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1 Introduction

In this paper, we describe a limited memory bundle algorithm for solving large
nonsmooth (nondifferentiable) unconstrained optimization problems. We write
this problem as

(1)

minimize f(x)

subject to x € R",
where the objective function f : R® — R is supposed to be locally Lipschitz
continuous and the number of variables n is supposed to be large.

Nonsmooth optimization problems of type (1) arise in many fields of applica-
tions, for example, in image restoration (see, e.g., [8]) and in optimal control
(see, e.g., [12]). The direct application of smooth gradient-based methods to
nonsmooth problems may lead to a failure in convergence, in optimality con-
ditions, or in gradient approximation (see [9]). On the other hand, direct
methods, for example, Powel’s method (see, e.g., [3]) employing no derivative



information, are quite unreliable and become inefficient when the size of the
problem increases. Thus, we need special tools for solving nonsmooth opti-
mization problems.

At the moment, various versions of bundle methods (see, e.g., [6, 7, 11, 12])
are regarded as the most effective and reliable globally convergent methods
for nonsmooth optimization. They are based on the assumption that at every
point x € R”, we can evaluate the value of the objective function f(x) and an
arbitrary subgradient & € R” from the subdifferential (see [2])

J0f(x) = conv{ lim Vf(x;) | x;, = x and V f(x;) exists },

where “conv” denotes the convex hull of a set.

The basic idea of bundle methods is to approximate the subdifferential of the
objective function by gathering the subgradients from previous iterations into
a bundle. A search direction for the objective function can be determined by
solving a quadratic direction finding problem (see, e.g., [12]) and the global
convergence of bundle methods with a limited number of stored subgradients
can be guaranteed by using a subgradient aggregation strategy [7], which ac-
cumulates information from the previous iterations.

In their present form, bundle methods are efficient for small- and medium-
scale problems. However, their computational demand expands in large-scale
problems with more than 500 variables (see [4]). This is explained by the fact
that bundle methods need relatively large bundles to be capable of solving
the problems efficiently. In other words, the size of the bundle has to be
approximately the same as the number of variables and, thus, the quadratic
direction finding problem becomes very time-consuming to solve.

In variable metric bundle methods introduced by Luksan and Vlcek [10, 14],
the search direction is calculated by using the variable metric approximation
of the inverse of the Hessian matrix. Thus, the quite complicated quadratic
direction finding problem appearing in standard bundle methods needs not to
be solved. Furthermore, the subgradient aggregation is done by using only
three subgradients and, thus, the size of the bundle need not to grow with
the dimension of the problem. However, variable metric bundle methods use
dense approximations of the Hessian matrix to calculate the search direction
and, thus, due to matrix operations also these methods become inefficient when
the dimension of the problem increases.

In [4] we have introduced a limited memory bundle method for large-scale non-
smooth optimization. The method proposed is a hybrid of the variable metric
bundle methods [10, 14] and the limited memory variable metric methods



(see, e.g., [1, 13]), where the latter have been developed for smooth large-
scale optimization. The new method uses all the ideas of the variable metric
bundle methods, namely the utilization of null steps, simple aggregation of
subgradients, and the subgradient locality measures, but the search direction
is calculated using a limited memory approach. Therefore, the time-consuming
quadratic direction finding problem appearing in the standard bundle methods
need not to be solved and the number of stored subgradients need not to grow
with the dimension of the problem. Furthermore, the method uses only few
vectors to represent the variable metric approximation of the Hessian matrix
and, thus, it avoids storing and manipulating large matrices as is the case in
variable metric bundle methods (see [10, 14]). These improvements make the
limited memory bundle method suitable for large-scale optimization. Namely,
the number of operations needed for the calculation of the search direction
and the aggregate values is only linearly dependent on the number of vari-
ables while, for example, with the original variable metric bundle method, this
dependence is quadratic.

In order to prove the global convergence of the limited memory bundle method
some modifications had to be made to the algorithm introduced in [4]. In this
paper, we first present a modified limited memory bundle algorithm. Then,
we propose a special line search procedure, which is slightly modified from
that given in [14] and used in [4]. In addition, we give a modified limited
memory SR1 update, which guarantees the conditions required for the global
convergence in the consecutive null steps.

This paper is organized as follows: In the following section, we give the modi-
fied limited memory bundle algorithm together with the line search procedure
and the limited memory matrix updating. In Section 3, we prove the global
convergence of the method and, finally, in Section 4, we conclude and give
some ideas of the further development.

2 Limited Memory Bundle Method

In this section we first introduce the modified limited memory bundle algo-
rithm. After that we propose a special line search procedure which provides
step sizes satisfying the conditions required for global convergence. We also
give the algorithms for limited memory BFGS and SR1 updates, since these
algorithms differ from those given in [4]. The changes in BFGS update have no
effect to the global convergence of the method but the SR1 update is modified
such that it guarantees the sequence of stopping criterion (wy) to be nonin-
creasing in the consecutive null steps. For more detailed description of other



properties of limited memory bundle method we refer to [4].

The algorithm given below generates a sequence of basic points (x;) € R”
that, in the convex case, converges to a global minimum of a objective function
f :R* - R. In nonconvex case, the algorithm is only guaranteed to find a
stationary point of the objective function (that is, a point x € R™ satisfying
0 € 0f(x)). In addition to the basic points, the algorithm generates a sequence
of auxiliary points (yx) € R”. A new iteration point x;,; and a new auxiliary
point y,. 1 are produced by using a special line search procedure such that

X1 = Xp + th dy and (2)
Viil = Xp + t%dk, for k> 1

with y; = x;, where t%, € (0, taa), t5 € [0, %] are step sizes, dy = — Dy, is a
direction vector, ék is an aggregate subgradient, and Dy is a limited memory
variable metric approximation of the inverse of the Hessian matrix. Note that
Dy is not formed explicitly but the search direction dj is calculated using
limited memory approach to be described later. A necessary condition for a
serious step to be taken is to have

t’;z = t’; >0 and fyesr) < fxg) — 5’;75’1“%11);6, (3)

where ¥ € (0,1/2) is a line search parameter and wy > 0 represents the

desirable amount of descent of f at x;. If the required condition (3) is satisfied,
we set X1 = Yi41 and a serious step is taken. Otherwise, a null step is taken if

th >tk =0 and — Besr +dp €y > —ehwy, (4)

where ¢k, € (e5,1/2) is a line search parameter, &, € df(yk+1), and Sy is
the subgradient locality measure similar to bundle methods (see, e.g., [11]). In
the case of a null step, we set x;,,; = x; but information about the objective
function is increased because of the auxiliary point y;,; and the auxiliary
subgradient €, ., € 0f(yx41) that we store.

The aggregation strategy used with the limited memory bundle method is
similar to that with the original variable metric bundle methods [10, 14]. We
denote by m the lowest index j satisfying x; = x, (that is, m is the index of
the iteration after the latest serious step). Suppose that we have the current
subgradient £,, € 0f(xy), the auxiliary subgradient &, , € 0f(yx+1), and the
current aggregate subgradient €, (note that &, = &,) available. Now, the new
aggregate subgradient ék+1 is defined as a convex combination of these three
subgradients,

ék+1 = )\llcgm + /\’55k+] + )‘gélm



where the multipliers ¥ > 0 for i € {1,2,3} and 337, \; = 1 can be de-
termined by minimizing a simple quadratic function, which depends on these
three subgradients and two locality measures (see Step 6 in Algorithm 1). This
simple aggregation procedure gives us a possibility to retain the global conver-
gence without solving quite complicated quadratic direction finding problem
appearing in standard bundle methods (see, e.g., [12]). Note that the aggre-
gate values are computed only if the last step was a null step. Otherwise, we

set €y = €y € O (Xkg).

We now present, the limited memory bundle method for nonsmooth large-scale
unconstrained optimization.

Algorithm 1. (Limited Memory Bundle Method).

Data: Select the upper and the lower bounds t,,,, > 1 and t,,;, € (0,1) for
the serious steps. Select a constant C' > 0 for a direction vector length
control and a correction parameter p € (0,1/2). Select positive initial
line search parameters ¢}, € (0,1/2) and £} € (0,e}). Choose the
final accuracy tolerance € > 0, the distance measure parameter v > 0
(v = 0if f is convex), and the locality measure parameter w > 1.

Step 0: (Initialization.) Choose a starting point x; € R” and set an initial
matrix D; = 1. Set 5, = 0 and y; = x;. Compute

fi=f(x1) and
€ € 8f(x1).

Set, the correction indicator i = 0. Set the iteration counter k = 1.

Step 1: (Serious step initialization.) Set the aggregate subgradient ék = &,
and the aggregate subgradient locality measure g = 0. Set the cor-
rection indicator ¢y = 0 and an index for the serious step m = k.

Step 2: (Direction finding.) Compute

by the limited memory BFGS update if m = k (Algorithm 3) and by
the limited memory SR1 update, otherwise (Algorithm 4).

~T ~T ~
Step 3: (Correction.) If —&, dy, < o€, &, or icy = 1, then set

dp, =d; — Qék: (6)

(i.e., Dy, = Dy + oI) and i = 1. Otherwise, set ic = 0. If ic = 1 and
m < k, then set icy = 1.



Step 4:

Step 5:

Step 6:

(Stopping criterion.) Set

Wi = —é:dk + 25]C and (7)

1o, -
Gk = §€k & + DB (8)
If wy < € and g, < &, then stop.

(Line search.) Set the scaling parameter for direction vector length
and for line search

O, = min{ 1,C/||dx|| }.

Calculate the initial step size t¥ € [tmin,tmaz). Determine the step
sizes th, € (0,t%] and 5 € [0,%] by the line search Algorithm 2. Set
the corresponding values

Xg4+1 = Xg + f’;ﬂkdk,
Yir1 = Xg + thordy,
fk+1 = f(XlH»])a
€1 € Of (Yis1)-

Set u, = €k+1 — €m and Sg = Y11 — Xk = t%gkdk If condition (3) is
valid (i.e., we take a serious step), then set fr,1 = 0, k = k+ 1, and
go to Step 1. Otherwise, calculate the locality measure

Brer = max{|f(xx) — f(yrr1) +sp &)l Vllsell }- (9)

(Aggregation.) Determine multipliers \¥ > 0, i € {1, 2,3}, Z?:] PLIES
1 that minimize the function

©(A1, Ao, A3) = (M€, + A€y + ABék)TDk()\IEm + Ao&py + )\‘aék)
+ 2(Xo B + )\3Bk)a (10)

where Dy = D, + ol if ic = 1, and D, is calculated by the same
updating formula as in Step 2. Set

ék+1 = )\]fgm + )‘]2c€k+1 + A'%ék and (11)
Bre1 = )\gﬁlﬁ-l + )\]gfﬁk (12)

Set £k =k + 1 and go to Step 2.



In order to guarantee the global convergence of the method the boundedness
of both direction vector length (see Step 5 in Algorithm 1) and the matrices
B; = D; ! (see Step 3 in Algorithm 1) are required. The utilization of correc-
tion (6) is equivalent to adding a positive definite matrix ol to matrix Dy.
Note that in Steps 2 and 6 the matrices D, are not formed explicitly but the
search direction d; and the aggregate values ékﬂ and Bkﬂ are calculated using
the limited memory approach.

The initial step size t¥ € [tin, tmaz) (see Step 5 in Algorithm 1) is selected by
using a bundle containing auxiliary points and corresponding function values
and subgradients. The procedure used is exactly the same as in the original
variable metric bundle method for nonconvex objective functions (see [14]).
Since the aggregation procedure (see Step 6 in Algorithm 1) uses only three
subgradients and two locality measures to calculate the new aggregate values,
the minimum size of the bundle is two and a larger bundle (if it is employed)
is used only for the selection of the initial step size.

Next we present a line search algorithm, which is used to determine the step
sizes t¥ and t% in limited memory bundle methods. The line search procedure
used is quite similar to that in the original variable metric bundle method [14].
However, in order to guarantee the global convergence of the method we use
scaled line search parameters 5%, gk ek, and X instead of fixed ones (see,
e.g., [14]). Furthermore, in order to avoid many consecutive null steps, we
have added an additional interpolation step (Step 3 in Algorithm 2). That is,
we look for more suitable step sizes t5 and t¥, by using an extra interpolation
loop if necessary. The role of this additional step is that if we have already
taken a null step at the previous iteration, we rather try to find a step size
suitable for a serious step (that is, (3) is valid) even if condition (4) required
for a null step was satisfied. This additional interpolation step has no influence
to the convergence properties but it has significant affect to the efficiency of
the method. Neither the choice of the interpolation procedure (see Step 5 in
Algorithm 2) has effect to the convergence properties. Similarly to original
variable metric bundle method (see [14]) we combine quadratic interpolation
with the bisection.

Algorithm 2. (Line Search).

Data: Suppose that we have the current iteration point x;, the current search
direction dy, the current scaling parameter 6, € (0,1] and positive
initial line search parameters & € (0,1/2), et € (0,ek), €/, € (0,ek —
el), and ek € (el,eh, — £.). Suppose also that we have the initial
step size t£, an auxiliary lower bound for serious steps t,,;, € (0,1), the
distance measure parameter v > 0 (y = 0 if f is convex), the locality
measure parameter w > 1, the desirable amount of descent w;, an
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interpolation parameter £ € (0,1/2), and the maximum number for
additional interpolations int,,,,. In addition, suppose that we have
the number of consecutive null steps i,,,; > 0.

Step 0: (Initialization.) Set t4, = 0, t = ty = tk, and i; = 0. Calculate the
scaled line search parameters

ko_op oI k_p I kg oI kg I
ep =0kegn, €] =0ker, €4 ="0k,, and e} =0Oey.

Step 1: (New values.) Compute f(xy + t0pdy), & € Of (xy + t0rdx) and

B =max {|f(xx) — f(xk + t0pds) + t0,di €], 7 (t61]|di ) }-

If f(xp + t0pdy) < f(xx) — ehtwy, then set 4 = t. Otherwise, set
ty =t.

Step 2: (Serious Step.) If
f(xk + t0pdr) < f(x) — eftwy,

and either
t Z tmm or B > glj\wka

then set % = t¥ = ¢ and terminate the computation.

Step 3: (Test for Additional Interpolation.) If f(xg+1t0rdy) > f(Xk), tnun > 0,
and i; < int,,.., then set iy = iy + 1 and go to Step 5.

Step 4: (Null Step.) If
B+ 0, d] € > —chwy,

then set t¥, = ¢, t* = 0 and terminate the computation.
Step 5: (Interpolation.) Choose
te [tA + KZ(tU — tA),tU — KZ(tU — tA)]

by using some interpolation procedure and go to Step 1.

It can be proved under some semi-smoothness hypotheses that Algorithm 2
terminates in a finite number of iterations (the proof is similar to that given
in [14]). In addition, on the output of Algorithm 2 (see Steps 2 and 4), the
step sizes t¥ and t% satisfy the serious descent criterion

f(xrp1) = fxx) < =gty wy (13)
and, in case of t¥ = 0 (null step), also condition (4).
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Finally, we need to consider how to update the approximation Dj of the in-
verse of the Hessian matrix and, thus, how to find the search direction d;. The
basic idea of the limited memory matrix updating is that instead of storing
the matrices Dy, we use the information of the last few iterations to implicitly
define the approximation of the inverse of the Hessian. This is done by storing
a certain number of correction pairs (s;, u;), (¢ < k), obtained in Step 5 of Al-
gorithm 1. When the storage space available is used up, the oldest corrections
are deleted to make room for new ones.

Let us denote by m, the maximum number of stored corrections supplied by
user (3 < m,) and by my; = min{k — 1,m.} the current number of stored
corrections. The n x m; -dimensional correction matrices S, and U are de-
fined by

Sk = [Skfmk ... Skfl] and

Uk = [uk,mk C uk,l} .
These correction matrices are used to implicitly define the approximation of
the inverse of the Hessian matrix at each iteration. When a new auxiliary point
Vie1 1S generated, the new correction matrices Sy, and Uy, are obtained by
deleting the oldest corrections s;_,,, and uy_,,, from Sy and Uy, if my = my,
(that is, & > m,.) and by adding the most recent corrections s; and uy to the

matrices. Thus, except for the first few iterations, we always have the m,. most
recent correction pairs (s;, u;) available.

We define the inverse limited memory BFGS update by the formula (see [1])

—1\T T 1 _(p-1\T T
Dy =9I + [Sk 94Uy] [(Rk ) (Ot DU Un) By (7) ] [ Sk }

-Rr! 0 U

Here, Ry is an upper triangular matrix of order my given by the form

(Re)si = (Sk*mkflJri)T(ukfmk—]Jrj), ifi1 <y
! 0, otherwise,

C} is a diagonal matrix of order m;, such that
. T T
Cr = diag[s;_,, g mys- -5 Sp 1 Ug 1],

and the scaling parameter 9, > 0 is given by

(14)



In addition, we define the inverse limited memory SR1 update (see [1]) by
Dy = 9 — (0xUp — S) (0xU{ Uy — Ry — R + Cp) (90U — Sk)", (15)

where instead of (14) we use the value ¥, =1 for every k.

Next, we describe some procedures for updating the limited memory BFGS and
SR1 matrices. In addition to the two n x m; -matrices Sy and Uy, we store the
my X my, -matrices Ry, Ul Uy, and Cy, and the my_i-vectors S} ,€,, and U] €,
from the previous iteration. Since in practice my is clearly smaller than n,
the storage space required by these three auxiliary matrices and two vectors
is insignificant but the savings in computational efforts are considerable. A
detailed description of updating these matrices and vectors can be found in [4].

We first give an efficient algorithm for updating the limited memory BFGS
matrix Dy, and for computing the search direction dy, = —Dy&,. This algorithm
is used whenever the previous step was a serious step. Note that after a serious
step the aggregate subgradient €, = &, € df(x;) and, thus, the correction
vectors obtained at the previous iteration in Step 5 of Algorithm 1 can be
equally expressed as sy 1 =X, —Xp1 and w1 =&, — &1

Algorithm 3. (BFGS Updating and Direction Finding).

Data: Suppose that the number of current corrections is my_ 1 and the max-
imum number of stored corrections is m.. Suppose that we have the
most recent corrections s, ; and ug_; (from previous iteration), the
current subgradient &, € 0f(xy), the previous subgradient &, , €
Of (x_1), the n x my_; -matrices S,_1 and Uy_1, the my_1 X my_; -
matrices Ry 1, Ul ,Ux_1, and Cj_, the previous scaling parameter
Yr_1, and the my_,-vectors Sy &, and U] &, available.

Step 1: (Positive Definiteness) If
u; s >0, (16)

then set my = min{my 1 + 1,m.} and update the matrices (i.e.,
go to Step 2). Otherwise, skip the updates, that is, set S, = Sy 1,
Ur = Ug—1, R, = Ry_1, Ul Uy = Ul U1, C, = Cy_1, ¥, = Y41, and
my = my_1, compute Sy €, and U]'¢,, and go to Step 7.

Step 2: Obtain S, and Uy by updating S;_; and Uj_;.

Step 3: Compute and store myg-vectors S}€, and UTE,.

10



Step 4: Compute my-vectors S{u;_; and Ul u;_; by using the fact
w1 =&, — &

Step 5: Update my, x my, -matrices Ry, Ul Uy, and Cy.
Step 6: 1f ul ,u;_; > 0, compute J;

T
Uy 1Sk—1
Uy = ————

- .
Uy Uk

Note that both u] ;s ; and uj ,u, ; have already been calculated.
Otherwise, set 9, = 1.0.

Step 7: (Intermediate Values) Solve two intermediate values p; € R™ and
p2 € R™ from the linear equations

Rkpl = S;?ﬁk,
R{ps = Cyp1 + 04U Upp1 — 0 ULE,.

Step 8: (Search Direction) Compute
di, = 9k Urpr — Skp2 — Uy

Note that condition (16) assures the positive definiteness of the matrices ob-
tained by the limited memory BFGS update (see, e.g., [1]).

If the previous step was a null step, then ék # &, and, thus, there is no use
to utilize the difference u, , = &, — &, in the calculations of Sfu; ; and
Ul'ay,_y (see Step 4 in Algorithm 3). Furthermore, in order to guarantee the
global convergence of the method, the sequence (wy) has to be nonincreasing
in consecutive null steps (that is, wy < wy_1). Thus, the condition

é:(Dk — Dy_1)€, <0 (17)

has to be satisfied at each time there occurs more than one consecutive null
step. In practice, these two means that there are some more calculations
required in the case of null steps than in the case of serious steps.

We now give an efficient algorithm for updating the limited memory SR1 ma-
trix D and for computing the search direction d = —Dkék. Along with
Step 3 of Algorithm 1, this procedure guarantees that condition (17) is valid
even when the correction of is added to the new matrix D (see Lemma 10).
This algorithm is used whenever the previous step was a null step.

11



Algorithm 4. (SR1 Updating and Direction Finding).

Data:

Step 1:

Step 2:

Step 3:

Suppose that the number of current corrections is my_; and the max-
imum number of stored corrections is m.. Suppose that we have the
most recent corrections s, ; and ug_; (from previous iteration), the
current aggregate subgradient ék, the previous aggregate subgradient
ék,l, the previous search direction d;_1, the n X my_; -matrices Si_;
and Uy, the my,_y X my_; -matrices Ry 1, U] Uy, and Cy_1, and
the previous scaling parameter 1, ; available. In addition, suppose
that we have the number of consecutive null steps ,,;, = & —m > 1.

(Initial Vectors and Initialization) Compute my_i-vectors S,Z;lék and
Ul &, Set ), = 1.0 and i,, = 0.

(Positive Definiteness) If
ST
—dyu g & sp 1 >0,

then skip the updates, that is, set Sy = Sp 1, Uy = U1, By = Ry,

UlUy = Ul \Up_1, Cp = Cy_y, SLE, = S &, ULE, = UL €, and
my, = my_1 and go to Step 8.

Otherwise, set my = min{my_, + 1,m,.} and calculate s} £, and
.
u_ &y

(Update Conditions) If either

Tnull = 1a or

mg < Mg,

then update the matrices, that is, go to Step 4. Otherwise, solve the
linear equation

(e 1U 1Uk1 — Rea—Rj + Crq)p
= ﬁkflUkTqu - 513;1519-

to obtain p € R™-1. Calculate the vector z € R" from
z="U51&, — (V5-1Us—1 — Sk_1)P,
and the scalar
0=,

Set iy, = 1.
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Step 4: Obtain S, and Uy by updating Sy and Uj_;.
Step 5: Compute my-vectors S,;Fuk,1 and U,;Fuk,].
Step 6: Update my, x my, -matrices Ry, Ul Uy, and Cy.

Step 7: Construct my-vectors S7 €, and UT€, using S ,&,, Ul &, sI_,€,,

and uj | &,.
Step 8: (Intermediate Value) Solve p € R™* from the linear equation
(0,ULU, — R, — RF + Cy)p = 0,UL'E, — SLE,.
Step 9: (Search Direction) Compute
dp = €, + (0Ux — Si)p.

Step 10:(Update Conditions II) 1f i,, = 1, then calculate

b - ékdka
and in case of

b+a <0,
set my = my_1, S = Sk—1, Uy = Ug—1, Ry = Ry, UL U, = UL Uy,
Ck = Ck,h and

dk — —Z.

LEMMA 1. The condition (see Algorithm 4, Step 2)

—dTw, &5 <0 foralli=1,... k-1 (18)

assures the positive definiteness of the matrices obtained by the limited memory
SR1 update.

PROOF. Let us denote B; = Dfl forall2=1,...,k. We now prove that each
matrix By, k > 1 is positive definite when condition (18) is valid. Note that if
B, is positive definite, then also its inverse D, is positive definite.

By applying the Sherman-Morrison-Woodbury formula (see, e.g., [3]) to (15)
we obtain

By = Bi+ (U, — BiSp) (L, + L +Cy — S{B1Sy) " (Up — B1Sk)", (19

13



where matrices S, Ui, and C} are defined as before, By = Dfl = Jis a
positive definite initial matrix, and

(Lk)ij = {(Skmkm)T(“’“mkw)’ ifi>j
1] T

0, otherwise.

We denote
Qk = [Uk-m, - Q1] =Uy — Bi S,
and

Ny = Ly + L} + Cy, — S{ B; S

Assume that By i is positive definite for some k£ > 1 and that condition (18)
is valid for 2 = 1,...,k — 1. We prove that also the new matrix By is positive
definite. To simplify the notation, we, from now on, omit the index (k — 1)
and replace the index k& by “+”. Thus, equation (19) can be rewritten in the
form

By =B+ QN 'Q}

(u—B's)(u—B's)"

=B
* s” (u — B's) ’

(20)

where B' = B; +Q'N'~'Q'", N' is formed by deleting the first row and the first
column from N if £ > m. + 1, and @' is formed by deleting the first column
from Q. If k < m,+ 1, then N'= N and Q' = Q.

It can be easily seen from (20) that the new matrix B, is positively definite if
B’ is positively definite and the denominator s” (u — B's) > 0.

We first prove that B’ is positively definite. The current matrix B is positive
definite by assumption and, thus, due to condition (18), QN 'Q", N~' and
N are also positive definite. The positive definiteness of N implies the positive
definiteness of N’ as a minor of matrix N. Now, since N’ is positive definite
also N' 1, Q'N''Q'", and, thus, B' = B, + Q'N' 'Q'" are positive definite.

Condition (18) implies that for all i =1,...,k — 1 we have
dlu; > to0,&; D&, = 140,€, D;B;DiE; = tof,d! Bid,, (21)

where t% > 0 is the step size and 6; € (0,1] is the scaling parameter for the
direction vector d;. From (21) and the fact that s = txfd we obtain

s"(u— Bs) > 0.
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Now, for k < m, + 1 the current positive definite matrix B is equal to B’ and
for £ > m.+ 1 it can be given in a form

B=DB+QN'Q"

s"q. 7S] [d”
= B] + [q, QI] |:S/Tq N/ :| |:Q/T:|
1/6 —qT'S'N'"'/s q”
— B _ !
1 + |:q Q] |:N’]S,Tq/(s N,f] + Nli]S’Tq,qTS,Nli]/(s QIT
- B + (q7 N Q/N/flsﬂ“qi)(qi N Q’Nli]Squ,)T/(s,
where the subscript “—” denotes the index k& — my; — 1, matrix S’ is formed by

deleting the first column from S, and the denominator
§=s"q —q S'N"'s"q

is greater than zero, since matrix N~' is positive definite (that is, the upper
left term 1/§ has to be greater than zero). Thus, in all cases, we have x” (B —
B')x > 0 for all x # 0, and the following inequality holds for the denominator
of formula (20):

s"(u— B's) >s” (u— Bs) > 0.

Therefore, the new matrix B, and its inverse D, are positive definite. U

In order to use both Algorithms 3 and 4 with the same stored information,
some modifications have to be made. Firstly, during the limited memory SR1
update we have to update the my-vectors S/'¢, and U], (that is, S &, ,
and U/ &, , to the next limited memory BFGS update). Furthermore, since
we use the same correction matrices S, and Uy, for the calculations of both the
BFGS and the SR1 updates, both the positive definiteness conditions (16) and
(18) have to be valid in each case before we update the matrices. Nevertheless,
it can be easily seen from (21) provided by positive definiteness of B; that
condition (18) implies (16) and, thus, we only have to check the validity of
(18). However, numerical experiments have showed that the simple skipping
of the BFGS update (see Algorithm 3, Step 1) if condition (18) required for the
SR1 update is not satisfied, makes the method quite inefficient. Therefore, in
case of BFGS update, the new search direction dy, is calculated conventionally
using the most recent corrections s;_; and u;_; whenever the required positive
definiteness condition (16) is valid but the matrices are not updated, that is,
the correction vectors are not stored, unless both the conditions (16) and (18)
are satisfied. In practice, this means that the correction matrices S, and Uy
may actually include some indices smaller than k£ — m; due to skipping of
updates and that, in the case of the BFGS update, the number of the current
corrections used may be m; = m, + 1.
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The new limited memory bundle method uses a limited memory approach
to calculate the search direction and it requires only three subgradients and
two locality measures to calculate the new aggregate values. Thus, the time-
consuming quadratic direction finding problem appearing in standard bundle
methods (see, e.g., [12]) needs not to be solved and the size of the bundle
needs not to increase with the dimension of the problem. Furthermore, both
the search direction d; and the aggregate values EH] and Bg41 can be com-
puted implicitly using at most O(nm,) operations. Assuming m,. < n, this
is much less than O(n?) operations needed with the original variable metric
bundle method, which stores and manipulates the whole matrix D;. These im-
provements make the limited memory bundle method suitable for large-scale
problems. This assertion is supported by numerical experiments presented
in [4].

3 Convergence Analysis

In this section, we prove the global convergence of Algorithm 1. We assume
that the objective function f : R® — R is locally Lipschitz continuous and that
the level set {x € R" | f(x) < f(x1)} is bounded. In addition, we assume
that each execution of the line search procedure is finite.

We start by giving a necessary condition for a locally Lipschitz continuous
objective function to attain its local minimum in an unconstrained case. For
a convex function this condition is also sufficient and the minimum is global.

THEOREM 2. Let f : R" — R be locally Lipschitz continuous at x € R*. If f
attains its local minimum at x, then X is a stationary point, that is,

0 € df(x).

PROOF. See, e.g., [12].

Now, since the objective function f is not supposed to be convex, we can only
prove that Algorithm 1 either terminates at a stationary point or generates
an infinite sequence (xj) for which accumulation points are stationary for f.
Naturally, we assume that the final accuracy tolerance € = 0.

We start the convergence analysis by giving three technical results (Lemmas
3, 4, and 5). After that, we prove (Theorem 6) that wy, = 0 and ¢, = 0
imply that the point x; is a stationary point for the objective function. For
infinite sequence (xy), we first show (Lemma 7) that the conditions (¢z) — 0
and (wg) — 0 are equivalent due to correction (6) and, thus, we can restrict
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the consideration to the stopping parameter wy. Then we show (Lemma 8)
that if (xx)rex — X and (wg)gex — 0 for some subset K C {1,2,...}, then
the accumulation point X is stationary point for the objective function. This
assertion requires the uniformly positive definiteness of Dy, which also is guar-
anteed by correction (6). Furthermore, using the technical Lemma 9 and the
fact that the sequence (wy) is nonincreasing in the consecutive null steps due
to additional testing procedure during the limited memory SR1 update (see
Lemma 10), we prove that the indefinite sequence of consecutive null steps
with x, = x,, implies 0 € Jf(x,,) (Lemma 11). Finally, in Theorem 12 we
combine all the results obtained and show that every accumulation point of
(x) is stationary for the objective function.

The convergence analysis of limited memory bundle method is very similar to
that of original variable metric bundle method for nonconvex objective func-
tions (see [14]). In fact, Lemmas 4, 5, and 9 and their proofs are exactly the
same as those given in [14] (the proof of Lemma 9 can be found from [10])
and also Lemmas 3, 8, 11, and Theorems 6, and 12 are very similar to the
corresponding of original variable metric bundle method. However, we give
those Lemmas and Theorems (with their proofs) here to make the convergence
analysis of limited memory bundle method self-contained.

There are two main differences between the convergence analysis of original
variable metric bundle method and limited memory bundle method. The first
one is that in limited memory bundle method we have two different stopping
parameters wy and g (see Step 4 in Algorithm 1) instead of only one (see [14]).
However, Lemma 7 shows that (gx) — 0 implies (wy) — 0 and vice versa and,
thus, it is enough to examine only the stopping parameter wy, which is similar
to that of original variable metric bundle method. Furthermore, in limited
memory bundle method we are not able to guarantee that the sequence (wy)
is nonincreasing in the consecutive null steps without an additional testing
procedure during the limited memory SR1 update (Algorithm 4). Lemma 10
shows that along with Step 3 of Algorithm 1, the procedure used in Algorithm 4
guarantees that condition (17) is valid even when the correction oI is added
to new matrix Dj.

LEMMA 3. At the kth iteration of Algorithm 1, we have
wy = észék + 2By, wy, > 20y, wi > ol|€%,
T Y S )
and

Br+1 > ’Y||Yk+1 - Xk+1||w-
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Furthermore, if condition (18) is valid for k =k + 1, then

uZ(Dkuk — Sk) > 0.

PROOF. We point out first that £, > 0 for all k by (9), (12), and Step 1 in
Algorithm 1. The relations

~T ~ ~ ~ ~
wy = & D&y, + 2055, wy > 20, wi > o€,

1 - _ ) 1.
qr = §||5k||2 + Bk, ak > Bk, qr > §||£k||2

follow immediately from (5), (6), (7), and (8).Note that, if correction (6) is
used, we consider that Dy = D, + ol and, thus, these results are valid also in
this case.

By (9) and since x;,1 = x; for null steps, and since fry1 = 0, and ||yx1 —
xi11|| = 0 for serious steps, we always have

Br+1 > ’Y||Yk+1 - Xk+1||w

for some v > 0 and w > 1.

Now, we prove that condition (18) implies u}, (Dyug —sg) > 0. If condition (18)

~ ST
is valid for k = k+1, then &, # 0 (otherwise, we would have —d} uy—€&, s;, = 0).
Using the positiveness of ul's; (provided by the positive definiteness of Dy, in
(21)), Cauchy’s inequality, and the fact that we have s, = t%0,dy, t% > 0 and
0 € (0,1], we obtain

-7
(upse)? = (th0k€y Dyuy)’
~T ~
< (th6,)?€, Di€uy Dyuy
= thopu, Dyug(—sg€,)
< t%ﬁkuZDkudeuk = uZDkukuZSk.
Therefore, ul's; < ul Dyuy. 0

LEMMA 4. Suppose that Algorithm 1 is not terminated before the kth iteration.
Then, there exist numbers \¥3 >0 for 7 =1,...,k and 6, > 0 such that

k k

(o 0k) = D A€ Iy —xill), DA =1, and

Jj=1 Jj=1
Br > 70y,
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PrROOF. Let m be an index of the iteration after the latest serious step defined
at Step 1 of Algorithm 1 (that is, x; = x,,, for all j = m, ... k). First we prove
that there exist numbers A\*7 > 0 for 5 = m, ..., k, such that

k
(€. Br) = ZW .68, D M= (22)
j=m

We prove this via induction. Suppose £ = m. Then we set A™"™ = 1, since
5 = ¢, and B = 0 at Step 1 of Algorithm 1 and we have set 3, = 0 at
Step 5 at the previous iteration (8; = 0 due to initialization). Thus, the base
case is valid. Now, suppose k > m, let i € {m,... .k — 1}, and assume that
(22) is valid for k replaced with 7. We define

)\i+1,m _ )\z' + )\g)\i,m
)\1—{—1,] )\7 )\%J for 7 =m + 1, C. ,7:, and
)\H—l i+1 )\7

= Ay

Now, we have Xit'J > ( forall j =m,...,i+ 1 and
i+1
Z)\H—l,] )\1 +)\1 (A1m+ Z )\7,]) +)\1 =1,
j=m j=m+1

since Z;:m A = 1 due to assumption and 337 Al = 1 (see Algorithm 1,
Step 6).

Using relations (11) and (12), we obtain

(i1 Bir) = A (€ns 0) + Xs(€i, Bir) + Z MM (€. B;)
Jj=m

i+1

— Z )\H]’j(fj,ﬁj),
j=m

due to f,, = 0 and, thus, condition (22) is valid for i + 1.
Now, we define

Ml =0 forj=1,...,m—1 and
k

o= Mlly; — x|

J=1
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Since x; = x, for j = m, ... k, we obtain

k
ok = My; —x.
j=m

and, thus, by (22), Lemma 3 and the convexity of the function ¢ — v¢“ on
R, for v > 0 and w > 1 we have

k w
oy =7 (Z Ny, — Xj||)

J=m

k
< M|y x|
j=m
k

IN

A B;

m

<.
Il

Il
w0

k-

O
LEMMA 5. Let x € R" be given and suppose that there exist vectors g, &, Vi,
and numbers \; > 0 fori=1,...,1, | > 1, such that

(8:0) = 3" M€ ly: — x).

1=1
of(yi), i=1,...,1, and (23)

Then g € 0f(x).
PROOF. Let Z={i|i=1,...,1, \; > 0}. By (23) we have

Vi =X and
& € 0f(x) for alli € 7.

Thus, we obtain

and g € df(x) by the convexity of df(x) (see [7]). O
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THEOREM 6. If Algorithm 1 terminates at the kth iteration, then the point X
1s stationary for f.

PROOF. If Algorithm 1 terminates at Step 4, then the fact € = 0 implies that
wy = 0 and ¢ = 0. Thus, £, = 0 and By = 0y = 0 by Lemma 3 and Lemma 4.

Now, by Lemma 4 and by using Lemma 5 with

X = Xg, l:ka g:éka
é~: N Yi = Vi, S\Z:)\k’l fOI'?:SIC,

we obtain 0 = £, € df(x;) and, thus, x; is stationary for f. O

From now on, we suppose that the algorithm does not terminate, that is w;, > 0
and ¢, > 0 for all £.

LEMMA 7. Let the stopping parameters wy, and qi of Algorithm 1 be defined by
(7) and (8), respectively. Then

(gx) — 0 if and only if (wg) =0

PROOF. The condition (g;) — 0 implies (£,) — 0 and (5;) — 0 by Lemma 3
and, thus, it is obvious that (wy) — 0.

On the other hand, by Lemma 3 we have wy, > 23 > 0 and wy, > g||é,€||2 for
some correction parameter ¢ € (0,1/2). Therefore, (wy,) — 0 implies (5;) — 0
and (&,) — 0 and, thus, also (gx) — 0. O

In view of Lemma 7 we can, from now on, restrict the consideration to the
stopping parameter wy.

LEMMA 8. Suppose that the level set {x € R" | f(x) < f(xy1)} is bounded.
Then, the sequences (yx) and (&) are also bounded. If, in addition, there exist
a point X € R" and an infinite set K C {1,2,...} such that (Xx)kex — X and
(wg)kexx — 0, then 0 € f(x).

PRrROOF. The sequence (x;) is bounded by assumption and the monotonicity
of the sequence (fx) obtained due to serious descent criterion (13). Since
Xgpi1 = Y1 for serious steps and [|yri1 — Xpr1]| < tmazC for null steps (by
(2) and due to fact that we use the scaled direction vector ydy, where ) =
min{ 1, C/||d,/|| } in line search) the sequence (yy) is also bounded. By the local
boundedness and the upper semicontinuity of df (see, e.g., [12]), we obtain the
boundedness of the sequence (&,).
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Let
Z={1,....,n+2}.

Using the fact that £, € df(y) for all £ > 1, Lemma 4, and Carathéodory’s
theorem (see, e.g., [5]), we deduce that there exist vectors y*?, £€**, and num-
bers A¥* > (0 and &), for i € T and k > 1, such that

(€, 0%) = AF(€, —x[]),

1€L
¢ e af(y™),  and (24)
D oA =1,

€T
with

(", &) € {(y;. &) |J = 1.....k}.

From the boundedness of (y}), we obtain the existence of points y; (i € Z), and
an infinite set Ky C K satisfying (y*)rex, — y7 for i € Z. The boundedness
of (€,) and (A\*') gives us the existence of vectors & € Of(y;), numbers
Mf for i € T, and an infinite set K; C K, satisfying ("), — & and
()\]“)ke)c] — )‘7, for i € 7.

It can be seen from (24) that

A;>0 forie€Z,  and D A =1

1€l
From (wg)rex — 0, Lemma 3, and Lemma 4, we obtain

(€)kex — O, (Be)kex — 0, and (0k) ke — 0.

By letting k& € Ky approach infinity in (24), and by using Lemma 5 with

X

= Xk, g

)

Iy

we obtain 0 € df(x). O

LEMMA 9. Suppose that there exist vectors p and g together with numbers
w>0,a>0,8>0,M>0, and c € (0,1/2) such that

w=|pll*+20, B+p'g<cw, and max{|pl [gll, vVa} < M.
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Let @ : [0,1] = R be such that

Q) = Mg+ (L~ Np|” + 2008+ (1~ Na)  and

b= (1—-2c¢)/4AM.
Then
min{Q(\) | A € [0,1]} < w — w?b’.
PROOF. See the proof of Lemma 3.5 in [10]. O

LEMMA 10. Suppose that the level set {x € R* | f(x) < f(x1) } is bounded,
the number of serious steps is finite, and the last serious step occurred at the
iteration m — 1. Then there exists a number k* > m, such that

~T ~ ~T ~
Er1Dri1&rn < &1 D€ and (25)

3
tr(Dy) < " (26)
for all k > k*, where tr(Dy,) denotes the trace of matriz Dy,.

PRrROOF. Suppose first that 1oy = 0 for all & > m, that is, the correction ol
(see Algorithm 1, Step 3) is not added to any matrix Dy with & > m. If the
SR1 update is not used, we have Dy = Dy, and condition (25) is valid with
equalities. Otherwise, if my < m,., we have

(Dkuk - Sk)(Dkuk - Sk)T

Dysr = Dy —
k+1 k ug(Dkuk — Sk)

where the denominator u}, (Dyuy, —s;) > 0 by Lemma 3. Thus, condition (25)
is valid in the case my < m,.. Finally, if my = m., we update the matrix only
if é:H (Diy1 — Di)€yyy < 0 (see Algorithm 4, Steps 3 and 10). Since icy = 0
for all £ > m, the correction pl is not added to new matrix Dy, and, thus,
condition (25) is valid also in this case. Furthermore, in each case we have

3 1 1
tr(Dy) — 3" = tr(Dy) — tr(I) — 5= tr(Dy, — 1) — 5 <0

for kK > m, since the matrix Dy — I is negative (semi)definite. Therefore, if
icy = 0 for all k£ > m, conditions (25) and (26) are valid if we set k* = m.

Ificy = 0 does not hold for all k > m, then the correction of, with ¢ € (0,1/2),
is added to all the matrices Dy with & > k (see Algorithm 1, Step 3). Here
k denotes the index £ > m of the iteration when iy = 1 occurred for the
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first time. The limited memory matrices Sy, U, Ry, and C} do not contain
information of the correction o/ that may have been added to the matrix D
at the previous iteration. Let us now denote by Dy, the matrix formed with the
limited memory matrices and by Dy, the corrected matrix, that is, Dy = D,ﬁ-g[
for all k& > k (since we suppose icy = 1).

Now, all the resglts given above are valid for pk and Dk-{—l- Since for all k& > k,
we have Dy, = Dy + ol and we set Dy = Dyq1 + ol, condition (25) is valid
for all £ > k* = k. Now, in each case we have

3 - 1
tr(Dy) — g = tr(Dy + ol ) — tr(f) — on

. 1
=tr(Dy —I) +tr(ol) — 3"

- 1 1
<tr(Dk—])+§n—§n

<0

for k > k, since the matrix D, — I is negative (semi)definite and o € (0,1/2).
Therefore, conditions (25) and (26) are valid for all £ > k* with

k* = max{k,m},
where k =1 if icy = 0. O

LEMMA 11. Suppose that the level set {x € R* | f(x) < f(x1) } is bounded,
the number of serious steps is finite, and the last serious step occurred at the
iteration m — 1. Then, the point x,, 1s stationary for f.

Proor. From (10), (11), (12), Lemma 3, and Lemma 10 we obtain

~’T’ ~ ~
Wet1 = Epy1 Der1&p 1 + 26041
~T ~ ~
< &p 1 Di€iir + 2604
= o(AF, A5, A9) (27)
< (0,0,1)
~T ~ ~
=&, D& + 20
= Wg
for £k > k* with k* defined in Lemma 10.

Let us, for a while, denote D, = W W,. Thus, function ¢ (see (10)) can be
given in the form

(NSNS = | NTRE,, + MWiEpy + MWLEL + 2(M5 B + ASBy).
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From (27) we obtain the boundedness of the sequences (wy), (Wi€,), and ().
Furthermore, Lemma 10 assures the boundedness of (Dy) and (Wy). (We say
that matrix is bounded if its eigenvalues lie in the compact interval that does
not contain zero). By Lemma 8, we obtain the boundedness of (yx), (&), and

(Wi&,). Let us denote

M = sup{[|Wi&. 4], ||Wkék||7 Bk | k >k}, and
b= (1—2¢e})/4M,

and let us first assume that wy > 6 > 0 for all £ > k*. From the fact that

3
min{@(A, Ay, A3) | A; > 0,0 =1,2,3, Z)‘i =1}
i=1

and (27) we obtain
wier < minf{AWRE, 1 + (1= NWigy)|*+
2(ABrp1 + (1= N)B) [ A € [0,1]}.

Since wy, = ékaék+25’k by Lemma 3, d, = — D&, (see Algorithm 1, Step 2),
and
—Brs1 + Opdi €y = —€hwy,

by (4) and due to fact that we use scaled direction vector ,dy in line search
(see Algorithm 1, Step 5), we have

T T ko g T
OcBrrr — 0pdp &y < By — 0kd &y < epwp = Orepuwy,.
Now, we can use Lemma 9 with

p= Wkéka g= Wk£k+17 W = W,

a = B, B = Bri1, c=eh
to obtain
Wrr1 < W — (wkb)Q < Wk — ((56)2

for £ > k* and, thus, for sufficiently large k£, we have a contradiction with
the assumption wy > §. Therefore, due to monotonicity of wy for k > k*, we
obtain wy, — 0, X — X,,, and by Lemma 8 we have 0 € f(x,,). O
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THEOREM 12. Suppose that the level set {x € R" | f(x) < f(xy1) } is bounded,
then every cluster point of sequence (xy) is stationary for f.

PROOF. Let x be a cluster point of (x;), and let L C {1,2,...} be an infinite
set such that (xg)rex — X. In view of Lemma 11, we can restrict the consid-

eration to the case where the number of serious steps (with £ > 0) is infinite.
We denote

K'={k | t5 >0, there exists i € K, i < k such that x; = x;}.

Obviously, K’ is infinite and (xx)gexr — X. The continuity of f implies that
(fe)kexr — f(x) and, thus, fr | f(x) by the monotonicity of the sequence (f)
obtained due to serious descent criterion (13). Using the fact that t¥ > 0 for
all £ > 1 and condition (13), we obtain

0<ebthw, < fr — fry1 =0 for k > 1. (28)
If the set K1 = {k € K' | t* > t,,} is infinite, then (wg)rex, — 0 and
(Xk)kex, — X by (28) and, thus, by Lemma 8 we have 0 € f(x).
If the set KC; is finite, then the set Ky = {k € K' | Bry1 > efwyi} has to be
infinite (see Algorithm 2, Step 2). To the contrary, let us assume that
wy > 6 >0, for all & € IC,.
From (28), we have (t%)rcx, — 0 and Step 5 in Algorithm 1 implies

¢kt — xill = #3]|de]| < #;.C

for all £ > 1. Thus, (||xk+1 — Xkl|)kex, — 0. By (9), (28), and the bounded-
ness of (§,) by Lemma 8, and since y;1 = Xj41 for serious steps, we obtain
(Br+1)kex, — 0, which is in contradiction with

ek 6 < fhwy < Bryr, ke ICs.

Therefore, there exists an infinite set 3 C Ky such that (wy)gex, — 0,
(Xk)kexs — X, and 0 € f(x) by Lemma 8. ]

Note that, if we choose ¢ > 0, Algorithm 1 terminates in a finite number of
steps, since (wg) — 0 and (gx) — 0 in case the number of serious steps is finite
(see the proof of Lemma 11), and either (wy)gex, — 0 and (gx)rex, — 0 or
(wg)ker; = 0 and (gx)kex; — 0 in case the number of serious steps is infinite
(see the proof of Theorem 12).
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4 Conclusion

In this paper, we have introduced a limited memory bundle method for non-
smooth large-scale optimization. We have proved the global convergence of
the method for locally Lipschitz continuous objective functions, which are not
necessarily differentiable nor convex.

Although the new method is quite useful already, there is a lot of further work
required before the idea is complete. Possible areas of future development in-
clude the following: an adaptive version of the method, where the maximum
number of stored correction vectors may change during the computation, an al-
ternative ways of scaling and skipping the updates (especially, the SR1 update),
constraint handling (simple bounds, linear constraints, nonlinear constraints),
and parallelized version of the program.
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