities (35) and (36), we have ρk ≥ 1
4

for
all k ≥ max{k0, k1, k2}. Consequently, the updating rules (12) yield that {∆k} is
bounded away from zero, which leads to a contradiction.

Lemma 3.5. Assume that {xk} is a subsequence of some sequence generated by
Algorithm 1 with 0 ≤ m < d such that {xk} converges to some point x∗. Also
assume that ρk > 1

10
for all k and

(i) the corresponding sequence {κk} converges to zero,
(ii) the sequence {λm+1(xk)} converges to λm+1(x

∗),
(iii) the sequences {vi(xk)}k converge to vi(x∗) for all i = 1, 2, . . . ,m,

where {vi(x)}di=1 denote the normalized eigenvectors of ∇2p̂(x) corresponding
to the eigenvalues λ1(x) ≥ λ2(x) ≥ · · · ≥ λd(x). Then x∗ ∈ R̃m

p̂ , where

R̃m
p̂ = {x ∈ Rd | ∇p̂(x)Tvi(x) = 0 for all i > m and λm+1(x) ≤ 0}.
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Proof. Let 0 ≤ m < d and let {xk} be a convergent subsequence of some se-
quence generated by Algorithm 1 with a limit point x∗ such that ρk > 1

10
for all k

and assumptions (i)–(iii) are satisfied. Equations (24) and (30) imply that

‖∇̃p̂(xk)‖2 = ‖RT
kRks̃k‖2 ≤ ‖Rk‖2‖Rks̃k‖2

= ‖RT
kRk‖‖Rks̃k‖2

= ‖∇̃2p̂(xk)− κkI‖‖Rks̃k‖2

≤ [‖∇̃2p̂(xk)‖+ κk]‖Rks̃k‖2

for all k. Since Algorithm 1 generates a sequence of nondecreasing objective
function values p̂(xk) and the superlevel set Lp̂(x0) is compact by Lemma 3.2,
the sequence {‖∇2p̂(xk)‖} is bounded from above due to the continuity of ∇2p̂.
Consequently, the sequence {‖∇̃2p̂(xk)‖} is also bounded. That is, there exists
a constant M > 0 such that ‖∇̃2p̂(xk)‖ ≤ M for all k. Thus, from the above
inequality we obtain

‖Rks̃k‖2 ≥
‖∇̃p̂(xk)‖2

‖∇̃2p̂(xk)‖+ κk
≥ ‖∇̃p̂(xk)‖

2

M + κk
(37)

for all k. By inequality (32), the sequence {‖Rks̃k‖2} converges to zero. This
implies that the sequence {‖∇̃p̂(xk)‖} converges to zero by the above inequality
since the sequence {κk} converges to zero by assumption (i).

In order to show that ∇p̂(x∗)Tvi(x∗) = 0 for all i > m, we note that by the
property that span(v1(xk),v2(xk), . . . ,vd(xk)) = Rd and by assumption (iii),

lim
k→∞
∇p̂(xk) = lim

k→∞

d∑
i=1

vi(xk)v
T
i (xk)∇p̂(xk)

=
m∑
i=1

vi(x
∗)vTi (x∗)∇p̂(x∗) + lim

k→∞

d∑
i=m+1

vi(xk)v
T
i (xk)∇p̂(xk).

The sequence {‖∇̃p̂(xk)‖} converges to zero by inequality (37). Thus, by the
definitions of the matrices V k and the gradient ∇̃p̂, for the second term of the
above equation we obtain

lim
k→∞
‖

d∑
i=m+1

vi(xk)v
T
i (xk)∇p̂(xk)‖ = lim

k→∞
‖V kV

T
k∇p̂(xk)‖

= lim
k→∞
‖V k∇̃p̂(xk)‖

≤ lim
k→∞
‖V k‖‖∇̃p̂(xk)‖ = 0,

which implies that ∇p̂(x∗) ∈ span(v1(x
∗),v2(x

∗), . . . ,vm(x∗)). Consequently,
by the orthogonality of the eigenvectors, vi(x∗) we have∇p̂(x∗)Tvi(x∗) = 0 for
all i > m.
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Finally, the condition λm+1(x
∗) ≤ 0 follows from the fact that condition (17)

of Lemma 3.1 is satisfied for all k by the construction of Algorithms 1 and 2. That
is, the matrix V k(Λk − κkI)V T

k , where

Λk = diag[λm+1(xk), λm+2(xk), . . . , λd(xk)] ∈ R(d−m)×(d−m),

is negative semidefinite for all k. Thus, λm+1(xk) − κk ≤ 0 for all k. Recalling
that the sequence {κk} converges to zero by assumption (i), by assumption (ii) we
have

lim
k→∞

[λm+1(xk)− κk] = λm+1(x
∗) ≤ 0,

which concludes the proof.

With Lemmata 3.2–3.5, we can now provide conditions that a sequence gener-
ated by Algorithm 1 has a subsequence converging to a ridge point of a Gaussian
log-kernel density estimate p̂. This is done by using the following result about
continuity of eigenvalues of the Hessian∇2p̂ (see Appendix B).

Theorem 3.2. If p̂ : Rd → R is a Gaussian log-kernel density estimate, then there
exist continuous functions {λi}di=1 : Rd → R representing the eigenvalues of∇2p̂
such that λ1(x) ≥ λ2(x) ≥ · · · ≥ λd(x) for all x ∈ Rd.

Our main convergence result guarantees existence of a convergent subsequence
of any sequence generated by Algorithm 1. Such a subsequence converges to a
point x∗ ∈ R̃m

p̂ .

Theorem 3.3. If {xk} is a sequence generated by Algorithm 1 with 0 ≤ m < d
from a given starting point x0 ∈ Rd, it has a subsequence that converges to a
point x∗ ∈ R̃m

p̂ .

Proof. Let {xk} be a sequence generated by Algorithm 1 from a given starting
point x0. By construction of Algorithm 1, the sequence {p̂(xk)} is nondecreas-
ing, and thus the iterates xk lie on the superlevel set Lp̂(x0). Since the set Lp̂(x0) is
compact by Lemma 3.2, the sequence {xk} has a convergent subsequence. More-
over, the updating rules (12) and the fact that ρk > 1

10
when ‖sk‖ is sufficiently

small yield that any convergent subsequence of {xk} has a subsequence satisfying
the condition ρk > 1

10
for all k. Thus, for notational simplicity we can assume that

the sequence {xk} itself is a convergent sequence satisfying this condition.
By Lemma 3.4 the sequence {xk} has a subsequence {xkj}j whose corre-

sponding sequence of parameters {κkj}j converges to zero. Hence the sequence
{κkj} satisfies assumption (i) of Lemma 3.5. The property that the sequence
{λm+1(xkj)}j satisfies assumption (ii) of Lemma 3.5 follows from Theorem 3.2.
In addition, by compactness of the unit sphere and the property that the vec-
tors {vi(xkj)}mi=1 lie on the unit sphere, for all i = 1, 2, . . . ,m the sequences
{vi(xkj)}j have convergent subsequences satisfying assumption (iii) of Lemma
3.5. The claim then follows from Lemma 3.5 applied to an appropriately chosen
subsequence of {xkj} and from the definition of the set R̃m

p̂ .
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If we make the following additional assumptions, then Theorem 3.3 guaran-
tees that the limit point x∗ of a convergent subsequence of some sequence {xk}
generated by Algorithm 1 is not only in the set R̃m

p̂ but also in the ridge set Rm
p̂ .

Assumption 3.1. There exists a neighbourhood U of x∗ such that x0 ∈ U and
condition (6c), where λ1(x) ≥ λ2(x) ≥ · · · ≥ λd(x) denote the eigenvalues of
∇2p̂(x), holds for all x ∈ U .

Assumption 3.2. The iterates {xk} generated by Algorithm 1 lie in the neigh-
bourhood U for all k = 0, 1, . . . .

Assumption 3.3. The limit point x∗ satisfies the condition λm+1(x
∗) < 0.

Corollary 3.1. If {xk} is a convergent subsequence of some sequence generated
by Algorithm 1 with 0 ≤ m < d from a given starting point x0 ∈ Rd and Assump-
tions 3.1–3.3 are satisfied, then the limit point x∗ of {xk} is in Rm

p̂ .

By Definition 2.1 and continuity of the eigenvalues of ∇2p̂ due to Theorem
3.2, the first assumption is satisfied if the starting point x0 is sufficiently close
to the limiting point x∗. In this case, the second assumption is satisfied as well.
According to our numerical experiments with Gaussian kernel density estimates,
the third assumption is satisfied in all but some pathological cases.

Assumption 3.1 also guarantees continuity of the eigenvectors of the Hessian
∇2p̂ corresponding to the m greatest eigenvalues in the neighbourhood U . This is
stated in the following theorem (see Appendix B).

Theorem 3.4. If m > 0, then for any open neighbourhood U of x0 satisfying
Assumption 3.1, there exists a set of continuous eigenvectors {vi}mi=1 : U → Rd

of ∇2p̂ corresponding to the eigenvalues {λi}mi=1 defined as in Theorem 3.2.

Consequently, by the orthogonality of the eigenvectors of ∇2p̂, the basis in-
duced by the eigenvectors corresponding to the remaining d −m smallest eigen-
values is continuous in U . Together with Assumption 3.2, this guarantees that we
obtain a projection with a meaningful interpretation since the projection is done
in the coordinate system induced by these eigenvectors (c.f. Figure 4).

4 Numerical Results
In this section we demonstrate the feasibility of our approach via numerical tests
on synthetically generated datasets. First, we show in Subsection 4.2 that when a
point set is generated according to the model of Subsection 2.1, ridge set projec-
tions of the points give good approximations of projections onto the underlying
generating functions. Second, in Subsection 4.3 we demonstrate that when ap-
plied to ridge set projection, the generalized trust region Newton (abbreviated as
GTRN) algorithm of Section 3 has a significant performance advantage over the
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subspace-constrained mean-shift (abbreviated as SCMS) algorithm of [25]. The
performance advantage is particularly large when the GTRN algorithm is com-
pared to the standard mean-shift algorithm for finding modes (i.e. projecting onto
a zero-dimensional ridge set).

4.1 Test Setup, Datasets and Density Estimates
We used eight different synthetically generated datasets in our tests. According
to the model of Subsection 2.1, we used the known generating functions of the
datasets and sampled uniformly distributed points from these functions with nor-
mally distributed random noise. For each dataset, we then picked an appropriate
bandwidth parameter h for the density estimate by hand. The sample sizes N ,
noise standard deviations σ and kernel density bandwidths h for each dataset are
listed in Table 1. The Spiral3d dataset was specifically generated for this paper,
the Helix dataset is adapted from [25] and the other datasets are those generated
by Kégl for testing his principal curve algorithm [1]. Kernel density ridge set pro-
jections obtained with the GTRN algorithm for these datasets are shown in Figures
5–6 in Appendix C.

Dataset N σ h Dataset N σ h
Circle 800 0.075 0.09 Helix 4000 0.02 0.09
DistortedSShape 800 0.015 0.025 HalfCircle 800 0.05 0.08
DistortedHalfCircle 800 0.02 0.03 Zigzag 800 0.015 0.025
Spiral 1400 0.035 0.07 Spiral3d 1200 0.02 0.05

Table 1: Sample sizes N , noise standard deviations σ and kernel density bandwidths h
used in the numerical tests.

In our numerical tests, we used FORTRAN 95-based implementations of the
GTRN and SCMS algorithms, of which the latter is based on the pseudocode given
in [25]. The algorithms were run on one core of a 3.0 GHz Core 2 Duo processor
running a 64-bit Linux operating system. For plotting Figures 5–6 and carrying
out the tests of Subsections 4.2 and 4.3, the GTRN algorithm was run with the
experimentally chosen parameters

εpr = 10−6, kmax = 200 and ∆max = 3h, (38)

where kmax is the maximum number of iterations allowed. For the SCMS algo-
rithm the relevant parameters are the stopping criterion parameters εpr and kmax.
For both algorithms, we used the projected gradient stopping criterion (13).

4.2 Model and Estimation Error
We recall from Sections 2 and 3 that the projection method operates on the kernel
density estimate of the marginal density whose ridge set gives an approximation of

21



the underlying generating function. Due to multiple steps involved in this process,
it is therefore essential to distinguish between different sources of error. First, es-
timation of the underlying function by the ridge set of the marginal density intro-
duces model bias. Second, additional errors are introduced by the kernel density
estimation particularly when the number of sample points is not sufficiently large.
Third, the trust region Newton method produces only an approximate projection
by using successive linearizations of the nonlinear coordinate system. However,
as we will show by the following experiments, the combined error from all of
these steps is nevertheless reasonably small with appropriate test setup.

In order to gain insight into the model and density estimation errors, for each
two-dimensional dataset of Table 1, we projected each point onto the ridge set
of the kernel density obtained from the dataset. Each of these datasets has a sin-
gle univariate generating function satisfying Assumption 2.2. For each projected
point denoted by {x∗i }Ni=1, we computed its distance to the generating curve. This
distance is given by the expression

di = min
θ∈D
‖x∗i − f(θ)‖,

where f : D → R2 with D ⊂ R denotes the generating function. Based on this
distance, we define the average and maximum error

Ē =
1

Nσ

N∑
i=1

di and Emax = max
i=1,2,...,N

di
σ
, (39)

respectively, relative to the noise standard deviation σ.
In order to assess the model error, by using the known generating curves f

and noise deviations σ, we projected the sample points directly onto ridge sets
of the marginal densities defined by equation (5). We approximated the generat-
ing curves with line segments connecting 1000 evenly distributed points sampled
from the curve. Since the marginal density and its gradient and Hessian have
closed form expressions along the approximating line segments1, the ridge set
of the density obtained by integrating over the line segments gives an accurate
approximation of the ridge set of the true marginal density. The error measures
Ē and Emax for projections onto ridge sets of the kernel density estimates and
directly onto the ridge sets of the marginal densities are listed in Table 2.

Consistent with Figures 5 and 6, these results indicate that even when the
marginal density is approximated by Gaussian kernels, the errors are within rea-
sonable limits. However, in certain special cases larger errors can be observed.
Figure 6d shows that the deviation between the projected points and the generat-
ing curve is quite large near the ”corners” where the generating function has sharp
turns, which also contributes to the error measures in the last row of Table 2. As

1We omit a detailed derivation of these expressions. They can be calculated by adapting the
proof of Theorem 2.1.
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seen from Figure 6b, the error grows large near the center of the spiral where its
curvature radius is smaller, which contributes to the overall errors as well.

Kernel density estimate Marginal density
Ē Emax Ē Emax

Circle 0.180 0.573 0.038 0.056
DistortedHalfCircle 0.149 1.467 0.043 1.197
DistortedSShape 0.192 1.518 0.051 1.367
HalfCircle 0.094 1.676 0.036 1.665
Spiral 0.158 1.929 0.039 1.106
Zigzag 0.213 3.065 0.042 2.310

Table 2: Average error Ē and maximum error Emax of projections onto ridge sets of
kernel density estimates and marginal densities, respectively.

Excluding the error due to density estimation, the right columns of Table 2
represent the model bias, which is small compared to the estimation error. Again,
the error depends on the amount of curvature in the generating function. In partic-
ular, the maximum error Emax is large with the Zigzag dataset having sharp turns.
These observations seem to reflect the general behaviour of the underlying model.
That is, the model bias is proportional to the ratio between the noise deviation σ
and the curvature radius of the generating curve. Moreover, as seen from Figure
6, the bias is towards the center of curvature. We believe that such behaviour is
also expected with datasets having higher-dimensional and multiple generating
functions.

4.3 Performance Comparison with the Mean-Shift Algorithm
As the mean-shift method is the de facto standard method for finding modes
and more recently, finding ridges of Gaussian mixtures and kernel density esti-
mates, we compare the performance of our method with this method. For zero-
dimensional ridge sets (i.e. modes) we shall present a performance comparison of
our method with the standard mean-shift algorithm of [9] and [10] and for one-
and higher-dimensional ridge sets we shall present a comparison with the SCMS
algorithm.

In our setting, the number of function evaluations is the most important factor
contributing to the performance of both algorithms. This is due to the fact that
d, the dimension of the point sets is small compared to N , the number of data
points. Since evaluation of each of the N components of a kernel density estimate
involves distance computation and evaluation of a Gaussian function, its evalua-
tion is computationally expensive. On the other hand, since the data dimension is
small in our tests, the cost of linear algebra operations compared to the evaluation
of the density estimate is negligible. Our test setup reflects potential applications
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since particularly in many machine vision applications the dimension is relatively
small (two or three) and the number of data points can be very large.

For each dataset, we projected each point onto the ridge set of the density
estimate and counted the number of used function evaluations. By a function
evaluation we mean a combined evaluation of the density function value, its gra-
dient and Hessian. Combining these evaluations into a single loop is possible
due to the special structure of Algorithm 1 and the Gaussian kernel density esti-
mate. For the SCMS algorithm, we combined the mean-shift step with the loop
that evaluates the gradient and Hessian. In order to give a picture of the overall
performance of both algorithms, we also measured total CPU times from ten re-
peated test runs. The function evaluation counts and the CPU times (in seconds)
are listed in Table 3. Evidently, rapid convergence of the Newton-based GTRN
algorithm accounts for these results, where it outperforms the SCMS algorithm by
a wide margin. Moreover, the measured CPU times strongly correlate with the
used function evaluations, which shows that evaluation of the objective function
is indeed the computationally most expensive operation in both algorithms.

SCMS GTRN
num. eval. CPU time num. eval. CPU time

Circle 13 965 7.85 3 783 2.13
DistortedHalfCircle 12 161 6.81 3 684 2.08
DistortedSShape 10 561 5.93 3 384 1.91
HalfCircle 9 878 5.54 3 341 1.88
Helix 24 520 91.94 14 463 54.24
Spiral 15 984 15.19 5 701 5.44
Spiral3d 12 070 14.37 5 253 6.26
Zigzag 12 214 7.12 3 796 2.26

Table 3: Function evaluations and CPU times used by the SCMS and GTRN algorithms
for ridge set projection.

Since the GTRN algorithm encompasses mode-finding (i.e. projection onto
zero-dimensional ridge set) as a special case, we compared its mode-finding per-
formance on the test datasets with the standard mean-shift algorithm (i.e. the
SCMS algorithm with m = 0). The results of the performance comparison are
listed in Table 4. Interestingly, for all datasets the mean-shift algorithm uses ex-
tremely high function evaluation counts and consequently long CPU times. A
closer inspection revealed that this is due to very slow convergence of the mean-
shift algorithm. As pointed out in [6], its convergence rate depends on the scaling
of the Hessian eigenvalues and is particularly slow when the greatest eigenvalue
of the Hessian of the density is near zero. This is exactly the case in our tests
where the probability density has a clearly distinguishable ridge structure (c.f.
Figure 3). Thus, our results suggest that for Gaussian kernel density estimates,
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the performance of the GTRN algorithm is superior to mean-shift algorithm in
mode-finding particularly when the probability density has a curved structure with
elongated peaks. Though we did not numerically verify it, most likely this is also
the case for nonzero-dimensional ridge set projection when the random noise has
anisotropic covariance structure. That is, when the random variable ε in the model
of Subsection 2.1 has a general covariance matrix instead of our choice σ2I .

Mean-shift GTRN
num. eval. CPU time num. eval. CPU time

Circle 85 496 35.51 4 541 2.54
DistortedHalfCircle 137 335 57.05 4 826 2.68
DistortedSShape 114 078 47.42 4 770 2.67
HalfCircle 119 016 49.46 4 699 2.62
Spiral 220 654 159.11 8 170 7.72
Spiral3D 163 564 107.56 7 363 8.71
Zigzag 111 563 47.07 4 772 2.73

Table 4: Function evaluations and CPU times used by the mean-shift and GTRN algo-
rithms for mode-finding.

5 Conclusions and Discussion
Nonlinear principal manifold extraction from noisy point sets is an essential prob-
lem in many practical applications related to, for instance, data mining, machine
learning and pattern recognition. Adapting the earlier approaches of [2–4] and
[25], we defined the principal manifold of a point set via the ridge set of its under-
lying probability density. This paper extends the ideas and methods presented in
those papers in two ways.

First, differently to the earlier papers where the assumptions on a point set
having a low-dimensional structure were not discussed in detail, we explicitly
formulated a generative model for such a point set. The model describes a data-
generating process where the points are sampled from a set of generating func-
tions with normally distributed additive noise. In our approach, the ridge set of
the marginal density induced by the model is interpreted as an estimator for the
underlying generating functions. As we showed by examples, the model provides
tools for assessing the accuracy of this estimator. Furthermore, the error can be
expected to be reasonably small when the points are sampled from the model with
a sufficiently small amount of noise. The model is also useful for practical ap-
plications since its assumptions are not too restrictive. To further demonstrate
its potential for practical applications, we showed that the marginal density can be
estimated nonparametrically by Gaussian kernels without any a priori information
on the generating functions or parameters of the data-generating model.
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Second, we developed a novel trust region Newton method for projecting a
given point onto a ridge set of the kernel density estimate of its underlying den-
sity. Since modes (maxima) of a probability density are in its zero-dimensional
ridge set, the projection method encompasses mode-finding as a special case. We
established convergence of the method to a ridge point from a given starting point.
Due to the rapid convergence rate inherited from the standard trust region Newton
method, we observed in our numerical experiments that the proposed method has
a significant performance advantage over the mean-shift method and its subspace-
constrained variant introduced in [25]. The performance improvement is particu-
larly relevant for real-time applications appearing, for instance, in machine vision,
robotics and traffic and process monitoring where performance is imperative. An-
other advantage is that whereas the mean-shift -based methods are only applicable
to Gaussian mixtures and kernel density estimates, the proposed method is appli-
cable to general twice continuously differentiable densities.

Although the proposed method only produces a projected set of points and not
a coordinate system, it can nevertheless be useful in conjunction with other di-
mensionality reduction methods. Namely, many of the existing approaches such
as Isomap [32], locally linear embedding (LLE) [27,28], Laplacian eigenmaps [5]
and maximum variance unfolding (MVU) [36] that build a coordinate system by
constructing a neighbourhood graph of the points are sensitive to noise [34]. Thus,
the projection obtained by the proposed method could be utilized as a preprocess-
ing step for those methods in order to reduce the undesired noise. However, one
shortcoming of the method is the assumption that the intrinsic dimensionality of
the data is known a priori. A worthy topic of future research would be develop-
ment of a method for automatically determining the intrinsic dimensionality of a
given point set.
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A Proofs of Theorem 2.1 and Lemmata 3.1 and 3.3
Theorem 2.1 Let m > 0, D = {x ∈ Rd | ai ≤ xi ≤ bi, i = 1, 2, . . . ,m} with ai < bi,
i = 1, 2, . . . ,m and let f : D → Rd be defined as

f(θ) = x0 +

m∑
i=1

θivi

with some x0 ∈ Rd and mutually orthogonal vectors {vi}mi=1 ⊂ Rd \ {0}. If p is defined
by equation (5) with n = 1 and f1 = f , then {f(θ) | θ ∈ D} ⊆ Rmp .

Proof. Without loss of generality we can assume that x0 = 0 and

f(θ) =
m∑
i=1

θiei, (40)

where ei ∈ Rd denotes a unit vector along the i-th coordinate axis. With some noise
standard deviation σ > 0, the gradient and Hessian of the marginal density (5) induced
by the model of Subsection 2.1 with this function are

∇p(x) = − Cσ
V (D)

∫
D

r(x;θ) exp

(
−‖r(x;θ)‖2

2σ2

)
dθ (41)

and

∇2p(x) =
Cσ
V (D)

∫
D

[
r(x;θ)r(x;θ)

σ2
− I

]
exp

(
−‖r(x;θ‖2

2σ2

)
dθ

=
Cσ

V (D)σ2

∫
D

r(x;θ)r(x;θ)T exp

(
−‖r(x;θ)‖2

2σ2

)
dθ − p(x)

σ2
I, (42)

where

r(x;θ) = x−
m∑
i=1

θiei and Cσ =
1

(2π)
d
2σd+2

,

respectively, and I denotes the d× d identity matrix.
By Proposition 2.2, it suffices to consider the logarithm of the density p. For the

Hessian of the logarithm of p, we obtain the expression

∇2 log p(x) =
∇2p(x)

p(x)
− ∇p(x)∇p(x)T

p(x)2
. (43)

Since
∑m

j=1 θje
T
j ei = 0 for all i = m + 1,m + 2, . . . , d, from equations (41) and (42)

we obtain

∇p(x)Tei = − Cσ
V (D)

∫
D

x− m∑
j=1

θjej

T

ei exp

(
−‖r(x;θ)‖2

2σ2

)
dθ

= −xTei
Cσ
V (D)

∫
D

exp

(
−‖r(x;θ)‖2

2σ2

)
dθ = −xip(x)

σ2
(44)
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and

∇2p(x)ei =
Cσ

V (D)σ2

∫
D

x− m∑
j=1

θjej

x− m∑
j=1

θjej

T

ei·

exp

(
−‖r(x;θ)‖2

2σ2

)
dθ − p(x)

σ2
ei

= xTei
Cσ

V (D)σ2

∫
D

r(x;σ) exp

(
−‖r(x;θ)‖2

2σ2

)
dθ − p(x)

σ2
ei

= − xi
σ2
∇p(x)− p(x)

σ2
ei

for all i = m+ 1,m+ 2, . . . , d. Substituting these expressions into equation (43) yields

∇2 log p(x)ei = − ei
σ2

(45)

for all i = m + 1,m + 2, . . . , d, which shows that the vectors em+1, em+2, . . . , ed span
the d−m-dimensional eigenspace of the matrix∇2 log p(x) corresponding to the eigen-
value − 1

σ2 for all x ∈ Rd. Conseqently, condition (6b) for log p holds for all x ∈ Rd.
Furthermore, by equation (44) and the fact that p(x) > 0 for all x ∈ Rd, condition (6a)
for log p holds if and only if x ∈ span(e1, e2, . . . , em).

On the other hand, from equations (41)–(43) we obtain

eTi ∇2 log p(x)ei =
eTi ∇2p(x)ei

p(x)
− e

T
i ∇p(x)∇p(x)Tei

p(x)2

= − 1

σ2
+ Fσ,i(x)

for all i = 1, 2, . . . ,m, where

Fσ,i(x) =
Cσ

p(x)V (D)σ2

∫
D

(xi − θi)2 exp

(
−‖r(x;θ)‖2

2σ2

)
dθ−

Cσ
p(x)2V (D)

∫
D

(xi − θi) exp

(
−‖r(x;θ)‖2

2σ2

)
dθ

2

.

Since it can be shown that Fσ,i(x) > 0 for all x ∈ Rd and i = 1, 2, . . . ,m, we observe
that

eTi ∇2 log p(x)ei = − 1

σ2
+ Fσ,i(x) > − 1

σ2
= eTj ∇2 log p(x)ej

for all i = 1, 2, . . . ,m and j = m + 1,m + 2, . . . , d. This shows that the eigenvalues
of ∇2 log p corresponding to the eigenvectors in the subspace spanned by the vectors
e1, e2, . . . , em are strictly greater than the remaining ones for all x ∈ Rd. Thus, the
eigenvalues of ∇2 log p satisfy condition (6c) for all x ∈ Rd. Since we showed above
that for log p, condition (6b) holds for all x ∈ Rd and condition (6a) holds if and only if
x ∈ span(e1, e2, . . . , em), this implies that Rmlog p = span(e1, e2, . . . , em). By equation
(40) and Proposition 2.2, we then obtain that {f(θ) | θ ∈ D} ⊆ Rmlog p = Rmp .
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For the proofs of Lemmata 3.1 and 3.3, we need the following lemma.

Lemma A.1. LetH ∈ Rd×d be a symmetric matrix and define

V = [vm+1,vm+2, . . . ,vd] ∈ Rd×(d−m)

and
Λ = diag[λm+1, λm+2, . . . , λd] ∈ R(d−m)×(d−m),

where {vi}di=m+1 denote the orthonormal eigenvectors of H corresponding to its eigen-
values λm+1 ≥ λm+2 ≥ · · · ≥ λd. If we define H̃ = V THV , then H̃ = Λ. Fur-
thermore, if we let g ∈ Rd and s ∈ span(vm+1,vm+2, . . . ,vd) and define s̃ = V Ts
and

Q(s) = gTs+
1

2
sTHs and Q̃(s̃) = g̃T s̃+

1

2
s̃T H̃s̃

with g̃ = V Tg, then we have Q(s) = Q̃(s̃), ‖s‖ = ‖s̃‖ and s = V s̃.

Proof. In order to show that H̃ = Λ, we define the matrices

W = [v1,v2, . . . ,vd] ∈ Rd×d and U = diag[λ1, λ2, . . . , λd] ∈ Rd×d,

where {vi}di=1 denote the eigenvectors ofH corresponding to its eigenvalues λ1 ≥ λ2 ≥
· · · ≥ λd. By the definition H̃ = V THV and the eigendecomposition H = WUW T ,
we have

H̃ = V THV = V TWUW TV = V T

[
d∑
i=1

λiviv
T
i

]
V =

d∑
i=m+1

ei−me
T
i−mλi = Λ,

where ei denotes a d−m-dimensional unit vector along the i-th coordinate axis.
Since the vectors {vi}di=m+1 span an orthonormal basis, we have s = V V Ts for all

s ∈ span(vm+1,vm+2, . . . ,vd). Thus, by the definition s̃ = V Ts, for any such s we
obtain

Q(s) = gTs+
1

2
sTHs = gTV V Ts+

1

2
sTV V THV V Ts = g̃T s̃+

1

2
s̃T H̃s̃ = Q̃(s̃)

and also s = V V Ts = V s̃.
Finally, for s ∈ span(vm+1,vm+2, . . . ,vd) and s̃ = V Ts, by expressing s as a linear

combination of the orthonormal basis vectors {vi}di=1 that span Rd, we obtain

‖s‖2 = ‖
d∑
i=1

vTi svi‖2 = ‖
d∑

i=m+1

vTi svi‖2 =

d∑
i=m+1

(vTi s)
2 = ‖V Ts‖2 = ‖s̃‖2.

Lemma 3.1 Let g ∈ Rd and letH ∈ Rd×d be a symmetric matrix and define

Q(s) = gTs+
1

2
sTHs.
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Let 0 ≤ m < d, ∆ > 0 and let λm+1 ≥ λm+2 ≥ · · · ≥ λd and {vi}di=m+1 denote
the d − m smallest eigenvalues and the corresponding normalized eigenvectors of H ,
respectively. A vector s∗ ∈ Rd is a solution to the problem

max
s

Q(s) s.t. ‖s‖ ≤ ∆ and s ∈ span(vm+1,vm+2 . . . ,vd) (46)

if s∗ is feasible and the conditions

V (Λ− κI)V Ts∗ = −V V Tg, (47)

κ(∆− ‖s∗‖) = 0, (48)

V (Λ− κI)V T is negative semidefinite (49)

hold for some κ ≥ 0, where

V = [vm+1,vm+2, . . . ,vd] ∈ Rd×(d−m),

Λ = diag[λm+1, λm+2, . . . , λd] ∈ R(d−m)×(d−m)

and I is the (d−m)× (d−m) identity matrix.

Proof. Define g̃ = V Tg and H̃ = V THV . By Theorem 4.1 of [23], a vector s̃∗ ∈
Rd−m is a solution to the problem

max
s̃

Q̃(s̃) s.t. ‖s̃‖ ≤ ∆, (50)

where
Q̃(s̃) = g̃T s̃+

1

2
s̃T H̃s̃

if

(H̃ − κI)s̃∗ = −g̃, (51)

κ(∆− ‖s̃∗‖) = 0, (52)

H̃ − κI is negative semidefinite (53)

for some κ ≥ 0.
Assume then that s∗ ∈ Rd is in the feasible set of problem (46), that is, ‖s∗‖ ≤ ∆ and

s∗ ∈ span(vm+1,vm+2, . . . ,vd) and that conditions (47)–(49) are satisfied with some
κ ≥ 0. Let s̃∗ = V Ts. By Lemma A.1 we have H̃ = Λ. Thus, by premultiplying
condition (47) by V T we obtain (H̃ − κI)V Ts∗ = −V Tg. By the definitions of s̃∗

and g̃, this is equivalent to condition (51). In addition, since by Lemma A.1 we have
‖s∗‖ = ‖s̃∗‖, condition (48) implies condition (52) and the condition that ‖s̃‖ ≤ ∆.
Finally, since the matrices V (Λ−κI)V T and Λ−κI have the same nonzero eigenvalues
and Λ = H̃ by Lemma A.1, condition (49) implies condition (53). Hence, s̃∗ is a solution
to problem (50).

By Lemma A.1 we have Q(s) = Q̃(s̃). Assume then that there exists u∗ ∈ Rd that
is in the feasible set of problem (46) such that Q(u∗) > Q(s∗). By Lemma A.1, this
implies that Q(u∗) = Q̃(ũ∗) > Q̃(s̃∗) = Q(s∗), where ũ∗ = V Tu∗. This leads to a
contradiction with the above fact that s̃∗ is a solution to problem (50), and thus s∗ is a
solution to problem (46).
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Lemma 3.3 At each iteration of Algorithm 1, there exists a constant κk ≥ 0 such that
the conditions

[∇̃2p̂(xk)− κkI]s̃k = −∇̃p̂(xk), (54)

κk(∆k − ‖s̃k‖) = 0, (55)

∇̃2p̂(xk)− κkI is negative semidefinite (56)

are satisfied. At each iteration, the conditions

Q̃k(s̃k) + p̂(xk) = Qk(sk), (57)

‖s̃k‖ = ‖sk‖, (58)

sk = V ks̃k (59)

also hold.

Proof. The steps sk and parameters κk at each iteration of Algorithm 1 are chosen as
sk = s∗ and κk = κ∗ such that conditions (15)–(17) are satisfied. The vector g and
matrix H of problem (14) correspond to the gradient and Hessian of problem (9), and
hence the matrices V and Λ of conditions (15)–(17) correspond to the matrices

V k = [vm+1(xk),vm+2(xk), . . . ,vd(xk)] ∈ Rd×(d−m)

and
Λk = diag[λm+1(xk), λm+2(xk), . . . , λd(xk)] ∈ R(d−m)×(d−m),

respectively, where {vi(xk)}di=m+1 denote the eigenvectors of ∇2p̂(xk) corresponding
to the eigenvalues λm+1(xk) ≥ λm+2(xk) ≥ · · · ≥ λd(xk).

Thus, by condition (15) for all k ≥ 0 we have

V k[Λk − κkI]V T
k sk = −V kV

T
k∇p̂(xk). (60)

Premultiplying equation (60) by V T
k and using the definitions s̃k = V T

k sk and ∇̃p̂(xk) =
V T
k∇p̂(xk) yields

(Λk − κkI)s̃k = −∇̃p̂(xk).

By the definition ∇̃2p̂(xk) = V T
k∇2p̂(xk)V k we can apply Lemma A.1 from which we

obtain that Λk = ∇̃2p̂(xk). Thus, condition (54) holds for all k.
By condition (17), for all k we have that V k(Λk − κkI)V T

k is negative semidefinite.
Since this matrix and the matrix Λk − κkI have the same nonzero eigenvalues, by the
definition of ∇̃2p̂(xk) and Lemma A.1 this is equivalent to the condition that Λk−κkI =
∇̃2p̂(xk)− κkI is negative semidefinite, which shows that condition (56) holds for all k.

Since sk ∈ span(vm+1(xk),vm+2(xk), . . . ,vd(xk)) for all k, by Lemma A.1 we
have Q̃k(s̃k) + p̂(xk) = Qk(sk), where Q̃k(s̃k) and Qk(sk) are defined according to
equations (23) and (9), respectively. Thus, condition (57) holds for all k. By Lemma
A.1, conditions (58) and (59) also hold for all k. Finally, by condition (16), we have
κk(∆k−‖sk‖) = 0 for all k. By condition (58), this implies that condition (55) holds.
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B Continuity of Eigenvalues and Eigenvectors
In this appendix we recall the classical results about continuity of eigenvalues and eigen-
vectors of a matrix. Theorems 3.2 and 3.4 follow from these results.

Theorem B.1 ( [24], Theorem 3.1.2). The roots of the eigenvalue equation

det(M − λI) = 0 (61)

with respect to λ are continuous functions of the elements of the matrixM ∈ Cd×d. That
is, there exist continuous functions {λi}di=1 : Cd×d → C satisfying equation (61) for all
M ∈ Cd×d.

It follows directly from Theorem B.1 that the eigenvalues of the Hessian of the C∞-
function p̂(x) are continuous with respect to x due to continuity of the Hessian. This is
due to the fact that the functions {λi ◦ ∇2p̂}di=1, where the functions {λi}di=1 are defined
as in Theorem B.1, are continuous. Consequently, the eigenvalues sorted in descending
order are also continuous.

Theorem 3.2 If p̂ : Rd → R is a Gaussian log-kernel density estimate, then there exist
continuous functions {λi}di=1 : Rd → R representing the eigenvalues of ∇2p̂ such that
λ1(x) ≥ λ2(x) ≥ · · · ≥ λd(x) for all x ∈ Rd.

It is shown in [24] that if a matrix has a simple eigenvalue (i.e. an eigenvalue λ that
is a simple root of equation (61)), then the eigenvector corresponding to this eigenvalue is
locally continuous with respect to the elements of the matrix.

Theorem B.2 ( [24], Theorem 3.1.3). Assume that λ0 ∈ C is a simple eigenvalue of a
matrix M0 ∈ Cd×d, and v0 6= 0 is the corresponding eigenvector. Then there exist
functions λ : Cd×d → C and v : U → Cd defined in some neighbourhood U ofM0 such
that

Mv(M) = λ(M)v(M)

for allM ∈ U and λ and v are continuous atM0.

In analogy with Theorem 3.2, continuity of eigenvectors with respect to matrix ele-
ments implies continuity of eigenvectors of the Hessian ∇2p̂ with respect to x. Under
Assumption 3.1, continuity of the eigenvectors of ∇2p̂ corresponding to the m greatest
eigenvalues in the neighbourhood U of Assumption 3.1 is thus guaranteed.

Theorem 3.4 If m > 0, then for any open neighbourhood U of x0 satisfying Assump-
tion 3.1, there exists a set of continuous eigenvectors {vi}mi=1 : U → Rd of ∇2p̂ corre-
sponding to the eigenvalues {λi}mi=1 defined as in Theorem 3.2.
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C Projections of the Test Datasets

(a) Spiral3d

(b) Helix

Figure 5: Kernel density ridge projections of the Spiral3d and Helix datasets.
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Figure 6: Generating curves and kernel density ridge projections of two-dimensional
datasets listed in Table 1.
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