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Abstract
Clustering is among most important tasks in data mining. This problem in very large
data sets is challenging for most existing clustering algorithms. It is important to develop clustering algorithms which are accurate and can provide real time clustering
in such data sets. This paper introduces one such algorithm. Using nonsmooth optimization formulation of the clustering problem the objective function in this problem
is represented as a difference of two convex functions. Then a new diagonal bundle
method that explicitly utilizes this structure is designed to solve this problem. The
method is evaluated using real world data sets with both the large number of attributes
and/or large number of data points. The new algorithm is also compared with an other
algorithm based on difference of convex representations.
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Introduction

Clustering is dealing with the problems of organization of a collection of patterns
into clusters based on similarity. It has many applications in medicine, engineering
and business. The similarity measure in the clustering can be defined using various distance-like functions. Clustering problems with the similarity measure defined
by the squared Euclidean norm are called the minimum sum-of-squares clustering
(MSSC) problem. These problems have been studied extensively, and there are various optimization algorithms for solving them (see, e.g. [8, 9, 35], for brief review of
some of these algorithms). In papers [6, 9, 12], nonsmooth optimization (NSO, not
necessarily differentiable optimization) algorithms were developed. Algorithms based
on hyperbolic smoothing technique are presented in [7, 37, 38]. Various optimization
techniques such as branch and bound [16], interior point methods [17], the variable
neighborhood search algorithm [22] and metaheuristics such as the simulated annealing [34], tabu search [1], and genetic algorithms [33] have also been introduced. In
addition, algorithms based on difference of convex (DC) representation of the MSSC
problem are introduced in [2, 3, 4, 11].
Most of the algorithms mentioned above are not applicable or have limited capabilities for solving clustering problems in large data sets. They become time consuming
as the size of data sets increase. The use of the DC structure of the clustering problem
and modification of powerful optimization methods for this type of problem may lead
to the design of efficient clustering algorithms in very large data sets. In this paper, the
phrase “very large data set” means that the data set contains hundred of thousands or
millions of data points (features) and/or hundreds of attributes. However, we assume
that such data sets still can be stored in the memory of a computer and might be read
many times. The aim of this paper is to develop new clustering algorithm which is
accurate and efficient in very large data sets.
The idea of the new method comes from two sources: first, the possibility of splitting the clustering problem into two different pieces — one of which is convex and
smooth and another one which is general convex nonsmooth — and second, from the
fact that the convex model of the objective function is usually reasonable good also
for nonconvex problems but in some areas where there exists the so-called concave
behaviour in the objective. Thus the nonconvexity of the problem should be taken to
account with the ”minimum” effort.
In this paper, we introduce a new DC diagonal bundle algorithm (DCD-B UNDLE)
for solving clustering problems given in a form of DC functions. The DCD-B UNDLE
combines the ideas of the diagonal bundle method (D-B UNDLE, [25]) to different usage of metrics depending on the convex or concave behaviour of the objective at the
current iteration point. The D-B UNDLE, in its turn, is developed for sparse largescale nonsmooth, possible nonconvex, optimization. It is a successor of the limited
memory bundle method (LMBM, [20, 21]) and the variable metric bundle method
(VMBM, [29, 36]) better capable to handle large dimensionality and sparsity of the
objective. The idea of splitting the information obtained in previous iterations comes
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from [18, 19]. However, instead of splitting the bundle information (i.e. the subgradient information) as in [18, 19], the DCD-B UNDLE computes different variable metric
approximations depending on the point. In addition, the DCD-B UNDLE uses the real
structure of the problem given as a DC formulation.
The DCD-B UNDLE shares the good properties of the D-B UNDLE. That is, the
time-consuming quadratic direction finding problem appearing in the standard bundle
methods (see eq. [24, 26, 30]) needs not to be solved, nor the number of stored subgradients needs to grow with the dimension of the problem. Furthermore, the method
uses only a few vectors to represent the diagonal variable metric approximation of the
Hessian matrix and, thus, it avoids storing and manipulating large matrices as is the
case in the VMBM and dense approximations to Hessian as is the case in the LMBM.
The usage of different metrics in the DCD-B UNDLE gives us a possibility to better
deal with the nonconvexity of the problem than only the usual subgradient locality
measure (see e.g. [27, 31]) used in the D-B UNDLE does.
This paper is organized as follows. In Section 2 we introduce our notation and
recall some basic definitions and results from nonsmooth analysis. DC representations
of cluster functions are given in Section 3. Optimality conditions for the auxiliary
clustering problem and the clustering problem are studied in Section 4. In Section 5,
we discuss the basic ideas of the DCD-B UNDLE method and, in Section 6, we prove
its convergence. In Section 7, we recall the ideas of incremental approach used to
solve globally the clustering problem. The results of the numerical experiments are
presented and discussed in Section 8, and finally, Section 9 concludes the paper.
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Notations and Background

In this section, we give our notations, recall definitions of DC function and DC programming problem, and give some basic definitions and results from nonsmooth analysis and DC programming.
We denote by k·k the Euclidean norm in Rn and by aT b the inner product of vectors
a and b (bolded symbols are used for vectors). In addition, we denote diag(a), for
a ∈ Rn , the diagonal matrix such that diag(a)i,i = ai . The Frobenius norm of matrix
A ∈ Rn×n is denoted by kAkF . That is, we define
v
uX
n
u n X
t
A2i,j .
kAkF =
i=1 j=1

An open (closed) ball with center x ∈ Rn and radius r > 0 is denoted by Br (x)
(B̄r (x)).
A function f : Rn → R is called a DC function if there exists convex functions
f1 : Rn → R and f2 : Rn → R such that
f (x) = f1 (x) − f2 (x).
2

The functions f1 and f2 are called DC components of f and f1 − f2 is called a DC
decomposition of f . Note that a DC function has infinitely many DC decompositions.
An unconstrained DC programming problem is an optimization problem of the
form
(
minimize
f (x) = f1 (x) − f2 (x),
(1)
subject to
x ∈ Rn ,
where f1 and f2 are convex, not necessarily differentiable functions.
Let f : Rn → R be a convex function. Its subdifferential at x ∈ Rn is defined by

∂c f (x) = ξ ∈ Rn | f (y) − f (x) ≥ ξ T (y − x) for all y ∈ Rn .
Each vector ξ ∈ ∂c f (x) is called a subgradient.
A function f : Rn → R is called a locally Lipschitz on Rn if for any bounded
subset X ⊂ Rn there exists L > 0 such that
|f (x) − f (y)| ≤ Lkx − yk for all x, y ∈ X.
The generalized derivative [14] of a locally Lipschitz function f at a point x with
respect to a direction u ∈ Rn is defined as
f (y + αu) − f (y)
α
α↓0,y→x

f 0 (x, u) = lim sup

and the subdifferential ∂f (x) of the a locally Lipschitz function f at x is given by

∂f (x) = ξ ∈ Rn | f 0 (x, u) ≥ ξ T u for all u ∈ Rn .
Each vector ξ ∈ ∂f (x) is called a subgradient. For convex function we have that
∂f (x) = ∂c f (x) for all x ∈ Rn . From now on we will use the notation ∂f also for
subdifferentials of convex functions.
A function f is called directionally differentiable at x if the limit
f 0 (x, u) = lim
α↓0

f (x + αu) − f (x)
α

exists for any u ∈ Rn . A directionally differentiable function is called subdifferentially
regular at x if f 0 (x, u) = f 0 (x, u), for all u ∈ Rn . In general, nonsmooth DC
functions are not subdifferentially regular and the Clarke subdifferential calculus exists
for such functions only in the form of inclusions (see e.g. [10])
∂f (x) ⊆ ∂f1 (x) − ∂f2 (x).

(2)

Such a calculus cannot be used to compute subgradients of the function f .
A point x∗ ∈ Rn is called a local minimizer of the problem (1) if there exists r > 0
such that f (x∗ ) ≤ f (x) for all x ∈ Br (x∗ ).
3

T HEOREM 2.1. [15] A point x∗ to be a local minimizer of the problem (1) it is necessary that
∂f2 (x∗ ) ⊂ ∂f1 (x∗ ).
(3)
It is clear that if a point x∗ is a local minimizer of the problem (1) then
0 ∈ ∂f (x∗ )

(4)

∂f2 (x∗ ) ∩ ∂f1 (x∗ ) 6= ∅.

(5)

and
Points satisfying (3) are called inf-stationary, points satisfying (4) are called Clarke
stationary and points satisfying (5) are called critical points of problem (1). In general,
any inf-stationary point is also a Clarke stationary and a critical point. Furthermore,
any Clarke stationary point is also a critical point.

3

DC Programming Approach to Clustering Problems

In this section we recall a NSO formulation of clustering problems and their DC representations.
Cluster Analysis. In cluster analysis we assume that we are given a finite set of
points A in the n-dimensional space Rn , that is
A = {a1 , . . . , am }, where ai ∈ Rn , i = 1, . . . , m.
The hard unconstrained clustering problem is the distribution of the points of the set
A into a given number k of disjoint subsets Aj , j = 1, . . . , k such that
1. Aj =
6 ∅, j = 1, . . . , k
T
2. Aj Al = ∅, for all j, l = 1, . . . , k, j 6= l.
3. A =

k
S

Aj .

j=1

The sets Aj , j = 1, . . . , k are called clusters and each cluster Aj can be identified by
its center xj ∈ Rn , j = 1, . . . , k. The problem of finding these centers is called the
k-clustering (or k-partition) problem. In order to formulate the clustering problem we
need to define the similarity (or dissimilarity) measure. In this paper, the similarity
measure is defined using the L2 norm
d2 (x, a) =

n
X
(xi − ai )2 .
i=1

4

Clustering Problem. The NSO formulation of the MSSC problem [8, 9] is given as
(
minimize
subject to

fk (x)
x = (x1 , . . . , xk ) ∈ Rnk ,

(6)

1 X
min d2 (xj , a).
m a∈A j=1,...,k

(7)

where
fk (x1 , . . . , xk ) =

The DC representation of the function fk in Problem (6) [11] is
fk (x) = fk1 (x) − fk2 (x), x = (x1 , . . . , xk ) ∈ Rnk ,

(8)

where
k

1 XX
fk1 (x) =
d2 (xj , a),
m a∈A j=1

and

k
X
1 X
d2 (xs , a).
fk2 (x) =
max
m a∈A j=1,...,k s=1,s6=j

Since the function d2 is convex in x, the function fk1 is also convex as a sum of
convex functions. In its turn, the function fk2 is a sum of maxima of sum of convex
functions. Since d2 is convex and a sum of convex functions is convex, the functions
under maximum are convex. Furthermore, the maximum of a finite number of convex
functions is also convex. Thus, the function fk2 is a sum of convex functions and
therefore it is also convex.
Note that the similarity measure in nonsmooth clustering problem can also be
defined using other norms. That is, for instance, L1 - or L∞ -norm (see e.g. [10]).
Nevertheless, with these norms both fk1 and fk2 are nonsmooth while with d2 the
first component fk1 of the DC function remains smooth (continuously differentiable).
Due to the fact that general nonsmooth DC functions are not subdifferentially regular,
smoothness of fk1 is in demand in order to calculate the subdifferentials of clustering
problems.
Auxiliary Clustering Problem. Problem (6) is a global optimization problem.That
is, the objective function fk in this problem has many local minimizers and only its
global minimizers provide the best cluster structure of a data set with the least number
of clusters. In general, conventional global optimization methods cannot be applied
to solve this problem in large data sets. Therefore in such data sets heuristics and
deterministic local search algorithms are the only choice. However, the success of
these algorithms heavily depends on the choice of starting cluster centers and the development of efficient procedures for generating starting clusters centers is crucial for
5

the success of such algorithms. Here we apply an approach introduced in [32] to find
starting cluster centers. This approach involves the solution of the so-called auxiliary
clustering problem.
Assume that the solution x1 , . . . , xk−1 , k ≥ 2 to the (k − 1)-clustering problem
a
is known. Denote by rk−1
the distance between the data point a ∈ A and the closest
cluster center among k − 1 centers x1 , . . . , xk−1 . That is,

a
rk−1
= min d2 (x1 , a), . . . , d2 (xk−1 , a) .
(9)
The k-th auxiliary cluster function is defined as [5]
 a
1 X
min rk−1
, d2 (y, a) , y ∈ Rn .
f¯k (y) =
m a∈A

(10)

This function is nonsmooth, locally Lipschitz, directionally differentiable and as a sum
of minima of convex functions it is, in general, nonconvex. It is obvious that
f¯k (y) = fk (x1 , . . . , xk−1 , y), for all y ∈ Rn .
A problem
(
minimize
subject to

f¯k (y)
y ∈ Rn ,

(11)

is called the k-th auxiliary clustering problem [5]. The DC representation of the function f¯k [11] is given by
f¯k (y) = f¯k1 (y) − f¯k2 (y)
(12)
where

1 X a
f¯k1 (y) =
rk−1 + d2 (y, a) , and
m a∈A
1 X
a
f¯k2 (y) =
max{rk−1
, d2 (y, a)}.
m a∈A

4

Optimality Conditions

In this section we study optimality conditions for Problems (6) and (11) using their
DC representations. For more details and proofs we refer to [11].
Subgradients and Optimality Conditions for Auxiliary Clustering Problem. The
function f¯k1 is smooth on Rn and its gradient at y ∈ Rn is given by
∇f¯k1 (y) =

2 X
(y − a).
m a∈A
6

(13)

In its turn, the function f¯k2 is nonsmooth and to write its subdifferential at a given
point y ∈ Rn we introduce the following sets
a
Ā1 (y) = {a ∈ A | rk−1
> d2 (y, a)},
a
Ā2 (y) = {a ∈ A | rk−1 < d2 (y, a)},
a
Ā3 (y) = {a ∈ A | rk−1
= d2 (y, a)}.

and

We rewrite the function f¯k2 at y as


X
X
X

1 
a
a
+
, d2 (y, a)  .
f¯k2 (y) =
rk−1
d2 (y, a) +
max rk−1
m
a∈Ā1 (y)

a∈Ā2 (y)

a∈Ā3 (y)

Then its subdifferential at y is


X
X
2 
∂ f¯k2 (y) =
(y − a) +
conv{0, (y − a)} .
m
a∈Ā2 (y)

(14)

a∈Ā3 (y)

Now due to smoothness of f¯k1 , the generalized subdifferential ∂ f¯k (y) of the k-th auxiliary cluster function f¯k at y ∈ Rn can be given as
∂ f¯k (y) = ∇f¯k1 (y) − ∂ f¯k2 (y).
T HEOREM 4.1. At any inf-stationary point y ∗ of Problem (11) the subdifferential
∂ f¯k2 (y ∗ ) is singleton




X
2
(y ∗ − a) .
(15)
∂ f¯k2 (y ∗ ) =

m
∗
a∈Ā2 (y )

Moreover, for a point y ∗ to be a local minimizer of Problem (11) it is necessary that
X
(y ∗ − a) = 0.
(16)
a∈Ā1 (y ∗ )

It is obvious that any inf-stationary point of Problem (11) is also Clarke stationary
and critical point of this problem. In general, the set of inf-stationary points is a strict
subset of these two sets. In addition, the sets of Clarke stationary and critical points of
Problem (11) coincide and they are given by
S = {y ∈ Rn | ∇f¯k1 ∈ ∂ f¯k2 (y)}.

(17)

Finally, we demonstrate how two different subgradients from ∂ f¯k2 (y), y ∈ Rn can
be computed if this subdifferentials is not singleton. This result is needed in order
7

to develop an algorithm that can escape Clarke stationary point and converge to infstationary point. To compute different subgradients we can choose ξ 1 , ξ 2 ∈ ∂ f¯k2 (y)
using (14) as follows
2 X
ξ1 =
(y − a)
m
a∈Ā2 (y)

and
ξ 2 = ξ 1 + ξ̄, ξ̄ = argmax a∈Ā3 (y) ky − ak.
It is clear that if ξ̄ = 0 then ∂ f¯k2 (y) is singleton.
Subgradients and Optimality Conditions for Clustering Problem. The function
fk1 is smooth and its gradient is given by
b
∇fk1 (x) = 2(x − A).

(18)

b = (A
b1 , . . . , A
bk ), A
b1 = . . . = A
bk = (â1 , . . . , ân ) and
Here A
ât =

1 X
at .
m a∈A

This means that the subdifferential ∂fk1 (x) = {∇fk1 (x)} is a singleton for any x ∈
Rn (see e.g. [10]).
In general, the function fk2 is nonsmooth. To compute its subdifferential consider
the following function and a set [32]
ϕa (x) = max

j=1,...,k

and

(
Ra (x) =

j ∈ {1, . . . , k} |

k
X

d2 (xs , a),

(19)

s=1,s6=j

k
X

)
s

d2 (x , a) = ϕa (x) .

(20)

s=1,s6=j

The subdifferential ∂ϕa (x) of the function ϕa at x is as follows
n
o
j
j
nk
∂ϕa (x) = conv V ∈ R | V = 2(x̃ − Ãi ), j ∈ Ra (x) ,
where

x̃j = x1 , . . . , xj−1 , 0n , xj+1 , . . . , xk ,


Ãji = Ãji1 , . . . , Ãjik ∈ Rnk ,
and
Ãjit = ai , t = 1, . . . , k, t 6= j, Ãjij = 0n .
8

(21)

Then the subdifferential ∂fk2 (x) can be expressed as:
∂fk2 (x) =

1 X
∂ϕa (x).
m a∈A

(22)

Similarly to auxiliary clustering problem, the smoothness of fk1 (x) allows us to
write the the generalized subdifferential ∂fk (x) of the clustering function fk at x ∈
Rnk as
∂fk (x) = ∇fk1 (x) − ∂fk2 (x).
Moreover, the sets of Clarke stationary and critical points of Problem (6) coincide and
at these points
∇fk1 (x) ∈ ∂fk2 (x).
Now we are ready to give the necessary condition for a local minimum of clustering
problem.
T HEOREM 4.2. Let x ∈ Rnk be a local minimizer of the problem (6). Then the objective function fk is smooth at this point and
∂fk (x) = {∇fk (x)} = {0},
where
∇fk (x) =

2 X X
(xj − a).
m a∈A
j∈Ra (x)

We finish this section by showing how two different subgradients from
∂fk2 (x), x ∈ Rnk can be computed if these subdifferentials are not singleton. Let
us define the following two sets
A1 = {a ∈ A | |Ra (x)| = 1},

A2 = {a ∈ A | |Ra (x)| ≥ 2}.

If A1 = A then ∂ f¯k2 (x) is singleton. If |A2 | ≥ 1 then ∂ f¯k2 (x) is not singleton.
Take any a ∈ A2 . Since |Ra (x)| ≥ 2 the point is attracted by at least two cluster
centers. Using two cluster centers we can compute two subgradients for the function
ϕa defined by (19).

5

Diagonal Bundle Method for DC Clustering Problem

In this section, we introduce a new algorithm DCD-B UNDLE for solving nonsmooth
clustering problems given in DC-form. The algorithm is used to solve both the clustering problem (6) and the auxiliary clustering problem (11). It is easy to see that both
these problems can be formulated as an unconstrained DC programming problem
(
minimize
f (x) = f1 (x) − f2 (x)
(23)
subject to
x ∈ Rn ,
9

with f1 and f2 convex. In our approach we also assume that f1 is smooth. For the clustering problems with the similarity measure defined by the squared Euclidean norm
this assumption is trivially satisfied. In addition, we assume that at every point x we
can evaluate the values of the DC-components f1 (x) and f2 (x) of the objective function f (x), the gradient ∇f1 (x) of the first component, and one arbitrary subgradient
ξ 2 from the subdifferential ∂f2 (x) of the second component.
Linearization error. The DCD-B UNDLE uses the sign of the linearization error to
detect the ”convex” or ”concave” behaviour of the objective. The linearization error
αk+1 at point y k+1 is given by
αk+1 = f (xk ) − f (y k+1 ) + (∇f1 (y k+1 ) − ξ 2,k+1 )T dk .
Here xk is the current iteration point, y k+1 = xk + dk is a new auxiliary point, dk is
the current search direction and ξ 2,k+1 ∈ ∂f2 (y k+1 ).
Matrix Updating and Splitting of Data. The DCD-B UNDLE uses the diagonal update formula introduced in [23] for updating the matrices, since for this formula it is
easy to check and guarantee the positive definiteness of generated matrices. Moreover, using diagonal update matrix requires minimum amount of storage space and
computations.
In practice, the DCD-B UNDLE uses at most mc correction vectors to compute
updates for matrices. These correction vectors are slightly modified from those
in the classical limited memory variable metric methods for smooth optimization
(see, e.g. [13]). That is, the correction vectors are given by sk = y k+1 − xk ,
u1,k = ∇f1 (y k+1 ) − ∇f1 (xk ), and u2,k = ξ 2,k+1 − ξ 2,m with ξ 2,k+1 ∈ ∂f2 (y k+1 )
and ξ 2,m ∈ ∂f2 (xk ). Note that, due to usage of null steps we may have xk+1 = xk
and thus, we use here the auxiliary point y k+1 instead of xk+1 . In addition, we now
compute the gradient differences separately to both DC-components and, since the
gradient does not need to exist for nonsmooth component f2 , the correction vectors u2 are computed using subgradients. Now, instead of just two correction matrices Sk = [sk−mc +1 . . . sk ] and Uk = [uk−mc +1 . . . uk ] used in [13] and, also
in the D-B UNDLE [25], we have three correction matrices Sk = [sk−mc +1 . . . sk ],
U1,k = [u1,k−mc +1 . . . u1,k ], and U2,k = [u2,k−mc +1 . . . u2,k ]. We use these matrices to
compute separate approximations to both f1 and f2 and we use the different approximations depending on the sign of the linearization error.
The approximation of the Hessian Bl,k+1 (l = 1, 2) is chosen to be a diagonal
matrix and the check of positive definiteness is included as a constraint to problem.
Thus, the update matrix Bl,k+1 (l = 1, 2) is defined by


kBl,k+1 Sk − Ul,k k2F
minimize
(24)
subject to
(Bl,k+1 )i,j = 0 for i 6= j


(Bl,k+1 )i,i ≥ µ for i = 1, 2, . . . , n and µ > 0.
10

This minimization problem has a solution
(
bi /Qi,i , if bi /Qi,i > µ
(Bl,k+1 )i,i =
µ,
otherwise,
P c
P c
where b = 2 m̂
diag(si )ul,i and Q = 2 m̂
[diag(si )]2 with si ∈ S and ul,i ∈ Ul ,
i=1̂
i=1̂
l = 1, 2. In our computations we use the inverse of this matrix, that is, Dl,k = (Bl,k )−1 .
Note that in addition to the upper bound µmax = µ1 , we also use the lower bound µmin
(0 < µmin < µmax ) for the components of the matrix. We call the approximations D1,k
and D2,k the “convex approximation” and the “concave approximation”, respectively.
Direction Finding, Serious and Null Steps. The DCD-B UNDLE uses the above
mentioned diagonal approximations to compute the search direction. If the previous
step was a serious step, we suppose that the convex model of the function is good
enough and we use directly the ”convex approximation” of the Hessian and the current
subgradient of the objective function. That is, the search direction is computed by the
formula
dk = −D1,k ξ k ,
where ξ k = ∇f1 (xk )−ξ 2,k ∈ ∂f (xk ) and ξ 2,k ∈ ∂f2 (xk ). Otherwise, if the linearization error αk+1 is positive, we still use the ”convex approximation” of the Hessian but
the subgradient of the objective is taken account in a form of an aggregate subgradient
ξ̃ k (to be described later). Thus, the search direction is given by
dk = −D1,k ξ̃ k ,
In case of negative α, we first compute the convex combination of the ”convex” and
negative ”concave approximations” such that the combination still remains positive
definite and then use this combination to compute search direction. In other words we
compute the smallest pk ∈ [0, 1] such that pk D1,k − (1 − pk )D2,k is positive definite.
Note that due to diagonal matrices used this value is very easy to compute. The search
direction is then computed by the formula
dk = −(pk D1,k − (1 − pk )D2,k )ξ̃ k .

(25)

When the search direction is computed, we next compute a new auxiliary point:
y k+1 = xk + dk . A necessary condition for a serious step to be taken is to have
f (y k+1 ) ≤ f (xk ) − εL wk ,

(26)

where εkL ∈ (0, 1/2) is a given descent parameter and wk > 0 represents the desirable
amount of descent of f at xk . If condition (26) is satisfied, we set xk+1 = y k+1 and
a serious step is taken. Note that in the case of a serious step we consider the current
11

“convex approximation” to be good enough and we continue with this metrics even if
the linearization error was negative.
If condition (26) is not satisfied, a null step occurs. In null steps, we search for a
scalar t ∈ (0, 1] such that ξ tk+1 = ∇f1 (xk + tdk ) − ξ t2,k+1 with ξ t2,k+1 ∈ ∂f2 (xk + tdk )
satisfies the condition
−βk+1 + dTk ξ tk+1 ≥ −εR wk ,

(27)

where εR ∈ (εL , 1/2) is a given parameter and βk+1 is the subgradient locality measure [27, 31] similar to bundle methods. That is,

(28)
βk+1 = max |f (xk ) − f (xk + tdk ) + t(ξ tk+1 )T dk |, γktdk k2 ,
where γ ≥ 0 is a distance measure parameter supplied by the user. This kind of t
always exists [19] . In the case of a null step, we set xk+1 = xk but information about
the objective function is increased because we utilize the auxiliary point y tk+1 = xk +
tdk and the corresponding auxiliary subgradient ξ tk+1 ∈ ∂f (y tk+1 ) in the computation
of next aggregate values.
To ensure the global convergence of the DCD-B UNDLE , we have to assume that
all the matrices D1,k and D2,k are bounded. Due to the diagonal update formula this
assumption is trivially satisfied. In addition, the condition
T

T

ξ̃ k D1,k ξ̃ k ≤ ξ̃ k D1,k−1 ξ̃ k

(29)

has to be satisfied each time there occurs more than one consecutive null step. In the
DCD-B UNDLE this is guaranteed simply by skipping the convex updates if more than
one consecutive null steps occurs.
Aggregation. The aggregation procedure used in the DCD-B UNDLE is quite similar
to that of the original
[20, 21]. That is, we determine multipliers λki ≥ 0 for
P3 LMBM
all i ∈ {1, 2, 3}, i=1 λki = 1 that minimize the function
ϕ(λ1 , λ2 , λ3 ) = (λ1 ξ m + λ2 ξ tk+1 + λ3 ξ̃ k )T D1,k (λ1 ξ m + λ2 ξ tk+1 + λ3 ξ̃ k )
+ 2(λ2 βk+1 + λ3 β̃k ),

(30)

where we have denoted by ξ i = ∇f1,i − ξ 2,i (possible with upper index t) and m is
the index after the latest serious step. Set
ξ̃ k+1 = λk1 ξ m + λk2 ξ tk+1 + λk3 ξ̃ k
β̃k+1 =

λk2 βk+1

+

λk3 β̃k .

and

(31)
(32)

Algorithms. Now we give the detailed algorithm for DCD-B UNDLE to compute
Clarke stationary point of the clustering problem. Later, we will give the algorithm to
find inf-stationary points by using this algorithm.
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A LGORITHM 5.1. DCD-B UNDLE.
Data: Select positive line search parameters εL ∈ (0, 1/2) and εR ∈ (εL , 1) and
the distance measure parameter γ > 0. Choose the final accuracy tolerance
ε > 0, safeguard parameters µmax > µmin > 0, and the number of stored
corrections m̂c ≥ 1.
Step 0: (Initialization) Choose a starting point x1 ∈ Rn . Set D1,1 = I, Compute
f (x1 ), ∇f1,1 = ∇f1 (x1 ), and ξ 2,1 ∈ ∂f2 (x1 ). Set the iteration counter
k = 1.
Step 1: (Serious Step Initialization) Set the aggregate subgradient ξ̃ k = ξ k = ∇f1,k −
ξ 2,k and the aggregate subgradient locality measure β̃k = 0. Set an index for
the serious step m = k.
Step 2: (”Convex Direction”) Compute
dk = −D1,k ξ̃ k .
T

Step 3: (Stopping Criterion) Calculate wk = ξ̃ k D1,k ξ̃ k + 2β̃k . If wk < ε, then stop
with xk as the final solution.
Step 4: (Auxiliary Step) Evaluate
y k+1 = xk + dk ,
∇f1,k+1 = ∇f1 (y k+1 ), and
ξ 2,k+1 ∈ ∂f2 (y k+1 ).
Set sk = dk , u1,k = ∇f1,k+1 − ∇f1,m and uk = ξ 2,k+1 − ξ 2,m and add these
values to Sk , U1,k , and U2,k , respectively.
Step 5 (Serious Step) If
f (y k+1 ) − f (xk ) ≤ −εL wk ,
compute D1,k+1 using Sk and U1,k , set xk+1 = y k+1 , f (xk+1 ) = f (y k+1 ),
and go to Step 1.
Step 6: (Aggregation) Compute
αk+1 = f (xk ) − f (y k+1 ) + (∇f1,k+1 − ξ 2,k+1 )T dk .

(33)

Compute t ∈ (0, 1] such that ξ tk+1 = ∇f1 (xk + tdk ) − ξ t2,k+1 with ξ t2,k+1 ∈
∂f (xk + tdk ) satisfies condition (27) with βk+1
as in (28). DeterP3computed
k
k
mine multipliers λi ≥ 0 for all i ∈ {1, 2, 3}, i=1 λi = 1 that minimize the
function ϕ(λ1 , λ2 , λ3 ) given in (30).
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Set
ξ̃ k+1 = λk1 ξ m + λk2 ξ tk+1 + λk3 ξ̃ k

and

β̃k+1 = λk2 βk+1 + λk3 β̃k .
Step 7: (Null Step) If m = k, compute D1,k+1 using Sk and U1,k . Otherwise, set
D1,k+1 = D1,k . Two cases can occur:
Step 7a: αk+1 ≥ 0 (Convex Null Step): Set xk+1 = xk , k = k + 1 and go to Step
2.
Step 7b: αk+1 < 0 (Concave Null Step): Compute D2,k+1 using Sk and U2,k . Set
xk+1 = xk , k = k + 1 and go to Step 8.
Step 8: (”Concave Direction”) Compute the smallest p ∈ (0, 1) such that the matrix
pD1,k − (1 − p)D2,k remains positive semidefinite. Compute
dk = − (pD1,k − (1 − p)D2,k ) ξ̃ k
and go to Step 3.
As said before the above algorithm computes Clarke stationary points of the clustering problem. If the second component function f2 is smooth then this point is also
an inf-stationary point of the clustering problem. Our main assumptions in order to
find inf-stationary points is the following.
A SSUMPTION 5.1. If the subdifferential ∂f2 (x) is not a singleton at a point x ∈ Rn ,
then we can always compute two subgradients ξ 12 , ξ 22 ∈ ∂f2 (x) such that ξ 12 6= ξ 22 .
This assumption is satisfied for both clustering and auxiliary clustering problems
as is shown in Section 4.
A LGORITHM 5.2. Finding inf-stationary points.
Step 0: (Initialization) Choose a starting point x1 ∈ Rn , the line search parameter
εT ∈ (0, 1/2], and the final accuracy tolerance ε > 0. Set j = 1.
Step 1: (Clarke Stationary Point) Apply Algorithm 5.1 starting from point xj to find
a Clarke stationary point x∗ with the optimality tolerance ε.
Step 2: (Stopping Criterion) If ∂f2 (x∗ ) ⊂ ∇f1 (x∗ ) + Bε (0) then stop. The point x∗
is an inf-stationary point of the problem.
Step 3: (Descent Direction) Compute subgradients ξ 12 , ξ 22 ∈ ∂f2 (x∗ ) such that
r = maxk∇f1 (x∗ ) − ξ i2 k ≥ ε
i=1,2

and the direction ūj = −v/kvk, where
v = argmax {k∇f1 (x∗ ) − ξ i2 k | i = 1, 2}.
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Step 4: (Step Size) Compute xj+1 = x∗ + tj ūj where
tj = argmax {t > 0 | f (x∗ + tūj ) − f (x∗ ) ≤ −εT tr}.

6

Global Convergence

We now study the convergence properties of Algorithms 5.1 and 5.2 given in previous
section. We first prove that a point generated by Algorithm 5.1 is a Clarke stationary
point of problem (23). In order to do this, we assume that the final accuracy tolerance
ε is equal to zero. After that we prove that Algorithm 5.2 terminates after finite number of iterations at an inf-stationary point of the problem. For the simplicity of the
presentation we, from now on, trop out the index t from y tk and ξ tk even if t 6= 1 and
we use the notation ξ = ∇f1 − ξ 2 .
The assumptions needed to prove the global convergence are the following.
A SSUMPTION 6.1. The level set { x ∈ Rn | f (x) ≤ f (x1 ) } is bounded for every
starting point x1 ∈ Rn .
A SSUMPTION 6.2. The objective function f is bounded from below.
Note that these assumption are trivially satisfied for both clustering and auxiliary clustering problems.
R EMARK 6.1. The sequence xk generated by Algorithm 5.1 is bounded by assumption
and the monotonicity of the sequence fk which, in turn, is obtained due to condition
(26) being satisfied for serious steps and the fact that xk+1 = xk for null steps. By
the local boundedness and the upper semi-continuity of the subdifferential, we obtain
the boundedness of subgradients ξ k and their convex combinations [14]. The matrices
D1 and D2 are bounded due to fact that all their components are in closed interval
[µmin , µmax ]. Thus, the search direction dk and the sequence y k are also bounded.
L EMMA 6.1. At the kth iteration of Algorithm 5.1, we have
T

wk = ξ̃ k D1,k ξ̃ k + 2β̃k ,

wk ≥ 2β̃k ,

wk ≥ µmin kξ̃ k k2 ,

and
βk+1 ≥ γky k+1 − xk+1 k2 .

(34)

Proof. We point out first that β̃k ≥ 0 for all k by equations (28), (32), and Step 1 in
Algorithm 5.1. The relations
T

wk = ξ̃ k D1,k ξ̃ k + 2β̃k ,

wk ≥ 2β̃k ,
15

wk ≥ µmin kξ̃ k k2

follow immediately from Step 3 in Algorithm 5.1 and the lower bound µmin used for
the matrices.
By (28) and since we have xk+1 = xk for null steps, and since we, on the other
hand, have βk+1 = 0 and ky k+1 − xk+1 k = 0 for serious steps, condition (34) always
holds for some γ > 0.
L EMMA 6.2. Suppose that Algorithm 5.1 is not terminated before the kth iteration.
Then, there exist numbers λk,j ≥ 0 for j = 1, . . . , k and σ̃k ≥ 0 such that
(ξ̃ k , σ̃k ) =

k
X

k,j

λ (ξ j , ky j − xk k),

j=1

k
X

λk,j = 1,

and

β̃k ≥ γ σ̃k2 .

j=1

Proof. The proof is similar to that of Lemma 3.2 in [36].
L EMMA 6.3. Let x̄ ∈ Rn be given and suppose that there exist vectors ḡ, ξ̄ i , ȳ i , and
numbers λ̄i ≥ 0 for i = 1, . . . , l, l ≥ 1, such that
(ḡ, 0) =

l
X

λ̄i (ξ̄ i , kȳ i − x̄k),

i=1

ξ̄ i ∈ ∂f (ȳ i ),
l
X

i = 1, . . . , l,

and

λ̄i = 1.

i=1

Then ḡ ∈ ∂f (x̄).
Proof. See the proof of Lemma 3.3 in [36].
T HEOREM 6.4. If Algorithm 5.1 terminates at the kth iteration, then the point xk is
Clarke stationary for f .
Proof. If Algorithm 5.1 terminates at Step 3, then the fact ε = 0 implies that wk = 0.
Thus, ξ̃ k = 0 and β̃k = σ̃k = 0 by Lemma 6.1 and Lemma 6.2.
Now, by Lemma 6.2 and by using Lemma 6.3 with
x̄ = xk ,

l = k,

ḡ = ξ̃ k ,

ξ̄ i = ξ i ,

ȳ i = y i ,

λ̄i = λk,i

for i ≤ k,

we obtain 0 = ξ̃ k ∈ ∂f (xk ) and, thus, xk is Clarke stationary for f .
From now on, we suppose that Algorithm 5.1 does not terminate, that is, wk > 0
for all k.
L EMMA 6.5. Suppose that the level set { x ∈ Rn | f (x) ≤ f (x1 ) } is bounded. If
there exist a point x̄ ∈ Rn and an infinite set K ⊂ {1, 2, . . .} such that (xk )k∈K → x̄
and (wk )k∈K → 0, then 0 ∈ ∂f (x̄).
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Proof. The proof is similar to the proof of Lemma 3.4 in [36].
L EMMA 6.6. Suppose that the level set { x ∈ Rn | f (x) ≤ f (x1 ) } is bounded, the
number of serious steps is finite, and the last serious step occurred at the iteration
m − 1. Then
T

T

ξ̃ k+1 D1,k+1 ξ̃ k+1 = ξ̃ k+1 D1,k ξ̃ k+1
tr(D1,k ) ≤ µmax n

and

(35)
(36)

for all k > m, where tr(D1,k ) denotes the trace of matrix D1,k .
Proof. If m < k0 , we always have D1,k+1 = D1,k due Step 7 of Algorithm 5.1. Thus,
condition (35) is valid. Furthermore, in each case we have
tr(D1,k ) − µmax n = tr(D1,k ) − µmax tr(I)
= tr(D1,k ) − tr(µmax I)
= tr(D1,k − µmax I)
≤0
for all k, since D1,k is a diagonal matrix with the largest diagonal element equal to
µmax . Therefore, also condition (36) is valid for all k > m.
L EMMA 6.7. Suppose that the level set { x ∈ Rn | f (x) ≤ f (x1 ) } is bounded, the
number of serious steps is finite, and the last serious step occurred at the iteration
m − 1. Then, the point xm is Clarke stationary for f .
Proof. From (30), (31), (32), Lemma 6.1, and Lemma 6.6 we obtain
T

wk+1 = ξ̃ k+1 D1,k+1 ξ̃ k+1 + 2β̃k+1
T

= ξ̃ k+1 D1,k ξ̃ k+1 + 2β̃k+1
= ϕ(λk1 , λk2 , λk3 )
≤ ϕ(0, 0, 1)

(37)

T

= ξ̃ k D1,k ξ̃ k + 2β̃k
= wk
for k ≥ m.
Let us denote D1,k = WkT Wk . Then, function ϕ (see (30)) can be given in the form
ϕ(λk1 , λk2 , λk3 ) = kλk1 Wk ξ m + λk2 Wk ξ k+1 + λk3 Wk ξ̃ k k2 + 2(λk2 βk+1 + λk3 β̃k ).
From (37) we obtain the boundedness of the sequences (wk ), (Wk ξ̃ k ), and (β̃k ). Furthermore, Lemma 6.6 assures the boundedness of (Dk ) and (Wk ). By Lemma 6.5, we
obtain the boundedness of (y k ), (ξ k ), and (Wk ξ k+1 ).
Now, by noticing that we have −βk+1 + ξ Tk+1 dk ≥ −εR wk in null steps the last
part of the proof proceeds similar to the proof (part (ii)) of Lemma 3.6 in [36].
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T HEOREM 6.8. Suppose that the level set { x ∈ Rn | f (x) ≤ f (x1 ) } is bounded.
Then, every accumulation point of the sequence (xk ) is Clarke stationary for f .
Proof. Let x̄ be an accumulation point of (xk ), and let K ⊂ {1, 2, . . .} be an infinite
set such that (xk )k∈K → x̄. In view of Lemma 6.7, we can restrict our consideration
to the case where the number of serious steps is infinite. We denote
K0 = {k | xk+1 = xk + dk and there exists i ∈ K, i ≤ k such that xi = xk }.
Obviously, K0 is infinite and (xk )k∈K0 → x̄. The continuity of f implies that
(f (xk ))k∈K0 → f (x̄) and, thus, f (xk ) ↓ f (x̄) by the monotonicity of the sequence
(f (xk )) obtained due to the descent step condition (26). Using condition (26) and the
fact that xk+1 = xk in null steps, we obtain
0 ≤ εL wk ≤ f (xk ) − f (xk+1 ) → 0

for k ≥ 1.

(38)

Thus, (wk )k∈K0 → 0 and (xk )k∈K0 → x̄ by (38) and, thus, by Lemma 6.5 we have
0 ∈ ∂f (x̄).
R EMARK 6.2. If we choose ε > 0, Algorithm 5.1 terminates in a finite number of
steps. In addition, the proofs remain correct if we have f1 convex nonsmooth and
f2 convex smooth or if both f1 and f2 are convex nonsmooth functions but we can
compute the subgradient ξ ∈ ∂f (x) at every point.
Now we prove that Algorithm 5.2 terminates after finite number of iterations at an
inf-stationary point of the problem. In addition to Assumptions 5.1 – 6.2 we need the
following assumption.
A SSUMPTION 6.3. The gradient ∇f1 : Rn → Rn of function f1 satisfies Lipschitz
condition.
At the end of this section, we will prove that for the clustering function fk1 and for the
auxiliriary clustering function f¯k1 Assumption 6.3 is satisfied.
L EMMA 6.9. Assume that the objective function is bounded from below and the gradient ∇f1 : Rn → Rn satisfies Lipschitz condition. Then Algorithm 5.2 terminates after
finite number of iterations at an inf-stationary point of Problem (23).
Proof. For simplicity assume that at the j-th iteration ūj = −kvk−1 v and v =
∇f1 (xj ) − ξ 12 , where ξ 12 ∈ ∂f2 (xj ). Applying the mean value theorem to the function
f1 we obtain that for some σj ∈ (0, 1)
f (x∗ + tūj ) − f (x∗ ) =[f1 (x∗ + tūj ) − f1 (x∗ )] − [f2 (x∗ + tūj ) − f2 (x∗ )]
≤tūTj ∇f1 (x∗ + tσj ūj ) − tūTj ξ 12

≤tūTj ∇f1 (x∗ ) − ξ 12 + tūTj (∇f1 (x∗ + tσj ūj ) − ∇f1 (x∗ )) .
Let L > 0 be a Lipschitz constant of the gradient ∇f1 . Then
kf1 (x∗ + tσj ūj ) − ∇f1 (x∗ )k ≤ Ltσj kūj k = Ltσj .
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Since kvk ≥ ε we obtain

f (x∗ + tūj ) − f (x∗ ) ≤tūTj ∇f1 (x∗ ) − ξ 12 + Lt2 σj
= − tk∇f1 (x∗ ) − ξ 12 k + Lt2 σj
<t(−r + Lt).

For t̄ = r/2L we have
f (x∗ + t̄ūj ) − f (x∗ ) < −

r2
≤ −εT t̄r ≤ −εT t̄ε.
4L

This means that at each iteration we have tj ≥ t̄ ≥ ε/2L and the function f decreases
by at least εT ε2 /2L > 0 at each iteration. Since the function is bounded from below
Algorithm 5.2 must stop after finite number of iterations.
Finally, we show that the gradient of the functions f¯k1 and fk1 are Lipschitz.
L EMMA 6.10. The gradient of the function f¯k1 satisfies Lipschitz condition with the
constant L = 2.
Proof. It follows from (13) that for any y 1 , y 2 ∈ Rn
∇f¯k1 (y 1 ) − ∇f¯k1 (y 2 ) = 2(y 1 − y 2 ).
Then k∇f¯k1 (y 1 ) − ∇f¯k1 (y 2 )k = 2ky 1 − y 2 k that is the gradient ∇f¯k1 satisfies the
Lipschitz condition on Rn with the constant L = 2.
L EMMA 6.11. The gradient of the function fk1 satisfies Lipschitz condition with the
constant L = 2.
Proof. The proof is similar to that of Proposition 6.10.

7

Incremental algorithm

In this section we present an incremental algorithm for solving Problem (6) using the
DC approach. Problem (6) is a global optimization problem and it is important to use
many starting points when applying a local method for its solution. Computation of
clusters incrementally allows us to design different algorithms for generating starting
cluster centers. Such an approach allows us to compute global or near global solutions
to clustering problems. One such algorithm is introduced in [32] and it is used in our
incremental algorithm given below.
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A LGORITHM 7.1. An incremental clustering algorithm.
Step 1: (Initialization) Compute the center x1 ∈ Rn of the set A. Set l := 1.
Step 2: (Stopping criterion) Set l = l + 1. If l > k then stop. The k-partition problem
has been solved.
Step 3: (Computation of a set of starting points for the auxiliary clustering problem)
Apply the procedure from [32] to find the set S1 ⊂ Rn of starting points for
solving the auxiliary clustering problem (11) for k = l.
Step 4: (Computation of a set of starting points for the l-th cluster center). Apply
Algorithm 5.2 to solve Problem (11) starting from each point y ∈ S1 . This
algorithm generates a set S2 ⊂ Rn of starting points for the l-th cluster center.
Step 5: (Computation of a set of cluster centers) For each ȳ ∈ S2 apply Algorithm
5.2 to solve Problem (6) starting from the point (x1 , . . . , xl−1 , ȳ) and find a
solution (ŷ 1 , . . . , ŷ l ). Denote by S3 ⊂ Rnl a set of all such solutions.
Step 6: (Computation of the best solution). Compute
flmin = min {fl (ŷ 1 , . . . , ŷ l ) | (ŷ 1 , . . . , ŷ l ) ∈ S3 }
and the collection of cluster centers (ȳ 1 , . . . , ȳ l ) such that fl (ȳ 1 , . . . , ȳ l ) =
flmin .
Step 7: (Solution to the l-partition problem). Set xj := ȳ j , j = 1, . . . , l as a solution
to the l-th partition problem and go to Step 2.
In addition to the k-partition problem, Algorithm 7.1 solves also all intermediate
l-partition problems where l = 1, . . . , k − 1. Algorithm 5.2 is applied to solve both
the clustering and the auxiliary clustering problems at each iteration of Algorithm 7.1.
In its turn, Algorithm 5.2 uses Algorithm 5.1 to find a Clarke stationary point of these
problems. Together these three algorithms are called DCD-B UNDLE -method.

8

Numerical Experiments

To test the new DCD-B UNDLE -method DCD-Bundle we compared it to DCClust
introduced in [11] using the same real world data sets as in [11]. We refer to [11] for
detailed description of DCClust and also for the performances of other algorithms
suitable to solve these kinds of problems. Both solvers DCD-Bundle and DCClust
use the incremental approach to solve clustering problems globally and they are both
implemented in Fortran 95 and compiled using gfortran, the GNU fortran compiler. The experiments were performed on MacBookAir (OS El Capitan 10.11.3) with
TM
Intel R Core i5, 1.6 GHz and RAM 4 GB. The algorithms and the data sets used in
our experiments can be downloaded from http://napsu.karmitsa.fi/clustering/.
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As said we used the same data sets as in [11]. That is, eight different data sets
were used in our experiments. The brief description of these sets is given in Table
1. The more detailed description can be found in [28]. All the data sets contain only
numeric features and they do not have missing values. The numbers of attributes range
from very few (2) to large (128) and the numbers of data points range from tens of
thousands (smallest 13 910) to hundred of thousands (largest 434 874). We computed
incrementally up to 25 clusters with all data sets. Results are given in Tables 2–9,
where we have used the following notation:
• k is the number of clusters;
• fbest (multiplied by the number shown after the name of the data set) is the
best known value for the cluster function (7) (multiplied with m) for the corresponding number of clusters. We have used the fbest value given in [11]
unless we got better value in our experiments. If the value obtained in our
experiments was better than that of [11] we have marked it with star.
• EA is the error in % by an algorithm A which is calculated as follows:
EA =

f¯ − fbest
× 100%,
fbest

where f¯ is the value of the cluster function obtained by an algorithm A.
• cpu is the used cpu time in seconds.

Table 1: The brief description of data sets
Data sets

No. instances

No. attributes

13910
14980
15112
53413
58000
85900
245057
434874

128
14
2
20
9
2
3
3

Gas Sensor Array Drift
EEG Eye State
D15112
KEGG Metabolic
Shuttle Control
Pla85900
Skin Segmentation
3D Road Network

The data sets can be divided into two groups. The first group contains data sets with
with small number of attributes (2 or 3, see Table 1). That is, ”D15112”, ”Pla85900”,
”Skin Segmentation”, and ”3D Road Network” data sets. Results presented in Tables
4 and 7 – 9 demonstrate that in these data sets the accuracy of the solvers was quite
similar and the solutions found were at least near best known solutions. The only
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Table 2: Summary of the results with Gas Sensor Array Drift (×1013 ).
k

fbest

2
3
5
10
15
20
25

7.91186
5.02412
3.22726
1.65524
1.13801
0.87916
0.72348

DCD-Bundle

DCClust

EA

cpu

EA

cpu

0.00
0.00
0.00
0.01
0.36
2.61
0.67

17.76
49.42
151.86
467.90
870.13
1211.98
1534.75

0.00
0.00
0.00
0.00
0.36
0.62
0.47

24.78
64.00
165.43
510.62
988.77
1514.49
2053.33

Table 3: Summary of the results with EEG Eye State (×108 ).
k

fbest

2
3
5
10
15
20
25

8178.13809
1833.88058
1.33858
0.45669
0.34653
0.28987
0.25989∗

DCD-Bundle

DCClust

EA

cpu

EA

cpu

0.00
0.00
0.00
0.00
0.28
1.53
0.04

0.15
0.17
0.76
9.07
23.14
40.91
59.31

0.00
0.00
0.00
0.00
0.26
0.96
0.00

0.44
0.84
2.66
18.63
49.07
88.35
137.86

Table 4: Summary of the results with D15112 (×1011 ).
k

2
3
5
10
15
20
25

fbest

3.68403
2.53240
1.32707
0.64892
0.43138
0.32177
0.25309

DCD-Bundle

DCClust

EA

cpu

EA

cpu

0.00
0.00
0.00
0.00
0.24
0.03
0.00

0.79
1.54
2.55
5.58
10.05
16.03
29.37

0.00
0.00
0.00
0.00
0.24
0.00
0.00

0.93
1.92
3.21
8.00
18.18
32.58
53.89
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Table 5: Summary of the results with KEGG Metabolic (×108 ).
k

fbest

2
3
5
10
15
20
25

11.38530
4.90060
1.88367
0.63515
0.35393∗
0.25027∗
0.19289

DCD-Bundle

DCClust

EA

cpu

EA

cpu

0.00
0.00
0.00
0.30
0.00
0.00
0.94

5.23
13.41
84.22
388.59
747.86
1086.82
1632.00

0.00
0.00
0.06
0.21
0.26
2.04
0.75

6.65
18.25
66.35
358.11
719.32
1122.56
1549.19

Table 6: Summary of the results with Shuttle Control (×108 ).
k

2
3
5
10
15
20
25

fbest

21.34329.
10.85415
7.24479
2.83216
1.53154
1.06012
0.78727

DCD-Bundle

DCClust

EA

cpu

EA

cpu

0.00
0.00
0.00
0.20
3.78
2.33
4.64

0.40
0.93
39.27
138.48
531.97
652.78
778.04

0.00
0.00
0.24
0.33
0.37
1.16
0.13

1.19
3.33
21.26
78.65
290.63
516.43
774.88

Table 7: Summary of the results with Pla85900 (×1015 ).
k

2
3
5
10
15
20
25

fbest

3.74908
2.28057
1.33972
0.68294
0.46249
0.34988
0.28265

DCD-Bundle

DCClust

EA

cpu

EA

cpu

0.00
0.00
0.00
0.00
0.00
0.52
0.00

16.27
31.52
62.17
141.46
231.45
339.97
450.94

0.00
0.00
0.00
0.00
0.00
0.52
0.00

15.63
30.05
60.87
145.04
254.82
383.46
529.44
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Table 8: Summary of the results with Skin Segmentation (×109 ).
k

2
3
5
10
15
20
25

fbest

1.32236
0.89362
0.50203
0.25121
0.16964
0.12770
0.10299

DCD-Bundle

DCClust

EA

cpu

EA

cpu

0.00
0.00
0.00
0.00
0.18
0.15
0.01

167.97
303.41
544.13
1094.79
1646.77
2164.16
2719.04

0.00
0.00
0.00
0.00
0.18
0.15
0.01

166.33
290.68
517.17
1076.48
1640.04
2217.97
2844.37

Table 9: Summary of the results with 3D Road Network (×106 ).
k

2
3
5
10
15
20
25

fbest

49.13298
22.77818
8.82574
2.56662∗
1.27069∗
0.80869∗
0.59259∗

DCD-Bundle

DCClust

EA

cpu

EA

cpu

0.00
0.03
0.00
0.00
0.00
0.00
0.00

398.79
897.46
1767.64
3994.52
6354.14
8679.32
11348.30

0.00
0.00
0.00
0.20
0.00
0.00
3.77

446.96
1004.36
2005.20
4332.89
6727.42
9300.88
12478.87

24

remarkable exception here is DCClust in 3D Road Network data set with 25 clusters
(see Table 9). More so, since with this data set the value of the clustering function
was clearly improved from that given in [11] with DCD-Bundle (1.81 % with 25
clusters).
The other group consist of data sets with larger number of attributes (9–128, see
Table 1). They are, ”Gas Sensor Array Drift”, ”EEG Eye State”, ”KEGG Metabolic”,
and ”Shuttle Control”. Results in these data sets are given in Tables 2, 3, 6, and 7,
respectively. Results shows that both the algorithms can find the near best known solution in almost all k in ”Gas Sensor Array Drift”, ”EEG Eye State”, and ”KEGG
Metabolic”. Here, DCD-Bundle had difficulties with k = 20 in ”Gas Sensor Array
Drift” and ”EEG Eye State” while DCClust had difficulties with k = 20 in ”KEGG
Metabolic”. In addition, results in ”Shuttle Control” data set shows that DCClust
had difficulties with 20 clusters. Here, DCD-Bundle had difficulties already with 15
clusters and they continued when the number of clusters was increased. In ”Shuttle
Control” data set most points are very close to each other and clusters are not well separated when their number is large. Thus, this failure in accuracy with DCD-Bundle
does not seem to be fatal.
The new method DCD-Bundle was clearly faster than DCClust with data sets
including relatively small number of instances, that is, with data sets ”Gas Sensor Array Drift”, ”EEG Eye State” and ”D15112” (see Table 1). In addition, it used less
cpu-time with data sets with large number of instances but small number of attributes.
That is, ”Pla85900”, ”Skin Segmentation”, and ”3D Road Network”. When the number of instances was relatively large (> 50 000) and the number of attributes was not
small (that is, ”KEGG Metabolic” and ”Shuttle Control”) DCD-Bundle used about
the same or a bit more cpu-time than DCClust.
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Conclusions

In this paper a new DCD-B UNDLE -method for solving sum-of-squares clustering
problems is introduced. The clustering problem is formulated as a nonsmooth DC
programming problem and the new method utilizes this DC representation to find a
minimum.
The DCD-B UNDLE -method consist three different algorithms: An incremental
algorithm (Algorithm 7.1) is used to solve clustering problems globally. At each iteration of this algorithm an algorithm for finding an inf-stationary point (i.e. Algorithm
5.2) is used to solve both the clustering and the auxiliary clustering problems. In its
turn, this algorithm utilizes a new DCD-B UNDLE -algorithm (Algorithm 5.1) to find
a Clarke stationary point of these problems. We have proved that the new DCDB UNDLE -method converges to an inf-stationary point of the clustering problem.
The new DCD-B UNDLE -method was tested using real world data sets with the
numbers of data points ranging from tens of thousands to hundred of thousands. We
can conclude that DCD-B UNDLE -method was both efficient and accurate and it can
be used to solve clustering problems in large data sets.
25
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